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iv   4th International Tyre Colloquium 

Foreword 
 
 
With 47 technical presentations, the 4th International Tyre Colloquium organised at the University of 
Surrey continued the tradition of bringing together researchers and scientists from industry and 
academia to discuss and consolidate progress in the understanding and simulation of tyre-road-vehicle 
interactions. 
 
Tyre Colloquia started in 1991 with the first two-day event organised by Professor Pacejka at the Delft 
University of Technology and under the patronage of the International Association for Vehicle System 
Dynamics (IAVSD). 20 scientific papers, mainly focused on the steady-state tyre behaviour were 
presented. Six years later, in 1997, Professors Böhm and Willumeit organised the 2nd Tyre Colloquium. 
The event was held at the Technical University of Berlin and primarily dealt with transient tyre 
behaviour. 32 papers were presented. In 2004, the 3rd Tyre Colloquium was organised by Professors 
Lugner and Plöchl at the Technical University of Vienna. 38 presentations on topics ranging from tyre 
modelling to control aspects of vehicle dynamics were delivered. In addition, the first results of the 
international Tyre Model Performance Test were presented. 
 
In 2015, in line with the tradition, the 4th Tyre Colloquium was organised in association with the 
IAVSD, focusing on topics related to modelling of tyres for vehicle dynamics analysis. Four keynote 
presentations introduced the state-of-the-art on tyre simulation with particular focus on the 
requirements of different users, including vehicle and tyre manufacturers and experts in the 
development of tyre models and the simulation of fundamental rubber-road-interaction. The technical 
presentations expanded the discussions into topics such as tyre measurements and measurement 
techniques, application of tyre models to vehicle dynamics, determination of tyre model parameters, 
measurement and modelling of rubber friction, tyre-road contact simulation, and evaluation and 
verification of tyre models. 
 

 
Plenary session at the 4th International Tyre Colloquium, University of Surrey, April 2015 

 
We thank the International Technical Committee, the Session Chairs, all participants and authors who 
worked hard to help make the 4th Tyre Colloquium a success and facilitated a very interesting 
programme that allowed a sharing of ideas between experts from around the world. 
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Also, we are very grateful to the IAVSD board and, most notably Professor Hans True, for the prompt 
and full support for organising the Tyre Colloquium at the University of Surrey. Special thanks go to 
Professor Manfred Plöchl and Jan Prins who were essential in making this event possible in the first 
place. We thank our generous sponsors Jaguar Land Rover, IPG Automotive GmbH, MSC Software, 
MTS Systems Ltd and SIMPACK for their support. 
 
It was a pleasure that we had the opportunity to host such a great event at the University of Surrey. 
 
 

Dr Patrick Gruber and Prof Robin S. Sharp 
Local organising committee 

Department of Mechanical Engineering Sciences 
University of Surrey, Guildford 

 
April 2015 
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THE ROLE OF TYRE SIMULATION IN CHASSIS  
DEVELOPMENT – CHALLENGE AND OPPORTUNITY 

Dr.-Ing. Günter Leister,  
Head of Tyres, Wheels and TPMS 

Daimler AG, 71059 Sindelfingen, Germany 
guenter.leister@daimler.com  

 
In addition to prototype assembly in the hardware, prototype simulation is an essential and 
equally important part of the modern development process. As part of this process, all 
components from which the prototype is assembled must also be modelled and 
parametrised with a corresponding model depth. The tyre models are of particular 
importance in this connection.  
The great challenge faced by all vehicle manufacturers in doing so is the large number of 
differing models and the parametrisation process. There is also the aspect, with the 
exception of the simpler handling tyre models, that there are no tyre models that are 
parametrised in a cross-tyre manufacturer manner or even passed on to the vehicle 
manufacturers as a co-simulation model.  
It will thus be necessary in the coming years to establish or redevelop handling, comfort 
and durability tyre models in a cross-vehicle and cross-tyre manufacturer manner. It is only 
thus that a "digital tyre change" will be possible not only between dimensions, but also 
between the various manufacturers and profiles, as is the standard practice for testing mules 
in hardware for all tuning test drives.  

1 INTRODUCTION 
The classic development process has long reached its limits due to the increasing speed of 
development and the increasing number of vehicle and chassis derivatives that must be validated 
(Fig. 1). It is no longer appropriate to assemble all variants in hardware in order to subsequently 
validate these in road tests.  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1: Target vehicle B-Class and derived derivatives A-Class, GLA, CLA and CLA Shooting Brake 
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Only very specific configurations that have been specified in the run-up to development are still 
assembled and tuned in a modern chassis development process. The new challenge in doing this is 
naturally how to validate the robustness of the design. All chassis and vehicle derivatives are then 
produced, digitally tuned and evaluated by means of multibody simulation. A comparison with the 
hardware then only takes place in the early development phase on a sample basis. It is only when the 
first preproduction vehicles have been produced that the confirmation is realized via road tests [5].  
  
Similar to in the real vehicle, the tyres or tyre model play a dominating role in the simulation – 
particularly for tuning-relevant topics, such as driving performance and comfort, as well as in 
durability topics [4].  

2 CHASSIS DEVELOPMENT PROCESS 
Following design specification, the typical chassis development process begins with the assembly of a 
testing mule for the chassis. The driving performance is validated in the simulation both before and 
during testing mule operation (i.e. this occurs at the same time). For this purpose, a simulation model 
of precisely this testing mule is assembled or derived from a validation simulation model of the design 
phase. All tuning measures are also evaluated in parallel in the digital target vehicle via simulation, as 
significant differences can arise between the testing mule and target vehicle.  
  
For the assembly of a "chassis testing mule", a suitable basic vehicle is selected. Among other things, 
this should fulfil the following boundary conditions: Comparable wheelbase, center of gravity position 
and seating positions. Additional helpful boundary conditions are a comparable axle concept between 
the basic and target vehicle as well as a basic vehicle with lower axle loads than the target vehicle. 
These conditions are often fulfilled by the predecessor model series.  
  
The chassis that is installed in such a vehicle is assembled in the prototype with the current kinematics 
(Fig. 2). The functionality of the components and not the geometric design is to the fore in this 
connection. As a special feature, many parameters can be subject to precision adjustments for the 
tuning and robustness tests (Fig. 3).  

 

 
 

 
Figure 2: Special design – B-Class rear axle for a chassis testing mule 
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Figure 3: Testing mule adjustment options and their effect on rear axle tuning  
 
The testing mule is simulated using the methods of multibody systems, i.e. the chassis is considered as 
a system of rigid bodies with mass, with idealized joints and force elements without mass, such as 
springs, shock absorbers, and rubber mounts (Fig. 4).  

     

 
 

Figure 4: Multibody simulation model for a testing mule 
 
For chassis development, the simulation is carried out with all chassis components, such as the 
steering systems, axle models, spring/shock absorber models and naturally also the tyre models. For 
chassis tuning, the following variants are usually to the fore; these must also all be present in the 
simulation model: 
- Spring rates/buffer stiffness 
- Shock absorber characteristic curves 
- Head bearings 
- Bearing stiffness of all axle bearings 
- Eccentric sliding-block guides for changing the kinematics 
- Wheels/tyres 
- Steering bearing stiffness 
- Torsion bar diameter 
- Steering ratios. 
 
In this connection, there are components that can be easily described, such as control arms or 
kinematics points or also wheels. These can be derived from simple mass-geometric inspections or 
easily measured. Then there are simple components that are demanding from a mathematical 
perspective with regard to their description, e.g. head bearings, bearing stiffness as well as classic 
shock absorbers. There are also complex components, which are usually integrated into the simulation 
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as a subsystem. The complex assemblies in the chassis include the steering, suspension, adjustable 
damping as well as the tyres. The complex assemblies generate the highest expenditure when it comes 
to model creation and parameter acquisition.  
  
As development of the assemblies – for example in steering development and increasingly also for the 
suspension and damping – on their own without the simulation of the subsystem or even the overall 
system at the component manufacturer is no longer expedient due to the greater requirements and 
complexity, the development partners have developed their own models that can be integrated in the 
simulation models of the vehicle manufacturers by means of special co-simulation subsystem 
technologies (Fig. 5). 
 

  
 
 

Figure 5: Chassis simulation by means of co-simulation 
 
There is also the fact that the axle components and vehicle body must often also be integrated 
elastically via FE models for many durability load cases (special events). 
 

3 TYRE MODELS FOR TYRE DEVELOPMENT PROCESS 
The situation is completely different in the case of tyres. Here it is not absolutely essential for the tyre 
manufacturers to use models that take into account tyre driving performance, comfort or durability 
aspects in the tyre development process (Fig. 6). While there are a large number of tyre simulation 
models at tyre manufacturers, most are based on the finite element method; the objective of these 
simulation models is, however, to predict the tyre properties that are required for product validation.  
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Figure 6: Differing simulation models at tyre and vehicle manufacturers 

 
The models that are used within the tyre development process serve solely within the chassis 
development process for acquiring the parameters for the tyre models if no measurements are 
available. Starting from a CAD design, tyre performance is described and evaluated over various 
modelling levels. Basic properties such as jounce performance can thus be predicted in a very precise 
manner for the tyre properties (Fig. 7) [4] 
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Figure 7: Simulation of a jounce characteristic curve 

 

4 TYRE MODELS FOR THE CHASSIS DEVELOPMENT PROCESS 
The correct mapping of the tyre is a central challenge in the overall vehicle simulation, as the tyre is 
the only element in direct contact with the road, and all excitations from the road are passed on to the 
chassis. Further external excitations come from the aerodynamics as well as internal excitations from 
the engine movement. An important objective during tyre modelling is thus to achieve a compromise 
between a detailed description and low simulation expenditure. Tyres can be equated with force 
elements in the multibody system simulation programs [1].  
  
Tyre models serve to present and predict tyre properties from a qualitative or quantitative perspective 
[7]. It is undisputed that the tyre influences the vehicle simulation results like no other vehicle 
subsystem and also represents the most complicated subsystem. Depending on the topic, completely 
different requirements are made on the tyre models (Fig. 8). The range extends from simple models for 
stationary rolling conditions on a smooth road surface to complex methods for simulating tyre 
performance when driving over obstacles or on uneven roadways. The simulation results diminish in 
value if the tyre model is not calculated in a precise enough manners regarding the task requirements. 
Several models are required for a tyre simulation in order to achieve an optimal adjustment for the 
problem. Tyre models for the handling of the vehicle dynamics are usually based on mathematical trial 
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functions. Vertical dynamics models based on non-linear force elements are usually used for comfort 
aspects, while models that contain the tyre structure are used for the durability purposes.  
An important distinguishing feature of the models is the model depth and the suitability of the 
horizontal dynamics, vertical dynamics, high-frequency dynamics and the durability simulation for the 
various application cases [11]. 
  
The tyre models are usually mathematical or partially physical due to the involved complexity and 
computing time, and are parametrised by means of measured data or simulation results. Parameter 
determination is an important part of the tyre modelling process [11]. The model parameters are 
determined using standardized tyre measurements [12]; the required validations must also be carried 
out. Parameter identification methods are used for the approximation parameters of the models, while 
the parameters that cannot be directly measured – e.g. the development of the frictional coefficient – 
are determined by means of tyre performance maps [4]. Based on the measurement results, the free 
parameters of the various tyre models can also be adapted in order to obtain realistic tyre performance 
in the simulation.  

 
Figure 8: Scope of tyre models  

4.1 Horizontal dynamics 
Where performance map models are used, the movement of the tyre parts relative to each other is not 
simulated, rather only the relationship between the input and output variables of a system is considered 
(Fig. 9, [9], [10]). Performance map models form the basis of real-time simulations. They can be used 
for the vehicle dynamics simulations, but not for the comfort analysis. The creation of the performance 
map models is also uncomplicated due to the low number of parameters.  
 

 
 
 

Figure 9: Input and output relationships in the case of simple horizontal tyre models 
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The scope of these models is, however, relatively small, as the parameters used only apply for certain 
conditions and statuses. However, due to their short computing times, these models are frequently 
used for vehicle dynamics simulations. 
 

4.2 Vertical dynamics 
The single contact point from Fig. 10 can be seen as an example for a simple multibody system tire 
model consisting of springs, masses and shock absorbers. 
 

 
 
 

Figure 10: Tyre models for vertical dynamics 
 
Additional refinements are then in the form of a roller model, radial spring models or a model with a 
deformable belt as well as the forces in the tyre contact area. The tyre parameters required for the 
simulation can be determined via special measurements or simulations from more complex tyre 
models. The model is thus able to drive over uneven roadways and pass on the arising forces to the 
axles and thus to a connected vehicle model. The road contact is scanned via what are called brushes, 
and the arising contact forces are calculated. One possibility for reducing the calculation expenditure 
for comfort models is to reduce the degrees of freedom of the mechanical structure.  
 

4.3 NHV and durability 
Brush and ring models map the tyre belt using a rigid circular ring that is connected via non-linear 
stiffness’s and shock absorbers to the rigid rim (Fig. 11). In the case of the brush model, the contact 
area is modelled so that individual deformable bristles between the tyre belt and ground describe the 
force transmission in the longitudinal and transverse directions. With this model, step-shaped obstacles 
can be simulated only under significant restrictions. 
  
The most widely distributed analytical model is the elastically embedded circular ring in all its 
variations. With these tyre models, it is possible to not only successfully simulate tyre-slip 
characteristic curves and modal characteristics, but also transient rolling processes. One important 
requirement for all tyre models is the easiest possible parametrisation from standard measurements, 
parameter optimization methods, and the desire for the lower possible number of model parameters. 
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Figure 11: Tyre models for lateral and vertical dynamics 

 
Structural mechanics models work with a somewhat more subtle discretisation. Their precision and 
computing times depend significantly, however, on the degree of discretisation. Their computing times 
are usually significantly shorter than for FEM models, which allows for their use in vehicle dynamics. 
These models are used, in particular, for simulations on uneven roadways and in the area of comfort-
relevant vibrations as well as for simulating driving over obstacles. The computing times are, 
however, significantly longer in comparison to empirical or semi-empirical models, while the number 
of required model parameters is lower.  
  
Due to the tyre discretisation, it is possible to present the vibrations of the tyre itself as well as its 
natural frequencies. It is thus possible to simulate driving over obstacles and driving over closely 
spaced wavy road bumps. In the case of driving over an obstacle, e.g. a transversal rut, the tyre is 
deflected by the obstacle until puncturing on the rim [6]. The tyre model must have the following 
features if this is being simulated. The mass distribution must be mapped in detail; it must, however, 
also be possible to show the rim-belt contact. The internal tyre pressure should also be physically 
mapped.  
  
The model quality and computing times must otherwise also be improved, particularly for use in 
relation to the durability with partially very high loads. This is in particular the case if real road 
profiles are included in the simulation, as the complex contact mechanics are relatively intensive with 
regard to the involved computing time. The tyre measurement quality (stiffness, test stand, etc.) has a 
significant influence on the tyre parametrisation result. Additionally the measurement in the relevant 
working range cannot currently be done/done only with difficulty and the conversion to other tyre 
dimensions is basically not possible. Therefor further methodical work is required by tyre model 
developers particularly in the contact area up to the rim contact.  
   

4.4 High-frequency dynamics 
The most precise tyre models, which also offer greater insights into the processes in the tyre, are the 
Finite Element (FE) Method models. However, their long computing times prevent their use for the 
vehicle dynamics simulation.  
  
FE models take into account the deformation of components under force application and are usually 
used to determine strengths, natural frequencies or other component properties. Non-linear material 
models are used for the various rubber blends and the steel inserts of the belt and carcass are 
embedded in the elements. FE analyses stand out in comparison to the multibody system simulations 
due to the high result quality and modelling depth as well as the extremely long computing times. 
  
The tyre performance can thus also be simulated without prior measurement due to the detailed 
mapping and linking of the individual tyre parts. However, precise knowledge of the tyre design is 
essential for the modelling of such tyre models. The high simulation times required for deformations 
to elastic chassis components, e.g. for vehicle crash simulations, are accepted in the area of chassis 
simulations. Still, FE tyre models cannot be used in the overall vehicle simulation. The real-time 
capable use of FE models appears to be realistic only in the near future. 
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4.5 Expanded applications  
Finite element tyre models can also be connected with other finite element systems, e.g. the 
connection of an expansion in the direction of a temperature model [2], a finite element contact model 
to a FE tyre model to a FE wheel model and a model that can map the vibration of the air column 
(cavity) enclosed in the tyre (Fig. 12) [3], [8]. 
 

 
 

Figure 12: Contact-, structural tyre-, structural wheel-tyre-, structural tyre acoustics model [3], 

5 CONCLUSION 
You can now see that the interests of vehicle and tyre manufacturers are completely different, even 
though the objective, namely to achieve an optimal compromise between the chassis and tyre 
properties and solve the target conflict within the tyre, is comparable (Fig. 13).  
 

 
Figure 13: Classic target conflict in tyre 

 
The vehicle manufacturer wants tyre manufacturer-neutral tyre models; they require the 
parametrisation of these models from all tyre manufacturers. Sample delivery should ideally take place 
only in connection with a simulation data record. It is only thus that the tyre properties can be 
compared based on the tyre models and a "digital tyre change" can be simply carried out.  



 10 

The tyre manufacturer, in contrast, often wants the OEM to be not only dependent on their models but 
also their tyres. Due to this primarily commercial aspect, there is currently very little interest in cross-
tyre manufacturer tyre models. The tyre manufacturer, however, thus also loses out on the opportunity 
to specify tyres based on tyre model parameters, i.e. from a tyre data record based on parameter 
optimization. Due to the large number of tyre models and the high number of differing application 
fields, it would take a great deal of effort to ensure their consistency and a great deal of expertise to 
deal with this. The basic questions have been solved, but the relationships between the transmission 
characteristics in relation to the progress in other chassis components is not at the level that is actually 
needed for virtual development.  
  
We still have an objectification problem. The test stand results can be compared only to a limited 
extent; everyone has their own empirical values and practices for dealing with these. If you take a look 
at the circumstances and/or scrutinize the transient processes, you will often be surprised. - It cannot 
remain like this in the long term and it doesn't have to. A good dose of ambition is required in order to 
also simulate the reliability that current tyres have under operating conditions in the tyre analysis. At 
least the premium vehicles have or will sooner or later regulate all degrees of freedom via the chassis 
systems. In a few years, we will even be driving in autonomous vehicles. The tyres will then be an 
essential part of the control system, and it must accordingly be possible to describe them in a reliable, 
precise and at the same time functional manner with regard to the response characteristics. Carrying 
out an ABS brake application up to a stop with the tyre models will then be necessary. The ability to 
predict the braking distance, which basically depends on the tyre properties, will be necessary. One 
will also want to be able to drive into the "virtual garage" with the same model that is used in the real 
vehicle.  
  
This, in turn, opens up good opportunities for new business fields for "tyre manufacturer-neutral" 
software companies or establishments with links to universities. 
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Abstract

Based on a short (chronological) review of tyre modelling approaches, a modular decomposition is
derived and hereby some missing links are identified as well as some future challenges discussed.
One of these is system integration, taking into account the interaction between tyre and environment
as for instance between tyre and tyre test rig or tyre and vehicle test rig. Another challenge is to
exploit the tyre as real time sensor offering the vehicle dynamic control systems direct access to tyre
forces and related properties like available friction at a high level of accuracy.

1 INTRODUCTION

In this paper, a short chronological review is presented with the aim to discuss the development of tyre
modelling for vehicle system dynamics. Of particular interest is the variety of tyre representations, rang-
ing from point contact to complex formulations of the tyre structure analysis and the contact problem.
This review lead to a modular component approach in tyre modelling, missing links and future challenges
will be derived and some examples will be presented.
While in the beginning of tyre modelling for vehicle system dynamics around 1940 the stability analysis
of wheel shimmy was in the focus, other questions like the tyre structure vibrations were investigated
somewhat later. The invention and distribution of the radial tyre by MICHELIN had some greater influ-
ence on tyre modelling, the beam model becoming an alternative to the string model, a sort of standard
in the case of cross ply tyres.
Of great impact on tyre modelling was the distribution of commercial codes for multi body dynamics
(1977) and finite element analysis (1963). While the first one asked for simplified tyre modelling with
respect to the comparable small computer power at that time, the latter made the application of structural
analysis in the field the tyre statics and dynamics possible. Still today, there is a larger gap between tyre
models used in the full vehicle analysis and those used to compute the stress distribution inside the tyre
structure for durability analysis.

2 REVIEW

Several years before the first papers concerning tyre models in vehicle dynamic analysis have been pre-
pared, experimental investigations where published for instance by Becker [1]. This report contains
measurements of tyre properties like static stiffness in lateral and vertical direction under varied inflation
pressure, footprints and full vehicle cleat test results – see figure 1. In the paper of Riekert und Schunk
[2], a drawing of the non-linear relation between the lateral tyre force and the yaw angle is shown (up to
15◦), but the tyre related forces used in the vehicle model are assumed to be a linear function of the yaw
angle without any dynamic effects – as to be seen also nowadays in several vehicle dynamics textbooks.
The tyre model influence on the stability of the vehicle motion is therefore limited to the parameter be-
tween force and slip angle – the tyre as a sort of moving spring and moving dampers with point contact,
longitudinal and lateral tyre forces treated as independent.

2.1 Early papers

Among the first papers in the early forties where the tyre is represented by a finite contact length (and
width) was that by von Schlippe and Dietrich [3], where also the concept of a stretched string model was
introduced - figure 2. The authors’ approach concerning the deformability of the tyre made no distinction
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Figure 1: Cross ply tyres and full vehicle cleat test results, 1927 - from [1]

between carcass and tread and adhesion was been considered in the entire contact area: theory of the
kinematics of a rolling tyre. The basic equation

dz
ds

+ cz = ϕ(s)−h
dϕ(s)

ds
− dx(s)

ds
(1a)

dy
ds

+ cy = ϕ(s)(1+ ch)+ cx(s) (1b)

describes the displacement of the first contact point with respect to the wheel centre plane with ϕ and x
as yaw angle and lateral displacement (1a) – spelling is taken from the papers.

Figure 2: Stretched string model with elastic foundation, 1942 - from [3]

The displacement of any point along the contact line is given by ξ and the input changes (ϕ,x) during
contact:

ζ (ξ ) = y[s−ξ ]− x− (h−ξ )ϕ (2)

wherein y[s− ξ ] denotes y as function of s and ξ . Assuming a constant yaw angle and zero lateral
displacement, (1b) together with (2) leads to a linear displacement in the contact line. The force acting

2



in the contact plane is given by

S = σ
2h∫

0

ζ (ξ ) dξ +σ
(

z+ z̄
c

)
(3)

wherein only three parameters appear, σ as the tyre elasticity constant, c as the relaxation length and h
as half contact length. The authors built several test facilities to measure the parameters.

A more detailed model for the (new) radial tyre was given by Fiala [4], where the tyre structure is divided
into belt, sidewall and tread as shown in figure 3, where also the adhesion and the sliding region is visible.
The aim of the paper was to derive a model able to characterize the steady state lateral tyre force and

Figure 3: Beam model with elastic foundation, 1954 - from [4]

the moment. The belt deformation resulting from camber σ and lateral force S is approximated by a
quadratic function

yBand =

(
Sκ
c0

+
s2 σ
2r

)
x
s

(
1− x

s

)
(4)

while the tread displacement was assumed to be linear (yaw angle β ) - even in the presence of camber!
The assumption of a quadratic pressure distribution and integration over the contact area leads to the
non-linear equation

S = c0

sh∫
0

(
xβ − Sκ

c0

(x
s

)(
1− x

s

))
dx+ l

s∫
sh

p̄
(x

s

)(
1− x

s

)
dx, sh = s− c0 s2 β

l p̄+κ S
(5)

with border point sh between adhesion and sliding part. The influence of several tyre properties as size,
stiffness of the elastic foundation and belt bending stiffness as well as influence of normal force and
friction value are considered in (5).

The fundamental equations of tangential contact of a body rolling on a rigid surface has been given by
Pacejka [5]. With Vcξ and Vcη as centre point velocity, ξ and η as position of a point in the contact area, γ̇
as angular velocity component normal to the ground and u(ξ ,η), v(ξ ,η) as displacements – the sliding
velocities are

Vsξ = Vcξ −
∂ u
∂ξ

VTξ −
∂ u
∂η

VTη +
∂ u
∂ t

− γ̇(η + v) (6a)

Vsη = Vcξ −
∂ v
∂ξ

VTξ −
∂ v
∂η

VTη +
∂ v
∂ t

+ γ̇(ξ +u) (6b)

wherein VTξ and VTη denote the transport velocities due to rolling. If the general case (for instance of a
rolling ball) is restricted by VTη = 0, small terms γ̇ u and γ̇ v are neglected and adhesion is assumed, (6a)
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and (6b) lead to the system of partial differential equations

− ∂ u
∂ξ

VT +
∂ u
∂ t

= Vcξ − γ̇ η (7a)

−∂ v
∂ξ

VT +
∂ v
∂ t

= Vcξ + γ̇ ξ (7b)

from which u(t,ξ ,η , t) and v(t,ξ ,η , t) can be obtained. The author combined the steady state form of
(7b) with the string model and took – similar to [4] – adhesion and sliding parts of the contact line into
account. Both models are closer related to the physical structure of the tyre and addressed the tangential
contact problem more in detail while concerning the normal contact problem, both refer to measurements
by Martin [6]. The loaded string undergoes the lateral deflection vs. Adding the lateral deflection of the

Figure 4: String model and deflected element 1966 - from [5]

tread vp, the total deflection yields v = vs + vp. The differential equations of the loaded string parts (v1

in the adhesion part and v2 in the sliding part with non–dimensional quantities)

σ 2
c

d2 vs1

dξ 2
− vs1

= −(1−
(σc

σ

)2

)(vs1
+ vp1

) (8a)

σ 2 d2 vs2

dξ 2
− vs2

= −(1−ξ 2) (8b)

together with the boundary conditions at the leading (ξ = 1) and trailing edge (ξ = −1) and the condi-
tions at the point between adhesion and sliding part (ξ = a2) lead to an equation from which with given
a2 the steady state lateral force directly follows. In the case of the non-stationary behaviour of the tyre,
equation (7b) was used to combine the tyre model with a vehicle system. The focus was laid on the
stability analysis of the combined system.

The behaviour of the elastic belt as model of the radial tyre was studied in detail by Böhm [7] and some
applications were given: the static deformation under lateral load, the modal system and standing wave
phenomena. Again, the tyre structure is divided into belt (beam) and sidewall (membrane) and the inner
structure of the belt (number of layers, layer position and orientation) is addressed. The same modelling
concept was used later for instance by Gong [8]. Although these models have not directly been used
in vehicle dynamic analysis, they contributed to understand certain effects and also contributed to other
approaches in tyre modelling.

2.2 Impact of digital computers

A great impact on tyre modelling came from the availability of digital computing. Numerical methods in
solving differential equations have been used in order to investigate the dynamic behaviour of the tyre.
One simple example is the numerical treatment of equations (7a) and (7b), for instance in [9],[10] and
[11]. The discretisation on a grid of nξ and nη contact points together with the difference quotient with
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respect to ξ (7b) can be written as set of ordinary differential equations

v̇i j =
VT

Δξ
(vi+1 j − vi j)+Vcξ + γ̇ξi (9)

resulting in the linear system

v̇ = Av+b1Vcξ +b2 γ̇, S =C v. (10)

Adding the difference quotient with respect to time results in compact formulas to compute the numerical
solution of the partial differential equation at a point i j in the contact area

ui jk+1 = ui jk +
Δ t VT

Δξ
(
ui+1 jk −ui jk

)
+Δ t (Vcη −ωη j) (11)

vi jk+1 = vi jk +
Δ t VT

Δξ
(
vi+1 jk − vi jk

)
+Δ t

(
Vcξ +ωξi

)
. (12)

Depending on the difference formulas and the sign of the transport velocity, explicit or implicit variants
arise. Together with a given contact area shape and normal stress distribution, friction effects added to the
solution of the tangential contact problem for adhesion will complete the description of displacements
and velocities in the contact area. Friction effects add a coupling between the longitudinal and the lateral
direction not covered by (7a) and (7b).

Another impact of the availability of digital computing was the development of multi body system codes,
able to simulate full vehicle models equipped with tyre models. Due to the small computational power
around 1980, semi-empirical models became a method of choice. The first empirical formula was pro-
posed probably by Huber [12], but the Magic Formula introduced by Pacejka and Bakker [13]

y(x) = D sin(C arctan(Bx−E (Bx− arctan(Bx)))) (13)

is the most popular empirical approach (up to now in version 6.1). At the 1st International Colloquium
on Tyre Models for Vehicle Dynamics Analysis held in Delft 1991, nearly half of the papers dealed with
the Magic Formula and applications in vehicle system dynamics – mainly handling. A lot of extensions
where made to cover combined slip, camber and transient effects.

With growing computational power, the tyre behaviour on uneven roads became matter of interest in ride
comfort (and early NVH) investigations. Hereby, the normal contact problem was addressed including the
modelling of the elastic tyre structure. Structure analysis is closely related to the finite element method.
Consequently, after finite element codes were available, some papers about tyre finite element modelling
appeared, for instance Shoemaker [14]. A lot of different approaches inside the finite element frame-
work have been published since the early work, including membrane, composite and rebar techniques,
all aiming to build a model as close as possible to the real tyre. But because of the large computational
effort of the finite element method, other approaches where needed in conjunction with vehicle system
dynamics. At the 2st International Colloquium on Tyre Models for Vehicle Dynamics Analysis held in
Berlin 1997, methods on dealing with tyre structure dynamics came into focus and a related tyre perfor-
mance measurement test was presented by Lugner and Plöchl [15] at the 3st International Colloquium on
Tyre Models for Vehicle Dynamics Analysis held in Vienna 2004.

2.3 State of the art – modular component approach

A modular component approach to characterize state of the art tyre models may follow a decomposition
given in figure 5. Some ways of tyre structure representation have been briefly mentioned above, string
and beam model. Other proposals from the literature have been added. One (incomplete) list may contain

• steady state beam model (5),

• steady state or dynamic string model (8a) and (8b),

• dynamic rigid ring model with elastic foundation, visco-elastic effects (first order),

• dynamic rigid ring model with elastic foundation, inertia effects (second order),

• dynamic elastic ring model with elastic foundation (continuous or discrete),
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• modal dynamic structure (based on FEM or similar),

• general dynamic structure (FEM or similar).

According to the chosen type of representation, the slip inputs to the tangential contact module vary.
While for instance the dynamic rigid ring model adds the relative motion of the belt to the rim slip inputs
(constant and linear terms), higher order slip effects from the structure deformations are added by taking
into account the elastic structure. The link between the structure representation and the normal contact

Structure Dynamics

Normal Contact Tangential Contact

Ground

Normal Stress - Contact Area

Topology Friction

Normal Stress

Velocity

Tangential Stress

Position

Figure 5: Tyre modelling domain decomposition and interfaces

problem shows another consequence from the chosen type of representation: the rigid ring model can
not provide any information about the normal stress distribution or the contact area shape and therefore
suitable approximations are needed. Concerning the normal contact, again several approaches appear in
the literature:

• pure approximations,

• measurement or model based approximations as for instance interpolations,

• Lagrange-multiplier or augmented Lagrange technique,

• nodal or distributed penalty forces.

An example of the model based approximations has been given by Gruber et al. [16], where a finite
element model provides data to parametrize an approximation formula. The third component is the
tangential contact module:

• physical based steady state or dynamic, for instance related on (7a) and (7b),

• empirical based steady state or dynamic, for instance related on (13),

• physical based dynamic including tread inertia.

Finally a ground model is needed. Here, common approaches are

• flat ground or drum,

• virtual obstacle library including cleats and potholes,

• measured long wavelength terrain models (GPS based),

• measured short wavelength track models and

• soft soil.

State of the art tyre models follow some of the approaches listed here in different combinations, keeping
in mind that the range of applications leads from on-board real time vehicle and tyre state estimators up
to FE formulations for tyre durability. Driven by the field of application in vehicle dynamics analysis, a
specific combination of the representations will match the requirements.
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It should be mentioned here, that friction measurement is not included in most of the terrain measurement
procedures – a missing link. Often, measurement and model results are compared based on indoor tests
and the resulting parameter set is then applied to vehicle test on tracks with quite different friction
properties. A transformation of the test rig results is needed to the individual track and test conditions,
including the influence of tyre and environment temperature and other (hidden) variables:

μsim = μrig(V,σ , ...) ftrack(TT ,TE , ....). (14)

Another missing link in the decomposition of figure 5 is the tyre or wheel environment.

3 FUTURE CHALLENGES

Among the lot of future challenges, two topics will be briefly discussed here. The first one – system
integration – is related to the interaction between environment (vehicle, test rig) and tyre while the
second one – smart tyres – is related to the progress in vehicle control systems due to exploiting tyre
properties.

3.1 System integration

Many papers have been written about tyre measurement (and modelling) at a test rig without a vehicle
and visa versa. In the case of tyre test rigs, they are often assumed to be rigid, but especially multi purpose
test rig seldom are. Therefore, it seems to be of some advantage to combine tyre and environment (test
rig, suspension or full vehicle for instance). A simple example is given in figure 6 with the boundary
nodes between a tyre structure and the rim. A decomposition of the entire system results in environment

�ex

�ez

ϕ̇

�rp

Δ�rp

j = 1

j = 2j = Nrot

Figure 6: Boundary conditions

ue, boundary uc and the free structure u f nodes. The kinematic relation between environment ue and
boundary uc is given by

uc = T T
ec
[

Δx Δy Δz Δψ Δϕ Δη
]T

= T ce ue =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 r13
−r12

0 1 0 −r13
0 r11

0 0 1 r12
−r11

0
...

...
...

...
...

...

1 0 0 0 rN3
−rN2

0 1 0 −rN3
0 rN1

0 0 1 rN2
−rN1

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

Δx
Δy
Δz
Δψ
Δϕ
Δη

⎤
⎥⎥⎥⎥⎥⎦

(15)

and leads to

δ uT
f
(
M f f ü f +M f c üc +S f f u f +S f c uc −P f

)
+

δ uT
c
(
Mc f ü f +Mcc üc +Sc f u f +Scc uc −Pc

)
+δ uT

e (Mee üe +See ue −Pe) = 0. (16)

With the use of (15) in (16), uc is eliminated. S f f , S f e and Se f are the tyre model tangential stiffness
terms, M f f the lumped mass matrix while M∗

ee is the additional environment inertia and S∗ee the combined
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environment stiffness matrix in the following equation

[
M f f 0

0 M∗
ee

][
ü f
üe

]
+

[
S f f S f e
Se f S∗ee

][
u f
ue

]
=

[
P f
P∗

e

]
. (17)

Among the several applications of the coupled system of environment and tyre there is the modal anal-
ysis of a wheel suspension system. The modal rim forces measure directly the effect of a certain mode
on the suspension vibrations: if the mode is internally balanced, the modal rim forces are zero and the
mode can not influence the suspension vibrations.
Considering the elasticity and inertia of a test rig is another application supported by S∗ee and M∗

ee. Addi-
tional tyre inputs generated by additional rim motions as well as corresponding feedbacks from the tyre
are covered in measurement and simulation. The test rig control systems (slip and wheel load controller)
contribute also to the system dynamics: unstable regions at decreasing slip-force relations can vanish
due to controller interactions. Modelling the coupled system of test rig, test rig control systems and tyre
leads to a proper tool to compare measurements and model result in terms of system integration.

The second example on system integration concerns the relation between rolling and non-rolling tyre.
This is important, if results from a (conventional) four post test rig should be transferred to vehicles on the
track. Different vertical dynamic stiffness have been observed comparing rolling and non-rolling wheels
together with a strong dependency on excitation amplitude. This addresses rubber material representation
in tyre models. A non-linear rubber material model has been implemented in a tyre model with a flexible
belt and dynamic contact [17]. The computed vertical dynamic stiffness in figure 7 supplies the expected
effects – the non-rolling tyre behaves stiffer. One of the future challenges is to define a sort of transfer
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Figure 7: Tyre vertical stiffness at different excitations

functions between several test rigs in the different operation points and the track situation.

3.2 Smart systems

Tyres become smart, if new components are added to standard tyres. These components are sensors, elec-
tronic components and algorithms, which provide additional information to the vehicle control systems.
The amount of information reaches from single purpose devices (tyre pressure monitoring systems) up to
systems able to provide additional data as for instance wheel angular velocity, wheel load and tangential
forces (tyre states) used as input for vehicle control systems. This can lead to a great improvement of
such systems in terms of robustness and adaptivity. A lot of such systems have been proposed. Most
of them have in common, that one or two sensor signals (displacement, acceleration ...) are recorded
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during a number of tyre rotations and an algorithm processes these signals in order to extract the desired
information. Radio transmission is used to transfer the sensor signals from the rotating tyre to a receiver
located inside the vehicle, where usually the processing algorithm runs on a micro controller.
A different situation arises when more sensors are located on the circumference of the tyre: the relation
between the signals and a previous built signal data base can lead to very detailed results concerning
the actual tyre state in real time. Due to the uniqueness of the local tyre deformation under loads, this
approach works under all conditions including a non-rolling situation. The data base may be recorded
during experiments with a real tyre (training) or may be loaded by finite element results (prediction).
Several questions arise concerning the design of such a system:

• which kind of sensors should by used for data acquisition (displacement, acceleration, strain, ...),

• how may sensors are needed to achieve accuracy and uniqueness of the tyre state estimate,

• where are the optimal sensors positions and

• how many data sets should be included in the pattern data base.

To find out more about the potential of the pattern based approach, tests based on the results of finite
element analysis have been carried out. The investigations are based on strain measurements with sensor
fibres (parallel to the reinforcements of the tyre carcass) as illustrated in figure 8 taken from [18]. This

Figure 8: Continuous layer strain and local fibre sensor strain, carcass layer

is done as an example, but the pattern based approach is able to work with other sensor types and other
sensor locations as well. In the application example, steady state rim forces in longitudinal and lateral
direction together with the wheel load build the tyre states – expressed by the longitudinal slip, the yaw
angle and the vertical deformation (wheel load). The pattern data base is build by 4900 strain signal
sets at different rolling conditions based on a full factorial variation of the three tyre states. The pattern
matching value with N denoting the number of sensors and NDB the dimension of the data base

pi =
1

N

N

∑
j=1

∣∣sm j − si j

∣∣ , i = 1, . . . ,NDB (18)

measures the similarity between a measured signal set sm and the signal set si in the data base. The
current rolling condition is identified by min(pi). This is shown in figure 6, where the pattern matching
value is plotted against the pattern number, taking into account only six sensors in the left carcass. The
measurement was replaced by a FE result with arbitrary chosen tyre state not covered by the data base.
With the pattern matching approach, unique results concerning the tyre state are obtained and hereby
additional information as tyre load and tangential forces among others are available as input to vehicle
control systems. Further research topics will be for instance signal filtering on rough roads and energy
harvesting.
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Abstract

Some general observations relating to tyre shear forces and road surfaces are followed by more

specific considerations from circuit racing. The discussion then focuses on the mechanics of rubber

friction. The classical experiments of Grosch are outlined and the interpretations that can be put on

them are discussed. The interpretations involve rubber viscoelasticity, so that the vibration properties

of rubber need to be considered. Adhesion and deformation mechanisms for energy dissipation

at the interface between rubber and road and in the rubber itself are highlighted. The enquiry is

concentrated on energy loss by deformation or hysteresis subsequently. Persson’s deformation theory

is outlined and the material properties necessary to apply the theory to Grosch’s experiments are

discussed. Predictions of the friction coefficient relating to one particular rubber compound and a

rough surface are made using the theory and these are compared with the appropriate results from

Grosch. The extent of the agreement between theory and experiment is discussed. It is concluded

that there is value in the theory but that it is far from complete. There is considerable scope for further

research on the mechanics of rubber friction.

1 INTRODUCTION

Some general observations relating to tyres, road surfaces and rubber friction are followed by comments

more specifically related to circuit racing. The focus then is on the mechanics of rubber friction, espe-

cially that part of the friction that is thought to be associated with deformation of the rubber as it interacts

with irregularities in the rigid surface over which it is travelling. Grosch’s classical experiments [3] are

described and the interpretations of the results obtained are discussed. Then, Persson’s hysteresis-loss

theory [6] is outlined and that theory is used to reproduce some of Grosch’s results to test the capability

of the theory. Conclusions are drawn at the end.

2 OBSERVATIONS

Road vehicle manoeuvring depends almost entirely on tyre shear forces. It is indisputable that such

forces are vital in vehicle dynamics and control. The shear forces depend on friction between rubber and

road and they depend on the chemical nature of the road surface and its texture, the rubber compound,

rubber and road surface temperatures and the sliding speed of the rubber relative to the road.

Race track surfaces differ from each other. In fact some track segments are significantly different

in texture and possibly chemical composition from others. In racing, the maximum possible forces are

required. New tracks, so-called “green” tracks change their nature with usage as rubber is deposited

on the surface near to the racing line. It is often reported that the maximum shear force increases as a

track “rubbers-in” for tyres with similar compounding to those tyres doing the previous running but that

different tyres do not do so well. If rain falls on a rubbered-in track, the racing line changes as the friction

levels on the presumed-smoother part of the track decrease, while the green track is relatively unaffected.
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The very-high friction tyres used in motor racing are especially compounded and they have relatively

high wear rates and short lives. They are especially sensitive to track and tyre temperatures. They need

to be run “on-tune” to give good performance.

3 GROSCH’S EXPERIMENTS

Grosch’s experiments involved four very different rubber compounds, isomerised natural rubber (INR),

acrilonitrile-butadiene rubber (ABR), styrene-butadiene rubber (SBR), and butyl rubber (Butyl), sliding

across mainly two surfaces, a smooth glass, described as wavy glass, and rough silicon carbide in the

form of emery cloth. Surface profile details were not specified but the emery cloth was 180-grade. The

glass or silicon carbide surfaces were slid under a nominally flat rubber specimen, loaded by hanging

weight against the surface. In some of the rough-surface experiments, the surface was dusted with a thin

layer of talcum powder to interfere with the surface to surface interactions to some extent. Very low

sliding velocities were employed to avoid significant heating at the rubber to surface contact.

The whole active part of the experiment was enclosed in a temperature-controlled enclosure and

sliding speed and friction force measurements were made for temperatures distributed between −50◦ C

and 100◦ C. For a given sliding speed, the shear force is indicative of the energy dissipation at the rubber

to surface interface. Those mechanisms that lead to energy dissipation are therefore of interest. Grosch’s

apparatus and experimental setup are illustrated by Figure 1.

speed-controlled

motor

temperature controlled

enclosure

emery cloth

liquid flow

loading on test

rubber block

force measurement

temperature controlled enclosure

4 compunds:

SBR, ABR,

INR, Butyl

energy dissipation by adhesion and deformation

moving surface

friction

force

loading by weights

Fz

v

stationary
rubber block

Figure 1: Schematic representation of Grosch’s friction measurement apparatus and illustration of the sliding
surface and the stationary rubber specimen in the temperature-regulated enclosure of Grosch’s experiments.

4 GROSCH’S RESULTS

Some of Grosch’s measured friction coefficients as functions of sliding speed and temperature are shown

in Figure 2 for INR sliding on silicon carbide and for ABR sliding on wavy glass.

Such raw results can be transformed to master-curve form using the frequency-temperature equiva-

lence established in [10] for a range of polymers, through the plotting of aTV instead of V , where aT is

given by:

log10
[
aT

]
=

−8.86(T − Ts)

101.5 + T − Ts

Here, Ts is a standard temperature for each rubber, approximately 50◦ C above the respective glass

transition temperature and T is the test temperature. The transformation allows all the results to be

referred to some arbitrarily chosen temperature. Example master curves are shown in Figures 3 and 4.

Master curves for ABR and Butyl on the two surfaces can be found in [3].

The fact that this WLF transformation reduces all the raw results to master curves shows that the fric-

tion arises from viscoelasticity. Some of the master curves show two distinct friction peaks and Grosch
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Figure 2: Friction coefficient as a function of sliding speed at different test temperatures for INR sliding on silicon
carbide cloth (left) and for ABR sliding on wavy glass (right), from Grosch.
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Figure 3: Temperature-compensation of the raw friction results by the WLF transform gives a master curve for
ABR on wavy glass.

associated the one occurring at lower sliding velocities with adhesion and the other with deformation. In

keeping with this interpretation, dusting the surface with talcum powder interfered with the lower peak

friction much more than with the higher one. Grosch also found that the ratio of the sliding velocity

giving peak adhesion friction, VSP , to the frequency where the rubber has its loss modulus peak, ωLMP ,

is the same for all four rubbers, with VSP ≈ 6E− 9ωLMP /(2π) and that the ratio of the sliding velocity

giving peak deformation friction, VRP , to the frequency where the rubber has its loss tangent peak, ωLTP ,

is the same for all four rubbers, with VRP ≈ 1.5E − 4ωLTP /(2π), see Section 5. Correspondingly, the

ratio of the sliding velocity giving peak friction on a smooth surface, due to adhesion, to that giving peak

friction on a rough surface, due to hysteresis, is given by VSP /VRP = 6E − 9ωLMP /1.5E − 4ωLTP

which implies that, if ωLMP and ωLTP for a particular material are far apart, then the friction peaks

for that material will be close together and conversely. The factors 6E − 9 and 1.5E − 4 appearing in

the above relationships are dimensions in metres, the former being molecular and consistent with regu-

3



adhesion

on glass

deformation

on silicon carbide

on powdered 

silicon carbide

Log [aT V/Vref]; Vref = 1 cm/s

F
ri
c
ti
o

n
 c

o
e

ff
ic

ie
n

t

Figure 4: Grosch master curves for SBR at 20◦ C on glass and silicon carbide surfaces.

lar bond formation, stretching and rupture giving rise to excitation of the rubber at its most dissipative

frequency, the latter being close to giving excitation where the rubber deformation and its consequent

energy loss are maximal due to the irregularity of the surface over which it slides.

5 RUBBER VIBRATION PROPERTIES

To understand the general shapes of the various master curves, the viscoelastic nature of rubber must

be appreciated. The vibration properties are typically measured with a mechanical analyser, Figure 5

left, see http://en.wikipedia.org/wiki/Dynamic_mechanical_analysis. The rub-

ber specimen is contained within a temperature-controlled enclosure and strained at a controllable fre-

quency and amplitude. Stress and strain are measured and the stress is found to be phase-shifted relative

to the strain, indicating energy storage and energy dissipation, both varying markedly with frequency.

Environmental
Chamber

Sample
Grips

Storage modulus

G'(ω)

G(ω) = G'(ω) + j G''(ω)

tan(δ) = G''(ω) / G'(ω)

Loss modulus

 G''(ω)

Glassy

Region

Transition

Region

Rubbery

Region

log(ω)

log(ω)

log(G)

tan(δ)

ωLMP

ωLTP

Figure 5: A commercial mechanical analyser for the measurement of the dynamic properties of rubber (left); in
the middle is a close-up of the test specimen. The typical shear vibration response properties of rubber is shown
on the right.

Typical results for testing at constant temperature are illustrated on the right of Figure 5. When the

forcing frequency is low, the material is compliant and not very dissipative. At the other extreme, when

the forcing frequency is very high, the material becomes very stiff, typically three orders of magnitude

stiffer than at low frequencies. In the transition region, the energy dissipation increases to a peak at a
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frequency called ωLMP and falls again afterwards. The ratio of the imaginary part to the real part of the

modulus is also significant, constituting the loss tangent. The frequency at which the loss tangent peaks

is called ωLTP . Such results vary with the amplitude of the vibrations used in the testing. The greater

the amplitude is, the more compliant the rubber appears to be [5, 9].

6 PERSSON’S HYSTERESIS THEORY

The interaction between the rubber and the surface can be considered most simply by first thinking of

the surface as having a sinusoidal profile and later as having many wavelength constituents, Figure 6.

The compliant rubber conforms to the rigid surface to a degree that depends on its normal loading and

its stiffness. Initially, each wave can be considered individually, as if only one wavelength were present

but, in the more complex and general case, the conformity of the rubber to the short wave irregularities

depends on the presence of long waves because these affect the normal loading between the surfaces.

stationary rubber

stationary rubber

simple surface

(a)

(b)

complex surface

sliding speed, v

sliding speed, v

λ

Figure 6: Schematic representation of the interaction between the rubber block and (a) a generic wave undulation
of length λ and (b) a more complex wave with many wavenumber components; the proportionality between the
deformation frequency and the sliding speed should be clear.

In the simple case in which the surface is sinusoidal, it can be expected that the energy dissipation

will be maximal when the sliding velocity is such that the deformation frequency is ωLMP . On this basis,

a friction peak at a particular sliding velocity is anticipated. Persson’s deformation theory [6] gives:

μ =
1

2

q1∫
q0

q3C(q)P (q) dq

2π∫
0

cosφ Im

(
2G(qv cosφ, T )

σz(1− ν)

)
dφ (1)

where G(ω) is the complex shear modulus of the rubber compound, C(q) the surface power spec-

trum, and T is the compound’s temperature. The frequency dependency of the complex modulus G(ω)
is written as sliding velocity dependency since ω = qv cos(φ); where φ is the angle between the sliding

direction and the orientations of the road undulations, described by the wavenumber q. The terms σz and

ν are the normal pressure applied to the rubber block and the Poisson’s ratio of the rubber compound

respectively, the latter assumed to have the constant value 0.5. G(ω) is related to the tensile modulus

E(ω) by E(ω) = 2(1 + ν)G(ω).
However, under the normal vertical stress σz , the surface asperities do not fully penetrate the rubber

and only a partial contact between the surface and the rubber block occurs. Therefore, the power spec-

trum cannot contribute in full to the hysteresis friction. This aspect is taken into account in Equation (1)

through the factor P (q), which is the ratio of the real contact area to the nominal contact area, the latter

corresponding to complete filling of the surface voids by the rubber.
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P (q) =
2

π

∫ ∞

0

sin(x)

x
exp[−x2F (q)]dx (2)

with F (q) given by:

F (q) =
1

8

∫ q1

q0

q3C(q)

∫ 2π

0

∣∣∣2(1 + ν)G(qv cos(φ), T )

(1− ν2)σz

∣∣∣2 (3)

It can be shown that, in the usual case when the normal stress σz is � G(0), the compound static

shear stiffness, the P (q) factor can be approximated by, see Persson [6]:

P (q) =

[
π

8

∫ q1

q0

q3C(q) dq

∫ 2π

0

∣∣∣∣2G(qv cos(φ), T )

(1− ν)σz

∣∣∣∣
2

dφ

]−1/2

(4)

Equation (4) shows that the normalized area of contact is directly proportional to the vertical pressure

σz and inversely proportional to the stiffness of the compound. In other words, the area of contact be-

tween the rubber block and the surface increases with increasing vertical load and/or reducing compound

stiffness. The notation employed for Persson’s hysteresis theory is summarised in Table 1.

Table 1: Notation used in Persson’s hysteresis theory.

Symbol Meaning

μ coefficient of friction

C(q) surface displacement spectral density function

P(q) ratio of actual contact area to nominal contact area

F(q) function needed to evaluate P(q) precisely

q0, q1 lower and upper wavenumbers included in integrals

Tq temperature

ω vibration circular frequency

E(ω) complex tensile modulus of rubber

G(ω) complex shear modulus of rubber

ν Poisson’s ratio for rubber (assumed constant at 0.5)

v sliding velocity

σz nominal normal stress

Notwithstanding the marked amplitude-dependence of rubber elasticity, in Equation (1) the material

is treated as linear when integrals over the q0 to q1 range are evaluated. The complex modulus G(ω)
describes both stiffness and damping of the rubber compound. Stiffness and damping have opposite

effects on the energy dissipated by the rubber and hence on the calculated friction. For a given sliding

velocity and normal pressure, a stiffer compound will conform to surface undulations less and the volume

of rubber distorted will be reduced. Conversely, if the material is more dissipative, a given distortion will

imply greater energy loss.

Heating of the material at the sliding interface as a consequence of the energy dissipation is included

in Persson’s later theory [7] but this is not an issue in the present context due to the very low sliding

velocities used by Grosch.

7 SURFACE AND RUBBER DATA NECESSARY IN PERSSON’S HYSTERESIS
THEORY

For the quantitative prediction of the hysteretic component of friction using Persson’s theory, the rubber

compound’s complex shear modulus G(qv cos(φ)) and the surface vertical displacement power spectral

density function C(q) in the wavenumber range q0 to q1 are needed. Also, the temperature-frequency

shift factor, aT , needs to be known. The best data available relates to SBR, for which Grosch specified

the the standard temperature, Ts, and the loss modulus, but not the storage modulus. SBR is commonly
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used in tyre manufacture. Neither did Grosch specify the surface roughness of his 180-grade silicon

carbide cloth but a similar material, commercially known as “safety-walk”, has been measured with a

laser profilometer (AMES laser texture scanner, model 9200) to give C(q), Figure 7. Grosch gives only

the average spacing between abrasive particles as 1.4E−4m. The cut-off wavenumber q1 is determined

here by the resolution of the profilometer. It is ≈ 105.344m−1 and corresponds to a wavelength of

≈ 28.5μm. The cut-off wavenumber is in reality dictated by the cleanliness of the surface and it is

difficult to know it with any certainty [6, 7, 8]. Rubber wear particles occupy the interface between

rubber and track, reducing the deformation of the rubber and hence the hysteretic friction. The rough

surface of the emery cloth is naturally of greater interest than that of the glass in the context of hysteretic

friction.
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Figure 7: Displacement spectral density function of “safety walk” cloth in the wavenumber range q0 to q1 as
measured by laser profilometer [1].
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Figure 8: Storage and loss moduli curves for SBR compound. The loss modulus is as given by Grosch but the
storage moduli are taken from [4] and [2], see [1].
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For SBR, the required storage moduli are initially obtained from the literature [2, 4], Figure 8. The

materials will be referred to subsequently as “Grosch-Klüppel” and as “Grosch-Fletcher”. The frequen-

cies ωLTP at which the loss tangents peak agree well with Grosch’s account and the two storage moduli

are similar functions of frequency, although quite different in magnitude.

8 RESULTS

Using the numerical data given in Section 7 for SBR sliding on silicon carbide cloth, friction coefficients

as shown in Figure 9 are generated. As in Grosch’s testing, the rubber state is varied in these compu-

tations by notionally employing low temperatures so that the sliding velocities can be kept low and the

heating negligible. Also shown in Figure 9 are Grosch’s relevant experimental results.
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Figure 9: Simulated hysteretic friction master curves for “Grosch-Klüppel” and “Grosch-Fletcher” compounds
on silicon carbide paper. The curves are compared with Grosch’s measured master curve. Each segment in the
simulated curves corresponds to a particular compound temperature T [1].

With both “Grosch-Klüppel” and “Grosch-Fletcher” compounds, the predicted peak friction coef-

ficients are much too high compared with Grosch but the sliding velocities at which the peaks occur

are good. The question of what can be done to lower the peaks without changing the sliding velocities

at which they occur naturally arises. Decreasing q1 would do the former but it would raise the sliding

velocity at which the friction peaks [8]. The remaining possibility is to raise the storage modulus of the

rubber without changing the shape, which is illustrated in Figure 10.

With this modified storage modulus, the friction coefficient results are shown in Figure 11.
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9 DISCUSSION AND CONCLUSIONS

Understandably, there are knowledge gaps in the record left by Grosch that can only be completely filled

by repetition of the experiments conducted by him. With plausible filling of the gaps recounted here,

some success in the prediction of rubber friction due to hysteresis can be achieved. The presence of a

friction peak at a certain sliding speed is shown and there is sufficient freedom in the parameters to make

the peak theoretical friction of a correct magnitude and to occur at a reasonable sliding speed, given

the test temperature. By its nature, of course, the theory is based on viscoelasticity, so that Grosch’s

temperature to sliding velocity equivalence is bound to be shown.

On the other hand, the predicted friction peak is too narrow. The dependence of the friction on the

sliding speed is too strong. For sliding speeds below the peak, it is clear that the differences between

experiment and theory can be accounted for by the adhesion contribution to friction that is present in the

experiments but not in the theory. However, for sliding speeds above the peak, the adhesion contribution

can be expected to be small and it can not account for the observed discrepancies. The high-sliding-speed

behaviour remains problematic.

Returning to the application to tyres, roads and motor-racing mentioned at the beginning, it can

be surmised that “green” tracks are mostly quite rough and that the deposition of wear debris from

tyres makes them smoother. Apparently, the adhesion contribution to friction increases, if the rubber

of the tyres matches the rubber laid down on the track, but the hysteretic contribution decreases as

the track gets smoother. The driver searches for the peak friction and the tyre and vehicle technicians

contribute to making the tyres run in the best temperature range. If rain falls on a “rubbered-in” track,

the smoother racing line is affected more than the remaining surface and drivers will commonly run on

that remaining surface, where maximum friction can now be obtained. The rain typically will reduce the

tyre temperature, introducing another variation to the problem.
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Abstract  
 
Tametire is the tire model developed in Michelin with physical thermal resolution  
This paper deals with the validation study we made to validate our approach and presents 
the latest evolution of the model. 
 
Tametire come from the conclusion that thermal influence is necessary to have correct 
modelisation of the tire dynamics. 
 
The validation was conducted with 2 steps: 
- Tametire versus MTS measurements validation: Tametire appears to have very good 

correlation, far better than Pacejka, due to the thermal influence on the tire behaviour. 
- Tametire versus On-Vehicle measurements validation: we demonstrated that Tametire 

have the good response with on-vehicle measurements. 

1 TAMETIRE MODEL QUICK OVERVIEW 

1.1 A bit of history 
During the Michelin F1 Period Teams had Pacejka tire models that were insufficient for their needs: at 
the time internal models were not fast enough for vehicle dynamic simulations.  
McLaren feedback (2001): « tire temperature is known to have a significant effect on tire 
characteristics with maximum performance only available in a small temperature band. The current 
model (Pacejka), which is called by many of the simulations used to analyze car performance, takes no 
account of temperature effect. This is due to an inability to model the thermal behavior of a tire ». 
As a consequence a new tire model was created:  

TaMeTirE = Thermal and Mechanical Tire Emulator 
 

1.2 The origin: early 2000 
As we explained above the motivation to develop Tametire model was the Pacejka’s formulae 
limitations: 

a. Does not include thermal effects, but tire performance is strongly dependent on temperature. 
o Not able to predict tire performance for different track designs. 
o No tire transient mechanism modifying vehicle performance and balance. 
o Tire ranking not consistent with on-track ranking 
o Limitations in the prediction of vehicle set-up effects   
o Tire models very dependent on testing procedure 

b. Pacejka includes no speed effect, but compound properties are frequency dependent  
o Limitation, especially for x and x-y combined conditions 
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Figure 1: Thermal effect illustration on Tire measurements. Fy(slip angle) evolution (left) and slip angle cycles 
effect on Fy (right). 

1.3 The model 
All the requirements described above led to a physically based model development. Its main 
advantage is the knowledge of rubber and casing properties and the forces computation rather than 
fitting curves to test machine results. 
The figure 2 below describes the basic features of the Tametire Model. 
 

                  
 

Figure 2: Tametire model overview 
 
The Tametire modelling assumptions concerns the casing, tread (or Contact Patch) and thermal 
models.  

a. The casing is described by 3 main rigidities. 
o Casing torsion which controls the effective slip angle of the belt which is usually 

smaller that the slip angle of the rim due to the Mz. 
o Belt stiffness which defines the flexion of the belt due to the lateral force and then 

modifies the tread shearing in the CP. 
o The tread stiffness.  

Each stiffness is function of load, inflation pressure and tire temperature 
b. The contact patch is modelled by brush elements. 

On the plot we can see the casing torsion, belt flection and tread shearing. At the CP entry, the 
contact is adherent and the force is defined by the tread shearing. When the shear force is 
larger than the friction coefficient between the track and compound then the brush elements 
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have a sliding motion. Then the force is defined by the friction coefficient which is a function 
of the pressure, the temperature and the sliding speed. 

c. Finally the model computes the tire temperature along the contact patch and outside the 
contact. The model takes into account:  

o Contact temperature along the contact patch. 
o Mean temperature profile through tread thickness.  

 
To adjust some properties the Scaling Factors can be used: there are ten scaling parameters defined in 
Tametire. The model has been designed to enable sensitivity studies of these parameters according to 
the physical description inside the tire model. 
The figure 3 shows the impact of the first seven scaling factors on the tire functional parameters.  

                                                         
 

Figure 3: link between the scaling parameters and the physical description of the tire 
 
Four scaling parameters are linked the tread behaviour: 
• λKx and λKy are used to modify the tread shearing in the longitudinal and the lateral directions. These 
effects on longitudinal slip and cornering stiffness are visible from the very low vertical load values. 
 
• λMu used to modify the global friction level between the tread and the track. 
  
• λw is used to simulate a wear effect by tuning the tread depth. Decreasing the tread depth by tuning 
λw tends to increase the longitudinal slip stiffness and the cornering stiffness. 
 
• λS2 modifies the belt compliance and has an impact on cornering stiffness at high load values and on 
the lateral effort at intermediate side slip angles. 
 
• λKT is linked to the tire casing, it modifies the torsional stiffness and the cornering stiffness at high 
load values and the lateral effort at intermediate side slip angles. 
 
• λRR is linked to the rolling resistance. 
 
  
The three other scaling factors modify the tire rigidities in the longitudinal, lateral and vertical 
directions (see figure 4 below). 

trajectory 

rim 

belt 

Side slip angle 

Twisting angle 

λKx Tread shearing and friction λKy 

λS2 

λKT 

λMu 

λw 

Belt bending 

Casing torsion 

λRR 
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Figure 4: tire scaling factors for tire rigidities 

 

1.4 Inputs and outputs 
 
Figure 5 shows the inputs and outputs of the Tametire procedure. 

               
 

Figure 5: inputs and outputs for Tametire protocol. In Red are the features added by Tametire compare to a 
Pacejka. Blue are the common features between Pacejka and Tametire. 

 
 
The tire is characterized on a MTS Machine, then we produce a Tametire modelisation for this 
particular tire. 
For Motorsport clients complementary measurements and characterization ar performed to obtain a 
fine modelisation. 
 
We will now how we validate Tametire results and protocol. 

2 MODEL VALIDATION 
 
To validate our model we applied the following procedure:  
1. Verify that the TameTire testing procedure can be applied successfully on a third party 
machine : visit to NTRC (USA) to perform the TameTire testing procedure on several passenger 
car tyres (Michelin & competitor tyres). 

λKxx 

λKyy 

λKzz 
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2. Perform On vehicle testing : 
Steady state 
Braking 

 

2.1 NTRC Validation 
 
Figure 6 illustrates the comparision between Tametire modelisation using Michelin Own MTS 
Machine and the same Protocol in the NTRC Machinery. 

 
 

Figure 6: Tametire Results using Michelin versus NTRC machinery. 
 
 
The results show that the Tametire protocol is robust and not dependant of the machinery used for the 
modelisation. 
 
After having validating Tametire on MTS we used on-vehicule measurements. 
 

2.2 On Vehicle Validation 
 
Once the flat-track vs model correlation is verified (Y, X and X-Y ) we proceed to on track testing 
with on vehicle measurement. 
Equipment: 
Vehicle: 308 110HP 
4 Kistler wheel force transducers 
RT systems 
2 Lasers 
GPS 
Michelin Primacy 17” & Continental Sport Contact 17” 
Manoeuvers: 
Steady state manoeuvres 
Several laps at different speeds (65 �85kph) 
Simulation: 
CarMaker 4.5 + MF5.2 (Primacy 17’’ & Sport Contact 17 ’’) vs 
CarMaker 4.5 + TameTire (Primacy 17’’ & Sport Contact 17 ’’) 
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Figure 6 & 7 show results at 80 kph, steady state, and a comparison between the Continental and the 
Michelin modelisation. 
 

                          
 

Figure 7: On-vehicule measurements versus Tametire and Pacejka models. 
 

                  
 

Figure 8: On-vehicule measurements versus Tametire and Pacejka models. 
 
The results show that Tametire fits the measurements with more accuracy than the Pacejka model even 
for competitor’s tires. 
 
For the third validation step, as we have no precise braking model at our disposal we used a trailer. 
 

2.3 Trailer Validation for braking 
 
Braking tests performed on Michelin’s test trailer on a 245 / 35 R 20 Pilot Alpin 4. 
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The braking force Fx is controlled until the desired maximum slip ratio (~50%) is reached. 
To increase the clarity of the following graphs a Pacejka fit is performed on the experimental data as 
shown on the figure 9. The experimental conditions are described in figure 10. 
 

                                                  
 

Figure 9: Pacejka fit on experimental data. 
    
 

                                              
 

Figure 10: Experimental Test conditions. 
 
 
The following figures illustrate the different effect catch by Tametire model. 

                        
 

Figure 11: Temperature effect on Braking 
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Figure 12: Pressure Effect on Braking 
 
 

 

                          
 

Figure 13: Sculpture Height Effect on Braking 
 
 
 

                 
Figure 14: Wear effect 

2.4 Model Validation : Conclusions 
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All these graphs shows that the physical modelling in Tametire permits a good modelisation of the 
Temperature, Pressure, Sculpture Height and wear effects. 
The TameTire model allows physical tyre sensitivity studies (with the Scaling Factors). 
TameTire is also a model that allows vehicle dynamics tunning and to study the impact of tyre 
evolution on vehicle dynamics and tunning braking systems. 

3 TAMETIRE FUTURE 

3.1 Tametire 3.0 Features 
 
TameTire 3.0 has been successfully integrated into CarMaker 4.5 and newer versions and is ~ 30% 
faster than TameTire 2.2. 
 
Integration of a new rolling resistance model based on the ISO 28580 indoor test (see figure 15). 
 

         
 

Figure 15: Rolling Resistance Model in Tametire 
 
 
Increased database with competitors tires (see figure 16) 
 

      
Figure 16: Tametire Database 
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3.2 Michelin Vision  
 
TameTire is Our answer for Tire Modeling and is regularly used within Michelin for Tire 
Development, vehicle dynamics simulations, Virtual chassis design and set-up, virtual development 
loops, HIL and Driving simulators (driver in the loop) 
 
The Key advantages are: 

- Physically based real time model with thermal dependency 
- Competitive/Robust tools around TameTire modelling : 

o Virtual Scaling Factors 
o Real Tire characterization process is robust 
o Representative tire database available 

- Customer Oriented Model 
o Integration of customer needs for future developments 
o Measurement process for tire characterization successfully tested on external machine 

(NTRC) 
- Easily integrated into different softwares : 

o CarMaker, CarSim, Rfactor, LapTime sofware, Matlab 
 
TameTire is opened towards our customers : 

- Efficient Customer Support: Powered by the IPG + Michelin partnership. 
 
We have a continuous improvement & progress strategy: 

- A living model, periodically updated 
- Merging multiple tire performances models 

o XY-Forces and Torques, steady-state and transient, Rolling Resistance 
o TPMS (Rolling Radius) 

- New features added regularly  
o Enhanced thermal model 
o Pressure = f (temperature) 
o Integrability for different environements (simulators, HIL benches…) 
o Fstudent database 
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MURITYRE - REAL TIME SIMULATION OF DISTRIBUTED 
CONTACT PATCH FORCES, MOMENTS AND TEMPERATURES 

Nick Trevorrow and Robin Gearing 
Wirth Research Ltd. 

Unit A11 Telford Road 
OX26 4LD Bicester, UK 

Nick.Trevorrow@Wirthresearch.com 
 
 

MuRiTyre is a physical multi-rib tyre handling model containing various sub-modules, 
which can be parameterized without the requirement for traditional rolling force and 
moment data. Measurements of the contact patch shape of a stationary tyre, deformed by 
vertical and lateral loads, are compared to MuRiTyre predictions to illustrate the efficacy of 
the model despite its relative coarseness. The number of longitudinal ribs can be increased 
or decreased in accordance with the processing power available enabling real-time solution 
which is critical for Driver-In-Loop simulators. Tyre aligning moment prediction under 
combined lateral and longitudinal slip is shown to vary significantly when modelling 
distributed contact patch behaviour, compared to that of a point contact approach. The 
distributed thermal behaviour of MuRiTyre during a banked oval corner is also compared to 
a uniform temperature approach. Both these examples highlight the importance of a 
distributed multi-rib tyre model when attempting to predict car balance shifts and Driver-
In-Loop steering feedback. 
 

1 BACKGROUND 
There are many physical tyre models that deal with distributed contact patch forces and moments. 
These models can either be pure Finite Element Analysis (FEA), or hybrid models which combine 
FEA principles with simplified sub-models of certain tyre components. One such hybrid model is 
MuRiTyre, a multi-rib model which Wirth Research has been developing over the past five years. 
 
MuRiTyre contains various sub-modules, which can be parameterized without the requirement for 
traditional rolling force and moment data. The model fidelity can be increased or decreased in 
accordance with the processing power available, enabling real-time solution whilst maintaining the 
greatest possible accuracy of results (in terms of contact patch force, moment and temperature 
distribution). The ability to model tyres in real time has made MuRiTyre a suitable tool for use in 
Driver-In-Loop (DIL) simulators. The model has been developed and validated with respect to many 
racing series, and tyres from most major tyre manufacturers have been modelled. 
 
The principle parameterisation choice for a MuRiTyre model is the number of longitudinal ribs which 
are used to discretise the contact patch behaviour. Five ribs is a choice which has been found to 
provide sufficient accuracy whilst also ensuring real-time solution, although more have also been 
used. The force distribution along each rib is modelled, and used along with the deflected position of 
the rib to calculate the rib’s contribution to the aligning, overturning and rolling moments of the tyre. 
MuRiTyre also has the capability of dealing with the influence of tyre tread voids, although this paper 
is restricted to slick tyres for the sake of simplicity of description. 
 
A case study is presented involving a stationary tyre, deformed by a range of vertical loads (Fz) and 
lateral forces (Fy). Measurements of the contact patch shape are compared to the MuRiTyre 
representation of the same results, to illustrate the efficacy of the model despite its relative coarseness. 
The model is parameterised by measurement of the unloaded tread/crown lateral profile, plus the static 
lateral and vertical stiffnesses of the casing (although not discussed in this paper, longitudinal 
distribution of contact patch normal pressure and effects of rolling velocity on casing behaviour are 
also modelled). The effect of modelling this behaviour, in a distributed multi-rib manner, on tyre 
horizontal force and moments is compared to that of a point contact approach and some examples of 
aligning moment (Mz) prediction under combined lateral and longitudinal slip conditions are given. 
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The thermal behaviour of MuRiTyre during a banked oval cornering event is briefly discussed to 
illustrate the effects of the distributed approach as opposed to a single point thermal approach. This is 
of particular importance when attempting to predict car balance shifts during relatively steady state 
manoeuvres, and also aids the understanding of the effects of camber and inflation pressure on tyre 
performance over time. 

2 METHOD 
Contact patch shape measurements were obtained to validate the multi-rib contact patch representation 
of MuRiTyre. Although MuRiTyre has the capability of dealing with the influence of tyre tread voids, 
a 17” slick tyre was used for simplicity. A stationary loading rig (Figure 1) capable of applying 
inclination angle, Fz and Fy was used to deform the tyre into desired states. Thermal paper was placed 
between the tyre tread and rig surface. Once the tyre was deformed a 0.2 mm hot wire was wrapped 
around the contact patch to expose the paper allowing the identification of the contact patch shape, 
area and position. 

MuRiTyre predictions of the measured contact patch shapes were overlaid using the ISO-W origin as a 
common reference. The model predictions are a result of the way the model is parameterised by 
simple measurements of the unloaded tread/crown lateral profile, plus the static lateral and vertical 
stiffnesses of the casing. 

Figure 1: Tyre loading rig 

Individual tyre Mz data under combined slip conditions was measured at the Calspan indoor tire test 
facility using a 15” slick front tyre. Steering column torque track data, which includes components of 
not only Mz but all force and moments from both front tyres, was sourced from an instrumented race 
car. This is compared to the steering column torque signal from the Wirth Research DIL simulator 
with the same track topography, car setup and driver. 
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3 RESULTS AND DISCUSSION 

3.1 Contact patch shape 
Contact patch shape measurements of a 17” slick tyre under 3 conditions are shown in Figure 2: 

 8.2 kN Fz, 0 kN Fy, 0° inclination angle 
 8.2 kN Fz, 0 kN Fy, -6° inclination angle 
 8.2 kN Fz, 3.7 kN Fy, 0° inclination angle 

The MuRiTyre 5-rib representation of these footprint shapes is overlaid, including the Centroid (CoA) 
denoted by the green circles. 
 

8.2 kN Fz, 0 kN Fy, 0° inclination angle 8.2 kN Fz, 0 kN Fy, -6° inclination angle

8.2 kN Fz, 3.7 kN Fy, 0° inclination angle  
 

            
 
 
 

 

Figure 2: Contact patch shape measurements and MuRiTyre predictions with 30 PSI inflation pressure 
 

It can be seen that the MuRiTyre ribs retain their centrelines relative to the tyre belt. They can 
therefore move laterally with casing deflection and can be only partially in contact with the track 
surface. When calculating the contribution to total forces, moments and heat generation only the 
section of each rib in contact with the surface is considered. When calculating convective cooling to 
the air the entire rib surface is still considered. Good agreement between measured and predicted 
contact patch shapes was found, highlighting how even a relatively coarse 5-rib model can effectively 
represent the length, width and position of each section of the contact patch. The ability of this 
simplified representation of the contact patch to accurately predict various tyre operating phenomena 
is now discussed using various examples. 
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3.2 Aligning moment due to camber 
An interesting consequence of the heavily asymmetric car setup used by racing cars on banked oval 
circuits is the steering column torque present when travelling in a straight line. This is partly due to 
rear tyre stagger and the front tyre toe angles required to react this yaw moment but is also affected by 
front tyre Mz due to inclination angles, which have the same direction on left and right tyres and hence 
don’t balance each other like symmetric car setups. 
 
MuRiTyre accounts for the Mz generated by inclination angle during zero slip angle free-rolling by 
considering a phenomenon explained in [1] where the local rolling radius of each longitudinal slice is 
inherently smaller as the slice’s location moves from the lightly loaded to the heavily loaded shoulder. 
At some lateral location the local slice’s rolling radius would be the same as the tire’s rolling radius. 
To the lightly loaded side of this section, the tread surface would be driven, and to the heavily loaded 
side, it would be braked. The resultant differential longitudinal stress distribution produces an Mz 
component in response to inclination angle. 
 
An example of this behaviour is given in Figure 3 for a free-rolling 15” slick front right oval circuit 
tyre with 10 kN Fz. It can be seen that a 5-rib MuRiTyre model predicts an additional positive 
component of Mz is generated (from the red to the orange line) when the tyre is inclined by -3° (top 
leaning inboard). This is because the inboard ribs are braking slightly and the outboard ribs are driving 
slightly such that the rib longitudinal forces balance to zero hub torque. 

 
Figure 3: MuRiTyre prediction of aligning moment due to inclination angle with 5-ribs and point-contact 

 
This is compared to a point-contact approach (green lines) where this effect isn’t able to be predicted 
and also the overall scale of Mz is significantly reduced. This is because the rectangular contact patch 
shape assumption of a point-contact approach almost always results in a shorter, wider shape than a 
multi-rib representation, leading to reduced pneumatic trail and hence reduced Mz. In the case of a 
polynomial or semi-physical tyre model this may not pose a significant problem as some freedom 
between Fy and Mz is provided such that each can be fitted to measured data reasonably 
independently. 
 
In the case of a physical model such as MuRiTyre, Fy and Mz can’t be adjusted independently as the 
same underlying equations for tread surface position and deflection are used to calculate both 
variables. For this reason an accurate prediction of the contact patch length at various lateral positions 
is critical to ensure both Fy and Mz predictions are accurate. 
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3.3 Aligning moment due to combined slip 
As discussed previously, the rolling radius of each rib determines its contribution to free-rolling Mz. 
In addition to this, the contribution to total Mz of the longitudinal slip-induced force on each rib can 
be calculated by multiplication with its lateral centre of pressure co-ordinate. This is especially 
important when the contact patch shape exhibits lateral asymmetry due to Fy and/or inclination angle. 
Calspan Mz measurements (blue line) of a 15” slick front left tyre with 6.5 kN Fz, 24 PSI, 0° 
inclination angle, -4° slip angle and ±10% slip ratio sweep can be seen in Figure 4. 
 

 
Figure 4: MuRiTyre prediction of combined slip aligning moment compared to Calspan measurement 

 
The MuRiTyre point contact prediction of longitudinal force effect on Mz (green line) is very poor and 
often the incorrect sign. This is because whilst accounting for the contact patch gross lateral migration 
to the left due to the -4° slip angle, the contact patch lateral asymmetry isn’t captured due to its 
rectangular shape. As can be seen in Figure 5 the contact patch CoA is actually slightly to the right of 
the tyre origin and the left shoulder rib isn’t in contact. Taken in isolation, this will result in a positive 
shift in Mz with driving slip ratio and should produce a more negative Mz with braking. In reality, 
both directions of longitudinal slip act to reduce pneumatic trail, and hence the magnitude of the 
lateral slip component of Mz. 

 
Figure 5: MuRiTyre prediction of contact patch shape, 6.5 kN Fz, 24 PSI, 0° inclination angle, -4° slip angle 
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3.4 Multi-rib thermal behaviour 
DIL simulations of car behaviour during banked oval circuit corners rely heavily on perception of car 
balance and steering feedback, both of which change over time during each corner. This can be due to 
aerodynamic and load transfer effects but the thermal evolution of tyre tread surface and bulk 
temperatures can also play a significant part. The example given in Figure 6 shows the steering 
column torque data from an instrumented race car before, during and after turn 1 of Pocono raceway 
(blue line). The red line is the steering torque feedback from the Wirth Research DIL simulator with 5-
rib front MuRiTyre models, the same track topography, car setup and driver as the track data. 
 
It can be seen that the steer torque decay (which includes components of not only Mz but all force and 
moments from both front tyres) through the corner depicted by the red arrow shows good agreement 
with track data when using 5-rib MuRiTyres. The effect of a single rib thermal approach is quite 
difficult to compare using these conditions as Fz, inclination and slip angles all vary simultaneously. A 
5-rib and single rib MuRiTyre can’t produce identical force and moment behaviour even isothermally. 
For this reason a single rib MuRiTyre replay was completed to determine the gross tread surface and 
bulk temperature time histories, which were then applied to all ribs of a 5-rib MuRiTyre model to 
create the green line. 

 
Figure 6: Track steering column torque data compared to DIL feedback from MuRiTyre forces and moments 

 
The decay of steering torque with the single rib thermal approach, depicted by the green arrow, can be 
seen to be significantly less than the track and 5-rib MuRiTyre measurements. This can be explained 
by looking at the tread rubber shear stiffness evolution as the tread bulk rubber heats up during the 
corner. The effect of surface temperature on grip also plays a part but in the case of wide-open-throttle 
corners the tread stiffness usually dominates.  
 
Figure 7 shows how the front right tyre (heavily loaded) single rib tread bulk temperature evolution 
through the corner remains in the elastomeric region [2] of the tread compound and hence only a very 
minor reduction in tread shear stiffness occurs. The same can be said for rib 5 (inboard shoulder) and 
rib 1 (outboard shoulder) of the 5-rib MuRiTyre, however ribs 2, (and to greater extent) 3 and 4 enter 
the viscoelastic region which results in a significant reduction in tread shear stiffness, hence Fy and 
Mz. 
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Figure 7: MuRiTyre rib temperature evolution and effect on tread bulk rubber shear modulus 

 
This example highlights how the tread shear stiffness behaviour of a multi-rib thermal approach can 
differ significantly from the behaviour of a uniform tread temperature progression, equal to the 
average behaviour of multi-ribs. Although the differences in Figure 6 appear small, this is an open-
loop example and once a driver is placed in the loop differences can be extreme and thermal run-away 
can even occur. 
 

4 CONCLUSIONS 
Measurements of the contact patch shape of a stationary tyre, deformed by vertical and lateral loads, 
were compared to MuRiTyre predictions. Good agreement was evident, highlighting how even a 
relatively coarse 5-rib model can effectively represent the length, width and position of each section of 
the contact patch. The ability of this simplified representation of the contact patch to accurately predict 
various tyre operating phenomena was discussed by comparison with measured data. 
 
Tyre Mz prediction as a result of both lateral and combined slip was shown to vary significantly when 
modelling distributed contact patch behaviour, compared to that of a point contact approach which 
resulted in reduced Mz magnitude and Mz due to longitudinal slip with the incorrect sign/direction. In 
the case of a physical model such as MuRiTyre Fy and Mz can’t be fit independently as the same 
underlying equations for tread surface position and deflection are used to calculate both variables. For 
this reason an accurate prediction of the contact patch length at various lateral positions is critical to 
ensure both Fy and Mz predictions are accurate. 
 
The distributed thermal behaviour of MuRiTyre during a banked oval corner was found to match track 
data for the same manoeuvre more closely than a uniform temperature approach. The example 
highlighted how the tread shear stiffness behaviour of a multi-rib thermal approach can differ 
significantly from the behaviour of a uniform tread temperature progression, equal to the average 
behaviour of multi-ribs. 
 
In summary it has been demonstrated that a relatively coarse physical representation of the contact 
patch, enabling real-time solutions for Driver-In-Loop simulators, can effectively predict physical tyre 
operating phenomena, accurately representing car balance and steering feedback changes over time. 
The distribution of tread surface and bulk temperature can also aid the understanding of the effects of 
camber and inflation pressure on tyre performance through a multiple lap run. 

  
   

Single rib
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Considerable amounts of experimental data for car tyres has been published or can be obtained from

the tyre manufacturers. However, in many cases not all model data are provided or no measurements

are available at all. In this cases the handling tyre model TMeasy, which is entirely based on physical

data, makes an engineer’s guess on tyre model parameter possible. At first a brief introduction to the

modeling concept of TMeasy is presented. Then, the tyre model data estimation process is described

in detail. Finally, simulation results of a scooter with electric drive demonstrate the quality of the

estimation process.

1 TMeasy in a Nutshell
TMeasy is a handling tyre model according to the classification in [1]. It represents a massless force

element acting between the road and the wheel. Uneven roads are approximated by small local planes in

the contact region of the tyre. TMeasy generates all components of the contact force vector and contact

torque vector including a first order tyre dynamics. In addition, the resulting tyre force and torque vectors

applied at the wheel center are provided as an Interface to multi body systems. The wheel modeled by a

rigid body must incorporate mass and inertia properties of the rim and the tyre.

1.1 Tyre Geometry and Contact Calculation
The tyres of passenger cars and trucks usually have a nearly rectangular cross-section. However, the

cross-sections of motorbike, scooter, and bicycle tyres are more or less shaped rounded. Within TMeasy

complex shapes of cross-sections are approximated by a simple roundness parameter in the range of

0 ≤ RN ≤ 1. The plots on the left side of Figure 1 illustrate how increasing values of the roundness

parameter RN will morph a rectangular cross-section continuously into a circular one. At an uneven road,

Figure 1: Different tyre cross-section shapes and influence on the location of the contact points

the geometric contact point P cannot be calculated directly. TMeasy approximates the contact area by a

local road plane which is defined by four specific road points. Assuming that the pressure distribution on

a cambered tyre corresponds with the shape of the deflected tyre area, the acting point of the resulting

vertical tyre force Fz will be shifted from the geometric contact point P to the static contact point Q. The

magnitude of the deflected area corresponds with a generalized vertical tyre deflection Δz and its center

determines the lateral deviation yQ of the contact point. In particular on a cambered tyre (γ � 0), the

shape of the cross-section has a strong influence to the location of the static contact point Q, Figure 1.

A sophisticated contact calculation performed in TMeasy takes the shape of the cross-section via the

roundness parameter RN into account.
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1.2 Wheel Load and Tipping Torque
The vertical tyre force Fz can be calculated as a function of the tyre deflection Δz and its time derivative

Δż. In a first approximation, the wheel load is separated into a static and a dynamic part,

Fz = Fst
z + FD

z = a1 Δz + a2 (Δz)2 + dT Δż (1)

where the static part is described as a nonlinear (parabolic) function of the tyre deflection and the dynamic

part is roughly approximated by a linear damper element. Because the tyre can only apply pressure forces

to the road, the normal force will be restricted to Fz ≥ 0. TMeasy replaces the parameter a1, a2 of the

parabola by the values of the tyre radial stiffness at the payload and double the payload.

The lateral shift of the vertical tyre force Fz from the geometric contact point P to the static contact

point Q is equivalent to a force applied in P and the tipping torque

Tx = Fz yQ (2)

acting around a longitudinal axis in P. The use of the tipping torque instead of shifting the geometric

contact point P to the static static contact point Q is limited to those cases where the tyre has full or nearly

full contact with the road. That is why, TMeasy takes the tipping torque not via (2) into account but by

applying the wheel load Fz at the static contact point Q.

1.3 Slips and Forces into the Longitudinal and Lateral Directions
The brush model approach used in TMeasy delivers the longitudinal and lateral slips as

sx =
−(vx − rD Ω)

rD |Ω| + vN and sy =
−vy

rD |Ω| + vN (3)

where vx and vy are the components of the contact point velocity, rD is the dynamic rolling radius, and

Ω denotes the angular velocity of the wheel about its rotation axis. A small fictitious velocity vN > 0

added to the denominator avoids numerical problems on a locked wheel, where rD |Ω| = 0 will hold.

The longitudinal and the lateral forces are described as functions of the longitudinal and the lateral

slips Fx = Fx (sx ) and Fy = Fy (sy ), Figure 2. During general driving situations, e.g., acceleration or

Figure 2: Longitudinal, lateral, and combined tyre force characteristics

deceleration in curves, the longitudinal slip sx and the lateral slip sy will appear simultaneously. In order

to generate an appropriate combined force, the longitudinal and lateral slips are normalized, slightly

modified, and vectorially added to the combined slip sC , Figure 2.

The combined tyre force characteristic FC = F (sC ) is defined in TMeasy by characteristic parameters:

the initial inclination dF0
C

, the location sMC and the magnitude of the maximum FM
C , as well as the sliding

limit sS
C

and the sliding force FS
C

, Figure 2. These parameters are appropriately derived from the

corresponding values of the longitudinal and lateral force characteristics, [2].
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1.4 Self-Aligning and Bore or Turn Torque
The dynamic tyre offset or the pneumatic trail mainly depends on the lateral slip, n = n(sy ). Acting as a

lever to the lateral force Fy it generates the self-aligning torque.

TS = −n(sy ) Fy (4)

In particular during steering motions, the angular velocity of the wheel has a component in the direction

of the track normal that causes a bore motion of the tyre contact patch. If the wheel moves in the

longitudinal and lateral direction too, then a very complicated deflection profile of the tread particles in

the contact patch will occur. Within TMeasy the contact patch is substituted for that purpuse by a thin

ring with the equivalent bore radius RB. The corresponding bore slip and the bore torque will then be

determined by

sB =
−RB ωn

rD |Ω| + vN and TB = RB FC

(
sB
)

(5)

where the equivalent bore radius RB serves as lever arm, RB ωn describes the circumferential sliding

velocity and FC is determined by the combined force characteristic. However, the simple steady-state

bore torque model will serve as a rough approximation only. In particular, it is less accurate at slow bore

motions (sB ≈ 0) that will occur at parking maneuvers. However, a straightforward extension to dynamic

tyre forces and a dynamic bore torque will generate realistic parking torques, [3].

1.5 Three-Dimensional Slip
In particular on steering maneuvers at standstill, a longitudinal, a lateral, and a bore slip will occur

simultaneously. By extending the combined slip sC defined in Figure 2 with the bore slip sB to a more

generalized and three-dimensional slip

sG =
√

s2
C
+ s2

B (6)

the effects of the bore motion on the combined tyre forces and vice versa can be taken into account. The

generalized force characteristic FG = FC (sG) will now provide, by

F�
C = FG

sC
sG

and TB = RB FG
sB
sG

(7)

a modified combined force F�
C

and the bore torque TB in the corresponding parts of the generalized force

characteristic. A similar decomposition of the modified combined force finally results in the longitudinal

and lateral forces.

1.6 First Order tyre Dynamics
The tyre forces Fx and Fy acting in the contact patch deflect the tyre in the longitudinal and lateral

direction, Figure 3. In a first-order approximation, the dynamic tyre forces in the longitudinal and lateral

Figure 3: Tyre deflection in the longitudinal, lateral and circumferential direction

direction follow from

Fx (vx + ẋe )︸���������︷︷���������
FD
x

≈ Fx (vx )︸��︷︷��
Fst
x

+
∂Fx

∂vx
ẋe and Fy

(
vy + ẏe

)
︸���������︷︷���������

FD
y

≈ Fy

(
vy
)

︸��︷︷��
Fst
y

+
∂Fy

∂vy
ẏe (8)
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where xe and ye name the longitudinal and the lateral tyre deflection, respectively. In the steady state the

longitudinal tyre forces Fst
x and Fst

y will be provided as functions of the slips. On the other hand, the

dynamic tyre forces can be derived from

FD
x = cx xe + dx ẋe and FD

y = cy ye + dy ẏe (9)

where cx , cy and dx , dy denote stiffness and damping properties of the tyre in the longitudinal and lateral

direction. Combining the relations in (8) and (9) finally results in first-order differential equations for the

longitudinal and lateral tyre deflection,

(
v∗T x dx + fG

)
ẋe = − v∗T x cx xe − fG (vx−rD Ω)(

v∗T y dy + fG
)
ẏe = − v∗T y cy ye − fG vy

(10)

where fG = FG/sG defines the global derivative of the generalized tyre characteristic and modified

transport velocities v∗T x and v∗T y are used to simplify the expressions.

In a similar approach the dynamic bore torque is modeled by

TD
B = c R2

B ψ + d R2
B ψ̇ with (d (rD |Ω|+vN ) + fG) ψ̇ = − c ψ (rD |Ω|+vN ) − fG Ωn (11)

where c, d approximate the circumferential stiffness and damping properties of the tyre, ψ describes the

torsional deflection of the tyre , and Ωn names the bore angular velocity defined by the component of

the wheel angular velocity normal to the road. By neglecting possible dynamics of the tyre offset, the

dynamic self-aligning torque can be approximated by TD
S = −n FD

y , where n denotes the steady-state tyre

offset and FD
y names the dynamic tyre force.

This first-order dynamic tyre model used in TMeasy is completely characterized by the generalized

steady-state tyre characteristics fG , and the stiffness cx , cy , c and damping dx , dy , d properties of the

tyre. Via the steady-state tyre characteristics, the dynamics of the tyre deflections and hence the dynamics

of the tyre forces and the bore torque will automatically depend on the wheel load Fz and the generalized

slip sG .

2 TMeasy Model Parameter
TMeasy can handle “ tyre property files” based on keyword oriented value assignments. The file may

include additional informations in a [HEADER]- or [MODEL]-block and the specification of specific units

in a [UNITS]-block. As TMeasy is entirely based on standard SI-units, an explicit unit specification is

not required here. The following file provides the essential TMeasy parameters for the front tyre of a

midsized motor-scooter
[DIMENSION]
UNLOADED_RADIUS = 0.2618 $ unloaded radius [m]
WIDTH = 0.120 $ width [m]
RIM_RADIUS = 0.1778 $ rim radius [m]
ROUNDNESS = 0.8 $ roundness of tire cross-section [-]
$--------------------------------------------------------------------load
[TYRE_LOAD]
FZ_NOM = 1000 $ nominal or payload [N]
FZ_MAX = 3500 $ max extrapolation load [N]
$---------------------------------------------------------------stiffness
[STIFFNESS]
CLONG = 90000 $ longitudinal [N/m]
CLAT = 80000 $ lateral [N/m]
CVERT_1 = 100000 $ vertical @ Fz=Fz_nom [N/m]
CVERT_2 = 105000 $ vertical @ Fz=2*Fz_nom [N/m]
CTORS = 250 $ torsional [Nm/rad]
$----------------------------------------------------------- -----damping
[DAMPING]
DLONG = 100 $ longitudinal [N/(m/s)]
DLAT = 95 $ lateral [N/(m/s)]
DVERT = 110 $ vertical [N/(m/s)]
DTORS = 0.7 $ torsional [Nm/(rad/s)]
$------------------------------------------------------rolling resistance
[ROLLING_RESISTANCE]
RRCOEFF_1 = 0.010 $ roll. rest. coefficient @ Fz=Fz_nom [-]
RRCOEFF_2 = 0.011 $ roll. rest. coefficient @ Fz=2*Fz_nom [-]
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$----------------------------------------------------------dynamic radius
[DYNAMIC_RADIUS]
RDYNCO_1 = 0.375 $ rdyn weighting coefficient @ Fz=Fz_nom [-]
RDYNCO_2 = 0.750 $ rdyn weighting coefficient @ Fz=2*Fz_nom [-]
$------------------------------------------------------longitudinal force
[LONGITUDINAL_PARAMETERS]
DFX0_1 = 20000 $ initial slope @ Fz=Fz_nom [N/-]
FXMAX_1 = 950 $ maximum force @ Fz=Fz_nom [N]
SXMAX_1 = 0.14 $ slip sx where Fx=Fxmax_1 [-]
FXSLD_1 = 900 $ sliding force @ Fz=Fz_nom [N]
SXSLD_1 = 0.4 $ slip sx where Fx=Fxsld_1 [-]
$------------------------------------------------------------------------
DFX0_2 = 38000 $ initial slope @ Fz=2*Fz_nom [N/-]
FXMAX_2 = 1700 $ maximum force @ Fz=2*Fz_nom [N]
SXMAX_2 = 0.135 $ slip sx where Fx=Fxmax_2 [-]
FXSLD_2 = 1600 $ sliding force @ Fz=2*Fz_nom [N]
SXSLD_2 = 0.35 $ slip sx where Fx=Fxsld_2 [-]
$-----------------------------------------------------------lateral force
[LATERAL_PARAMETERS]
DFY0_1 = 12000 $ initial slope @ Fz=Fz_nom [N/-]
FYMAX_1 = 900 $ maximum force @ Fz=Fz_nom [N]
SYMAX_1 = 0.25 $ slip sy where Fy=Fymax_1 [-]
FYSLD_1 = 900 $ sliding force @ Fz=Fz_nom [N]
SYSLD_1 = 0.5 $ slip sy where Fy=Fysld_1 [-]
$------------------------------------------------------------------------
DFY0_2 = 18000 $ initial slope @ Fz=2*Fz_nom [N/-]
FYMAX_2 = 1500 $ maximum force @ Fz=2*Fz_nom [N]
SYMAX_2 = 0.28 $ slip sy where Fy=Fymax_2 [-]
FYSLD_2 = 1500 $ sliding force @ Fz=2*Fz_nom [N]
SYSLD_2 = 0.7 $ slip sy where Fy=Fysld_2 [-]
$-----------------------------------------------------------pneumatic trail
[ALIGNING_PARAMETERS]
PT_NORM_1 = 0.13 $ norm. pneumatic trail @ sy=0 & Fz=Fz_nom [-]
SY_CHSI_1 = 0.25 $ sy where trail changes sign @ Fz=Fz_nom [-]
SY_ZERO_1 = 0.40 $ sy where trail tends to zero @ Fz=Fz_nom [-]
$------------------------------------------------------------------------
PT_NORM_2 = 0.18 $ norm. pneumatic trail @ sy=0 & Fz=2*Fz_nom [-]
SY_CHSI_2 = 0.30 $ sy where trail changes sign @ Fz=2*Fz_nom [-]
SY_ZERO_2 = 0.50 $ sy where trail tends to zero @ Fz=2*Fz_nom [-]
$--------------------------------------------------------camber influence
[CAMBER_INFLUENCE]
CAMF_1 = 0.4 $ camber infl. factor @ Fz=Fz_nom [-]
CAMF_2 = 0.3 $ camber infl. factor @ Fz=2*Fz_nom [-]
$----------------------------------------------------------bore radius
[BORE_RADIUS]
RB_ADJUST_1 = 0.8 $ bore radius factor @ Fz=Fz_nom [-]
RB_ADJUST_2 = 0.8 $ bore radius faktor @ Fz=2*Fz_nom [-]
$-----------------------------------------------------fx amplification
[AMPLIFICATION_FX]
AMPLFX_POS = 1 $ fx amplification factor @ Fz=Fz_nom [-]
AMPLFX_NEG = 1 $ fx amplification faktor @ Fz=2*Fz_nom [-]
$--------------------------------------------------ficticious velocity
[FICTICIOUS_VELOCITY]
V_LIM = 0.01 $ ficticious velocity [m/s]
$------------------------------------------------------------------------

The 52 TMeasy model parameter are entirely based on physical data. Via apropriate curve fitting

techniques they can be derived from measurements if available. In the lack of experimental data, which is

often the case, an engineer’s guess is possible due to the specific meaning of the TMeasy tyre parameter.

2.1 Dimension
Within the block [DIMENSION] the geometric properties of the tyre are set. Tyre codes like P215/60R16 or

37x12.5R17LT or simply 120/70-14 deliver the width, the rim radius, and the unloaded radius. The latter

holds for a scooter front tyre and results in
UNLOADED_RADIUS = 0.2618 $ unloaded radius [m]
WIDTH = 0.120 $ width [m]
RIM_RADIUS = 0.1778 $ rim radius [m]

As illustrated in Figure 1 the assignment
ROUNDNESS = 0.8 $ roundness of tire cross-section [-]

models a nearly circular shape of the tyre cross section, which corresponds with the typical shape

of a scooter front wheel. The cross section shapes of passenger car or truck tyres however are nearly

rectangular, which will induce a value for the roundness parameter in the range of 0.0 ≤ ROUNDNESS ≤ 0.1.
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2.2 Tyre Load
TMeasy specifies the tyre characteristics for the nominal or payload Fz = FN

z and its double Fz = 2FN
z .

The parameter for arbitrary loads are calculated via appropriate inter- or extrapolations. In normal driving

situations the wheel load is restricted to the range 0 ≤ Fz ≤ 2FN
z in general. Extreme dynamic effects or

obstacles and bumps on the road may produce peaks in the wheel load with values exceeding the normal

range. But enormous wheel loads may cause the extrapolation formulas used in TMeasy to produce

unrealistic tyre parameter. That is why, the block [TYRE_LOAD] defines by
FZ_NOM = 1000 $ nominal or payload [N]
FZ_MAX = 3500 $ max extrapolation load [N]

not only the payload but also a maximum value, that limits the extrapolation to wheel loads Fz ≤ Fmax
z .

Note, the wheel load itself will not be restricted by this action. Setting Fmax
z to three to four times the

payload will do the job in general. In the case of the scooter front tyre Fmax
z = 3.5FN

z = 3500 N was

chosen for that purpose.

2.3 Stiffness and Damping
TMeasy uses spring damper elements in parallel to model the tyre compliance in longitudinal, lateral,

and torsional direction. The block [STIFFNESS]
CLONG = 90000 $ longitudinal [N/m]
CLAT = 80000 $ lateral [N/m]
CVERT_1 = 100000 $ vertical @ Fz=Fz_nom [N/m]
CVERT_2 = 105000 $ vertical @ Fz=2*Fz_nom [N/m]
CTORS = 250 $ torsional [Nm/rad]

as well as the block [DAMPING]
DLONG = 100 $ longitudinal [N/(m/s)]
DLAT = 95 $ lateral [N/(m/s)]
DVERT = 110 $ vertical [N/(m/s)]
DTORS = 0.7 $ torsional [Nm/(rad/s)]

provide the corresponding parameter. The compliance (stiffness and damping) in longitudinal, lateral,

and torsional direction effects primarily the first order tyre dynamics. The vertical deflection however

determines the contact length that strongly influences the self-aligning as well as the bore or turn torque.

That is why, the vertical tyre compliance is modeled in TMeasy by a nonlinear function Fz = Fz (Δz)

defined by the vertical stiffness CVERT_1 at the payload Fz = FN
z and the vertical stiffness CVERT_2 at

double the payload Fz = 2FN
z .

In case of the scooter front tyre the vertical stiffness at the payload was estimated by an engineer’s

guess on the tyre deflection. Estimating a deflection at the payload of Fz = FN
z = 1000N by Δz = 0.01 m

yields the stiffness CVERT_1 = 1000/0.01 = 100000 N/m straight away. By setting the stiffness CVERT_2

= 105000N/m to a marginally larger value, a slightly progressive function Fz = Fz (Δz) is modeled. The

tyre stiffness in the longitudinal and the lateral directions are usually slightly smaller than the stiffness in

the vertical direction.

Following the bore torque model approach, the torsional stiffness can roughly be estimated by CTORS =

R2
B (CLONG + CLAT) where it will be assumed that the contact patch ring of radius RB is attached to the

rim in longitudinal and lateral directions by the corresponding spring elements. Within TMeasy the bore

radius is approximated via RB =
2
3

B+L
4

where B denotes the width and L the length of the contact patch

at the payload. As shown in [2], the contact length can be estimated by L = 2
√

r0 Δz where r0 is the

unloaded tyre radius and Δz describes the vertical tyre deflection.

In case of the scooter front tyre, the width and the unloaded radius are given by B = WIDTH = 0.120 m

and r0 = UNLOADED_RADIUS = 0.2618 m. The tyre deflection at the payload, which was estimated here

with Δz = 0.01 m, delivers the value L = 0.1023 m for the length of the contact patch. Then, the

bore radius is given by RB = 0.0371 m. Finally, a rough estimation for the torsional stiffness results in

CTORS = (0.0371 m)2 ∗ (90000 N/m + 80000 N/m) = 233.4 Nm/rad. In the tyre property file this value

was rounded to CTORS = 250 Nm/rad. The value for CTORS mainly influences the dynamic bore torque, it

has no effect on the maximum bore torque.

The damping properties of a tyre are very complex and depend in practice at least on the wheel load

and on the angular velocity of the wheel. However, in most cases the tyre damping has no significant

influence on the handling performance of a vehicle. That is why, TMeasy uses just simple linear dampers

6



in longitudinal, lateral, vertical, and torsional direction. Damping constants are hard to guess. A single

wheel bouncing on the ground performs a slightly damped motion that may be characterized by a viscous

damping ratio of ζ = 0.05. Then, the damping parameter in longitudinal, lateral, and vertical direction

may be estimated by DLONG = 2 * 0.05 *
√

90000 * 12 = 103.9230 N/(m/s) ≈ 100 N/(m/s), DLAT =

2 * 0.05 *
√

80000 * 12 = 97.9796 N/(m/s) ≈ 95 N/(m/s), DVERT = 2 * 0.05 *
√
100000 * 12 =

109.5445 N/(m/s) ≈ 110 N/(m/s), where m = 12 kg represents the mass of a scooter wheel. In a

similar way, the torsional damping parameter can be determined. The inertia of the wheel about an axis

perpendicular to the wheel rotation axis may simply be estimated by Θ = 1
4

m r2
0
= 0.2056 kgm2. Then,

DTORS = 2 ∗ 0.05 ∗ √ 250 ∗ 0.2056 = 0.7169 Nm/(rad/s) ≈ 0.7 Nm/(rad/s) delivers a rough estimation

for the torsional damping parameter.

2.4 Rolling Resistance
The rolling resistance torque acting about the yW -axis is modeled in TMeasy by Ty = −sign (Ω) fR r0 Fz

where Fz denotes the wheel load, r0 the unloaded radius, and fR is the dimensionless rolling resistance

coefficient. The rolling resistance coefficient slightly depends on the angular velocity of the wheel and

on the wheel load. As it has nearly no effect on the handling properties of a vehicle, only the wheel load

dependency is taken into account within TMeasy. For passenger car tyres the rolling resistance coefficient

amounts at maximum only to a few percent. That is why, the block ROLLING_RESISTANCE estimates
RRCOEFF_1 = 0.010 $ roll. rest. coefficient @ Fz=Fz_nom [-]
RRCOEFF_2 = 0.011 $ roll. rest. coefficient @ Fz=2*Fz_nom [-]

a coefficient of fR1 = 0.010 � 1% at the payload and of fR2 = 0.011 � 1.1% at double the payload in

the case of the scooter front tyre.

2.5 Dynamic Rolling Radius
The dynamic rolling radius is used to describe the average velocity with which the tread particles are

transported through the contact patch. In TMeasy it is modeled by rD = λ r0 + (1 − λ) rS where

r0 and rS name the unloaded and the loaded tyre radius and λ is a wheel load depending weighting

factor. A simple geometric approach delivers for a heavily loaded tyre the value λ = 2/3 = 0.667, [2].

Measurements on truck tyres show, that these value gets smaller at lower loads. The parameter set in the

block [DYNAMIC_RADIUS]
RDYNCO_1 = 0.375 $ rdyn weighting coefficient @ Fz=Fz_nom [-]
RDYNCO_2 = 0.750 $ rdyn weighting coefficient @ Fz=2*Fz_nom [-]

represents a first guess on the wheel load dependency of the weighting factor proven in practice and

therefor applied for the scooter tyre too.

2.6 Longitudial and Lateral Force Characteristics
The parameter in the block [LONGITUDINAL_PARAMETERS]

DFX0_1 = 20000 $ initial slope @ Fz=Fz_nom [N/-]
FXMAX_1 = 950 $ maximum force @ Fz=Fz_nom [N]
SXMAX_1 = 0.14 $ slip sx where Fx=Fxmax_1 [-]
FXSLD_1 = 900 $ sliding force @ Fz=Fz_nom [N]
SXSLD_1 = 0.4 $ slip sx where Fx=Fxsld_1 [-]
$------------------------------------------------------------------------
DFX0_2 = 38000 $ initial slope @ Fz=2*Fz_nom [N/-]
FXMAX_2 = 1700 $ maximum force @ Fz=2*Fz_nom [N]
SXMAX_2 = 0.135 $ slip sx where Fx=Fxmax_2 [-]
FXSLD_2 = 1600 $ sliding force @ Fz=2*Fz_nom [N]
SXSLD_2 = 0.35 $ slip sx where Fx=Fxsld_2 [-]

and in the block [LATERAL_PARAMETERS]
DFY0_1 = 12000 $ initial slope @ Fz=Fz_nom [N/-]
FYMAX_1 = 900 $ maximum force @ Fz=Fz_nom [N]
SYMAX_1 = 0.25 $ slip sy where Fy=Fymax_1 [-]
FYSLD_1 = 900 $ sliding force @ Fz=Fz_nom [N]
SYSLD_1 = 0.5 $ slip sy where Fy=Fysld_1 [-]
$------------------------------------------------------------------------
DFY0_2 = 18000 $ initial slope @ Fz=2*Fz_nom [N/-]
FYMAX_2 = 1500 $ maximum force @ Fz=2*Fz_nom [N]
SYMAX_2 = 0.28 $ slip sy where Fy=Fymax_2 [-]
FYSLD_2 = 1500 $ sliding force @ Fz=2*Fz_nom [N]
SYSLD_2 = 0.7 $ slip sy where Fy=Fysld_2 [-]
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define the longitudinal and the lateral force characteristic at the payload FN
z = 1000N and its double. The

payload itself is specified in the block [TYRE_LOAD]. The values will produce the characteristics plotted

in Figure 4, where the automatically generated combined force characteristic is shown as well. In this

f
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Figure 4: Longitudial and lateral force characteristic for a scooter front tyre at various loads as well as

the combined force characteristic at the payload

particular situation no measurements were available. However, an Engineer’s guess is possible if one

assumes that a scooter tyre will not perform quite as good as a standard passenger car tyre.

For a standard passenger car tyre the location of the force maxima will occur at slip values of

sMx ≈ 0.1 and sMy ≈ 0.175; the latter corresponding with a slip angle of αM = 10◦. Then, the

corresponding slip values for a scooter tyre can be estimated at the payload by sMx ≡ SXMAX_1 = 0.14

and sMy ≡ SYMAX_1 = 0.25 with considerable larger values. In addition, a standard passenger car tyre is

characterized on dry road by friction values of μ ≈ 1 whereas the friction property in lateral direction

is somewhat smaller than in longitudinal direction in general. Hence, by assuming with μx = 0.95

and μy = 0.90 slightly smaller friction values for a scooter tyre, the maximum forces at the payload

FN
z = 1000 N are then given by FXMAX_1 = μxFN

z = 950 N and FYMAX_1 = μyFN
z = 900 N. Usually

the sliding forces are nearly equal. Setting FXSLD_11 = FySLD_11 = 900 N results in a longitudinal force

characteristic with a well marked maximum and a lateral force characteristic with no maximum at all. The

corresponding slip values were set to SXSLD_1 = 0.4 and SYSLD_1 = 0.5. The value of SXSLD_1 has a minor

effect on the longitudinal characteristic and the value of SYSLD_1 has no effect on the lateral characteristic

in this particular case. The initial inclinations of the force characteristics have lower bounds which are

defined here by dF0
x ≥ 2 950 N

0.14
= 6786 N/− and dF0

y ≥ 2 900 N
0.25

= 3600 N/− So, by setting the initial

inclinations to values of DFX0_1 = 20000 N/− and DFY0_1 = 12000 N/− a rather soft tyre performance is

modeled.

A set of TMeasy tyre satisfying the relations dF0
2
= 2 dF0

1
, sM

2
= sM

1
, FM

2
= 2 FM

1
, sS

2
= sS

1
, and

FS
2
= 2 FS

1
would represent a tyre with a linear wheel load influence. The simply estimated TMeasy

parameter for the scooter tyre dF0
x2
= 38000 < 2*20000, FM

x2
= 1700 < 2*950, FS

x2
= 1600 < 2*900,

and dF0
y2
= 18000 < 2*12000, FM

y2
= 1500 < 2*900, FS

y2
= 1500 < 2*900 will characterize a

degressive and more realistic influence on the force related values.

As often, the degressive influence of the wheel load is modeled more distinctive on the lateral than

on the longitudinal characteristic of the scooter front tyre. In addition, the TMeasy model parameter

sM
x2
= 0.135 < 0.140, sS

x2
= 0.350 < 0.400, sM

y2
= 0.280 > 0.500, sS

y2
= 0.500 > 0.700 shift

the locations of the maximum and the sliding forces to slightly smaller values in the longitudinal and

to slightly larger values in the lateral characteristic. This particular behavior is observed in many tyre

characteristics, and was supposed to hold for scooter tyres too.

2.7 Aligning Parameter
The lateral force Fy and the caster offset or pneumatic trail n determines the self-aligning torque. The

function describing the caster offset normalized to the contact length L depending on the lateral slip sy is
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controlled in TMeasy by three parameter. They are specified in the block [ALIGNING_PARAMETERS] at the

payload and its double. The corresponding values for the scooter front tyre were estimated by
PT_NORM_1 = 0.13 $ norm. pneumatic trail @ sy=0 & Fz=Fz_nom [-]
SY_CHSI_1 = 0.25 $ sy where trail changes sign @ Fz=Fz_nom [-]
SY_ZERO_1 = 0.40 $ sy where trail tends to zero @ Fz=Fz_nom [-]
$------------------------------------------------------------------------
PT_NORM_2 = 0.18 $ norm. pneumatic trail @ sy=0 & Fz=2*Fz_nom [-]
SY_CHSI_2 = 0.30 $ sy where trail changes sign @ Fz=2*Fz_nom [-]
SY_ZERO_2 = 0.50 $ sy where trail tends to zero @ Fz=2*Fz_nom [-]

The parameter PT_NORM_1 and PT_NORM_2 determine the value of the normalized pneumatic trail at sy = 0

and Fz = FN
z and Fz = 2FN

z respectively. A constant pressure distribution in the contact area would

result in a value of n/L = 1/6 = 0.167. On lower wheel loads however, the pressure distribution starts

at zero at the beginning of the contact patch, exhibits a maximum in the center, and drops to zero again

at the end of the contact patch. The value of PT_NORM_1 = 0.13 < 0.167 takes this effect into acount. On

higher wheel loads the pressure distribution may even increase in leading and trailing parts of the contact

patch resulting in large values of the pneumatic trail and taken into account by PT_NORM_2 = 0.18 > 0.167

in this particular case.

The normalized pneumatic trail tends to zero at large slip values. Sometimes it overshoots to negative

values before it reaches zero again. This behavior is modeled in TMeasy by the parameter SY_CHSI_1,

SY_CHSI_2 and SY_ZERO_1, SY_ZERO_2 respectively. Usually the values where the pneumatic trail tends to

zero are close to ore somewhat higher than the slip value where the lateral force reaches its maximum.

That is why, these values were estimated by SY_CHSI_1 = 0.25 = SYMAX_1 and SY_CHSI_2 = 0.30 > SYMAX_2

in the case of the scooter tyre. Finally, the parameter SY_ZERO_1 = 0.40 > SY_CHSI_1 and SY_ZERO_2 =

0.50 > SY_CHSI_2 will generate a moderate overshoot in the pneumatic trail and hence in the self-aligning

torque.

2.8 Camber Influence
A cambered tyre affects the contact calculation as indicated in Figure 1, it produces an additional lateral

force and generates a bore torque. The deflection profile of the tread particles on a cambered tyre in

the rim center plane is used in TMeasy to estimate the additional lateral force. An influence factor is

introduced then in order to tune or adjust the magnitude of this additional lateral force. In case of the

scooter front tyre it was assumed that the rounded shape of the cross section will reduce the amount of

the camber force. That is why, the block [CAMBER_INFLUENCE]
CAMF_1 = 0.4 $ camber infl. factor @ Fz=Fz_nom [-]
CAMF_2 = 0.3 $ camber infl. factor @ Fz=2*Fz_nom [-]

sets the corresponding parameter to values significantly smaller than one. In addition, by choosing CAMF_2

< CAMF_1 a degressive wheel load influence was modeled.

2.9 Bore Radius Adjustment Factor
The steady state as well as the dynamic bore torque are based on the equivalent bore radius which

is roughly adjusted to the actual width and length of the contact patch. The parameter in the block

[BORE_RADIUS]
RB_ADJUST_1 = 0.8 $ bore radius factor @ Fz=Fz_nom [-]
RB_ADJUST_2 = 0.8 $ bore radius faktor @ Fz=2*Fz_nom [-]

make it possible to adjust the default bore radius to smaller or larger values. By setting both parameters

to 0.8 the default value is reduced by 20% and no additional wheel load influence was assumed in in the

case of the scooter tyre.

2.10 Amplification Factor for Longitudinal Force Characteristic
On passenger car and truck tyres the longitudinal characteristic may differ slightly between while driving

or braking. The Tmeasy parameter set in the block [AMPLIFICATION_FX] take this fact into account.
AMPLFX_POS = 1 $ fx amplification factor @ Fz=Fz_nom [-]
AMPLFX_NEG = 1 $ fx amplification faktor @ Fz=2*Fz_nom [-]

If both values are set to one, as done in the case of the scooter tyre, the longitudinal force characteristic

defined by the corresponding parameter in the block [LONGITUDINAL_PARAMETERS] then will not be modified

at all.
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2.11 Fictitious Velocity

The fictitious velocity defined in the block [FICTICIOUS_VELOCITY] is introduced in the slip definitions (3)

in order to avoid numerical problems when a wheel is locked or the vehicle performs a full stop.
V_LIM = 0.01 $ ficticious velocity [m/s]

The value must be positive V_LIM > 0 and should be small enough not to distort the slips too much. Values

in the range of 0.001m/s < V_LIM < 0.1m/s do the job in general. TMeasy in Version 5 is based on a new

first order dynamic tyre model that is basically independent of the value chosen for the ficticious velocity.

3 Application
The scooter front tyre model, as well as an appropriate rear tyre model, a fully three-dimensional scooter

model, and also a driver model were needed to investigate the dynamics of a scooter that was proposed

to be converted to an electric drive. Some results of a driving manoeuvre, where the scooter modeled by

a fully three-dimensional multibody system enters a curve, accelerates moderately, and finally exits the

curve. are plotted in Figure 5.

Figure 5: Driving manoeuvre of an electric-scooter

As electric motors can generate comparatively large torques, an extreme driving manoeuvre was

investigated too, Figure 6. Now, the rear wheel starts to spin and prevents via the combined force

characteristic the generation of a sufficient large lateral force. As a consequence, the scooter begins to

fishtail and despite an immidiate counter steering the scooter can no longer be controlled.

Figure 6: Screen shots from an animated simulation of an electric-scooter fully accelerating in a turn
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With higher level of vehicle automation, it becomes increasingly important to know the 
maximum possible tyre forces during normal driving. An interesting method in this respect 
is estimating the tyre-road friction from the resonance in the wheel speed signal, excited by 
road roughness. A simulation environment using the MF-Swift tyre model is proposed, 
which gives insight in the correctness and functioning of this method. It is concluded that 
frequencies and damping ratios can be estimated with reasonable accuracy and that the 
trends observed with changing road friction are consistent. Furthermore, the proposed 
simulation environment gives opportunity to investigate other issues. 

1 INTRODUCTION 

With the increasing level of driving automation, the importance of knowing the vehicle capabilities 
that are mainly determined by the tyre force potential, or simply friction, increases [1]. It is especially 
of interest to estimate the friction during normal driving conditions, e.g. to determine the moment the 
brakes should be activated to avoid a collision. Further, monitoring the tyre states is interesting for 
detecting a punctured tyre. 
The vibrations of the wheel speed signal are used in indirect tyre pressure monitoring systems to detect 
pressure losses, as can be found in references [2], [3], [4], [5], [6] and [7]. Furthermore, these 
vibrations are used in friction estimation algorithms to monitor friction changes, as is described in 
references [8], [9] and [10]. For example, Umeno et al. showed that the first tyre resonance frequency 
that exhibits a large peak around 37 Hz at a tyre inflation pressure of 200 kPa decreases to about 31 Hz 
if the inflation pressure is lowered to 100 kPa. In [8] and [9], Umeno et al. described that the first tyre 
resonance, which exhibits a large peak around 40 Hz on asphalt, is absent on ice and low friction 
surfaces. Additionally, they developed a friction estimation algorithm based on the identification of 
the tyre resonance frequency. With this algorithm they were able to detect friction changes from 
asphalt to ice and vice versa and hydroplaning. Interesting application of the wheel speed resonance is 
that the excitation of the vibration mode is caused by the road surface and that the algorithms can be 
applied during straight line driving. 
Several things must be considered when trying to identify the tyre resonance from wheel speed 
measurements using ABS sensors: 

• The tyre resonance is not the only resonance that exists in the wheel speed signal. Typically
also the body bounce and wheel hop resonances can be observed at about 1 and 10 to 15 Hz, 
respectively. Further, between about 60 and 90 Hz other tyre resonances occur; 

• For driven wheels additional resonances due to the drive system are observed in the power
spectral density (PSD) of the wheel speed near the relevant tyre resonance [2]; 

• Non-uniformities and unbalance of the tyre-wheel system can also generate peaks in the PSD
of the wheel speed [3]; 

• Tolerances of the width of individual rotor teeth of the ABS sensor cause pulse width errors
(PWE) that result in spikes in the measured wheel speed. Estimation of these errors can be 
used to apply a PWE compensation, see e.g. [5] and [7]; 

• Tyre temperature changes affect the rubber stiffness and consequently the resonance
frequency; in [3] a temperature sensor was added to compensate for this effect; 
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• Finally, it is also known that road roughness characteristics may also introduce peaks in the
PSD of the wheel speed, e.g. related to the block length on stone paved roads.

The friction estimation algorithms applied in references [8], [9] and [10] are of similar structure, as 
depicted in Figure 1. 

Figure 1: Structure of the estimation method. 

First some signal conditioning is applied to obtain the sampled wheel speed from the ABS sensor. 
Then this signal is bandpass filtered to isolate the relevant tyre resonance from the other resonances. 
Next the parameters of a second order linear time-invariant (LTI) system are estimated using a second 
order discrete time autoregressive (AR) model in combination with the instrumental variable (IV) 
method. The choice of using a second order model is based on the transfer function of the tyre 
vibration model used. From the estimated tyre model parameters, the friction level is predicted by 
relating the longitudinal slip stiffness to the longitudinal friction coefficient. The principle used is that 
the slip stiffness is lower on low friction surfaces, e.g. snow and ice, which is also the basis for slip 
based tyre road friction algorithms that estimate the slip stiffness during accelerating or braking, see 
e.g. reference [11]. 
In [10] an experimental analysis is described in which the longitudinal slip stiffness is estimated from 
slip slope estimation during accelerating and from the tyre resonance method. Although with both 
algorithms different road conditions, like dry concrete, wet snow and wet ice, could be distinguished, 
the estimated slip stiffness changes from both methods did not correspond. Using the slip slope 
method, longitudinal slip stiffnesses were found that are a factor 0.13 to 0.20 for wet ice, 
approximately 0.33 for snow and 0.69 for dry rough ice compared to dry concrete. These scaling 
factors are in the same ranges as found in the European VERT project [12]. Using the resonance 
method, scaling factors for wet/dry ice and wet/dry snow of about only 0.67 were found. 
The main contribution of this paper is to develop a simulation environment including a detailed tyre 
model to evaluate the estimation method in terms of accuracy and robustness. The paper is organised 
as follows: The tyre modelling aspects of the resonance method are reviewed in Section 2. The 
developed simulation environment is described in Section 3. In Section 4, the resonance method is 
applied on simulated wheel speeds and the identified resonance frequencies and damping ratios are 
compared with those of the simulation model. Finally, the conclusion are summarised in Section 5. 

2 TYRE MODELLING 

Umeno et al., references [2], [3], [4], [8], [9] and [10], use a simple tyre vibration model to study the 
influence of inflation pressure and friction changes on the first tyre torsional resonance frequency. 
Their model is depicted in Figure 2. 
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Figure 2: Tyre vibration model of Umeno et al. 

The transfer function H from the road disturbance torque dTΔ to the wheel speed aΔΩ reads: 
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where κFC  is the longitudinal slip stiffness at the current operating point, θC  the torsional stiffness of 
the tyre sidewall, R the tyre radius, Fx the longitudinal force due to longitudinal slip and Ja and Jb are 
the moments of inertia of the axle and belt body, respectively. The expressions for the natural 
frequency fn and damping ratio ζ  are: 
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From this model, it is concluded that the resonance peak frequency in the wheel speed signal is a 
measure for the inflation pressure (tyre torsional stiffness θC ), whereas the slip stiffness κFC  mainly 
affects the damping. The absence of the tyre resonance peak around 40 Hz on ice is attributed to the 
highly increased damping (i.e. small κFC ). 

Dorfi [13] uses the tyre model depicted in Figure 3 to describe the 1st in plane vibration mode. 
According to Dorfi, the resonance arises from the tyre longitudinal stiffness in the footprint CFx acting 
against the rotating inertia J of the tyre and wheel through the moment arm R. 

Figure 3: 1st in plane vibration mode of a loaded tyre with radius R, inertia J and longitudinal stiffness CFx.

The natural frequency of the vibration mode is given by: 
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By comparing Equation 2 with 3, the following is concluded: 
• Dorfi uses the total wheel and tyre inertia in contrast to the wheel moment of inertia Ja; 
•

2RCC Fx=θ ; 

• damping and the influence of the slip stiffness are not considered in Dorfi’s model. 

The 1st in plane resonance frequency can also be predicted with a more complex tyre model, for 
example with MF-Swift [14] [15] [16], see Figure 4. Due to the additional complexity of this model, a 
simple expression, like Equations 2 and 3, for the resonance frequency of the 1st in plane vibration 
mode can however not be given. On the other hand, the MF-Swift model is well-validated and it has 
been shown many times that the 1st in plane resonance is modelled correctly. Therefore this model is 
extremely useful to analyse the wheel resonance in a simulation study. 

Figure 4: MF-Swift tyre model. 

3 SIMULATION ENVIRONMENT 

To investigate the behaviour of the 1st tyre resonance, a simulation study has been performed with a 
vehicle model driving over realistic, i.e. measured, uneven road surfaces. Not only simulated wheel 
speed signals can be obtained with this model, but also the frequency and damping ratio of the 
resonance can be extracted. 

3.1 Model description 
The quarter vehicle model used is shown in Figure 5. The model consists of a mass representing the 
vehicle body, a mass representing the unsprung mass excluding tyre and rim, a rim body and the MF-
Swift tyre model. The vehicle suspension is modelled with linear springs in vertical and longitudinal 
direction. Parallel to these springs, linear dampers are added. In this study, parameters of a rear wheel 
driven sporty saloon are used and the front left wheel is considered. Via the MF-Swift tyre model 
various measured road profiles can be provided. In this simulation study, road roughness causes the 
excitation of the 1st tyre resonance; i.e. non-uniformities or unbalance are not considered. The Magic 
Formula scaling factor LKX [14] is used to adapt the longitudinal slip stiffness to investigate the effect 
of friction changes. 
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Figure 5: Quarter vehicle simulation model including the MF-Swift tyre model. 

3.2 Model results 
The model can be applied to perform time simulations of the vehicle driving over an uneven road. An 
example of the wheel speed Ω signal obtained is shown in Figure 6. 

Figure 6: Wheel speed simulation results on uneven road while driving 80 km/h. 

In Figure 7 power spectral densities (PSD) of the simulated wheel speed signal are plotted for different 
road surface conditions emulated by scaling the longitudinal slip stiffness by adjusting the scaling 
factor LKX. Scaling factors of 0.2, 0.5 and 1 are used, corresponding to wet ice, rough ice and dry 
asphalt respectively. In the PSDs the following resonances are recognised: body bounce at about 1 Hz, 
a longitudinal suspension mode around 8.5 Hz and the 1st tyre resonance around 35 Hz. It is also 
observed that the tyre resonance peak decreases in magnitude when the road friction decreases. 
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Figure 7: PSDs of wheel speed for different friction levels (simulated by different slip stiffness scaling factors 
LKX: 0.2, 0.5 and 1). 

Besides time domain simulations, the vehicle model can also be used to extract the natural frequencies 
and damping ratios. The method applied is that via finite differencing the Jacobean matrix of the 
vehicle model is calculated from which the eigen values can be obtained. In Figure 8 the undamped 
natural frequency fn, peak frequency fp and damping ratio ζ of the 1st tyre mode are plotted as a 
function of the longitudinal slip stiffness scaling factor LKX. 

Figure 8: Undamped natural frequency fn, peak frequency fp and damping ratio ζ of the 1st tyre mode of the 
quarter vehicle model as function of longitudinal slip stiffness scaling factor LKX. 

In Figure 8 it is observed that that the frequency of the 1st tyre resonance is decreasing with slip 
stiffness in a nonlinear way. This is contrary to what is expected from Equations 2 and 3, which 
predict a constant natural frequency. Consequently it is concluded that the simple vehicle model of 
Figure 2 is insufficient. However, the damping ratio predicted from this simple vehicle model seems to 
give a correct trend prediction. As is observed in Figure 8 and is expected from Equation 2, the 
damping ratio increases when the friction decreases. 

Table 1: Undamped natural frequency fn, peak frequency fp and damping ratio ζ of the 1st tyre mode for some 
longitudinal slip stiffness scaling factors LKX. 

 LKX = 1 LKX = 0.5 LKX = 0.2 
fn 35.9 Hz 34.1 Hz 29.9 Hz 
fp 34.8 Hz 32 Hz 23.2 Hz 
ζ 0.17 0.24 0.44 
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Finally, some numerical values for LKX is 1, 0.5 and 0.2 are provided in Table 3. Similar to Pavkovi
et al. [10], the found damping ratio is not inversely proportional to the longitudinal slip stiffness 
scaling factor LKX. From the damping ratios in Table 3 scaling factors of 0.39 and 0.71 are estimated 
for real LKX of 0.2 and 0.5 respectively if we use Equation 2. This suggests that the simple model is 
not accurate enough to correctly estimate the longitudinal slip stiffness. Further, the too large 
estimated scaling factors using the simple model are similar to those estimated from vehicle 
measurements by Pavkovi  et al., confirming the validity of the used vehicle simulation model. 

4 EVALUATION OF THE ESTIMATION METHOD 

In order to get insight in the performance of the estimation method used by Umeno et al. [8] [9] and 
Pavkovi  et al. [10], the estimation method is implemented and applied to the simulated wheel speeds. 
The advantage of using a simulation model in the evaluation of the estimation method is that the 
resonance frequency and damping ratio of the simulation model are known and can be compared to the 
estimated frequency and damping ratio. 

4.1 Estimation algorithm 
Both Umeno et al. [8] [9] and Pavkovi  et al. [10] base their estimation method on the assumption that 
the 1st resonance can be modelled with the simple vibration model of Figure 2. The transfer function of 
this model, see Equation 1, is of second order and can be written in the form: 
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where G is the model gain, nω  the undamped natural frequency and ζ the damping ratio. The 
undamped natural frequency and damping ration are estimated by using a discrete time autoregressive 
(AR) model, which is obtained by applying the bilinear transform to Equation 4, and estimating the 
parameters ( 1ϕ  and 2ϕ ) of this AR model using the instrumental variable (IV) method. The AR model 
reads: 
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where n is the sample number and e the identification error. With T the numerical integration step size, 
the relation of the identified parameter to the natural frequency and damping ratio is: 
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Since only the tyre resonance is modelled, a bandpass filter is applied to the wheel speed signal to 
isolate the resonance before the estimation method is applied. 

4.2 Estimation results 
An example of the estimation results is shown in Figure 9. The PSD of the wheel speed signal is 
plotted in blue. In black the PSD of the bandpass filtered signal is shown. The used bandpass filter 
interval is [20, 50] Hz; a fourth order Butterworth filter is applied. The identified response gain of the 
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second order system is plotted in red. The average estimated parameter values of the last 1000 samples 
are used to generate this response gain. 

Figure 9: Estimation results on smooth uneven road with LKX = 0.5; wheel speed spectrum (blue) and bandpass 
filtered wheel speed spectrum (black); response gain of identified 2nd order system (red). 

Estimations of resonance frequency and damping ratio have been performed using the simulated wheel 
speed signal for different road surface conditions emulated by scaling the longitudinal slip stiffness. 
The results are depicted in Table 2. 

Table 2: Comparison of estimation results with model results for driving on a smooth uneven road for some 
longitudinal slip stiffness scaling factors LKX. 

 LKX = 1 LKX = 0.5 LKX = 0.2 
 Model Estimation Model Estimation Model Estimation

fp [Hz] 35 35 32 34 23 30 
ζ [-] 0.17 0.14 0.24 0.20 0.44 0.32 

It is observed that the resonance frequency is rather accurately estimated if the resonance is 
sufficiently excited; this is not the case for LKX = 0.2 (~ polished ice). The estimation of the damping 
ratio is less accurate, but considered accurate enough for detection of severe friction changes, e.g. 
from dry asphalt to ice or snow. The reason for obtaining a considerably wrong frequency estimation 
for LKX = 0.2 is due to the fact that if the resonance is highly damped and/or the frequency shifts 
outside/towards the band of the bandpass filter, the estimated frequency is somewhere in the middle of 
the band interval of the filter. 

To assess the robustness of the estimation method for different road surfaces, simulations and 
estimations have been carried out for three additional measured rough roads with LKX = 1. The road 
surfaces used are measured profiles of proving ground lanes for vehicle ride comfort and durability 
testing. The normalised power spectral densities of the wheel speed are depicted in Figure 8. Note that 
the shapes of the spectra are different due to characteristics of the road surfaces. 
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Figure 10:Nornmalised  PSDs of wheel speed for different road surfaces with LKX = 1. 

The results of the estimations are shown in Table 3. The accuracy of the identified resonance 
frequency and damping ratio are, as expected from Figure 8, affected by the increased road roughness, 
but the deviations are relatively small indicating that the estimation method is quite robust. 

Table 3: Comparison of estimation results with model results for driving on several road surfaces with different 
roughness. 

 Model Estimation 
  Smooth road Rough road 1 Rough road 2 Rough road 3 

fp [Hz] 35 35 39 37 37 
ζ [-] 0.17 0.14 0.15 0.13 0.15 

5 CONCLUDING REMARKS 

In this paper, identification of the first tyre resonance as indicator for monitoring the tyre-road friction 
is studied. A vehicle simulation environment is developed that can realistically simulate the wheel 
speed variations due to road unevenness. The estimation algorithms found in literature are successfully 
implemented and applied on the simulated wheel speed records. The obtained results agree 
qualitatively well with those found in literature using vehicle tests. The main contribution of this paper 
with regard to literature is that by having the simulation environment, including a detailed tyre model 
and realistic road profiles, it is possible to evaluate the estimated results with known values obtained 
from the vehicle model. This gives insight in the correctness and functioning of the estimation method 
applied. It is concluded that resonance frequency and damping ratio can be estimated with reasonable 
accuracy and that the trends observed are consistent, i.e. the damping of the resonance frequency is a 
measure for friction. The used tyre vibration model can however insufficiently correlate the estimated 
damping ratio with the longitudinal slip stiffness. This is mainly due to the simplicity of the tyre 
vibration model used. Additionally, the robustness of the estimation method is investigated on 
different uneven road surfaces and it is concluded that the method is quite robust. Finally, some 
identification issues are identified that arise if the resonance is insufficiently excited, or if the 
resonance is highly damped and/or the frequency shifts outside/towards the band of the applied 
bandpass filter. 
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1 ABSTRACT 

Facing severe miscorrelation in a model validation is a situation that demands deeper investigation to sort out 
major causes. In this paper a validation process of a vehicle model on component and full vehicle level is 
discussed which was performed during a project on a virtual MBS vehicle model and the respectively real 
prototype vehicle. After intense model validation a low accuracy of tire characteristics based on drum-test rig 
measurements could be determined as major factor. In an optimization process, lateral tire parameters were fitted 
to achieve handling measurement behaviour with the validated model. By means of an independent tire 
measurement, using a trailer-test rig, these tire characteristics could be widely confirmed. Finally a variation 
study highlights the importance of proper tire characteristics to tendencies to setup changes. 

 

2 INTRODUCTION 

MAGNA Steyr Engineering (MSE) uses the Multi-Body-System (MBS) simulation tool to develop 
vehicle suspensions and to confirm objective vehicle handling targets in early project phases. These 
simulations are mainly done using Magic Formula tires. To make right decisions, simulation results 
have to be accurate and of high quality. In the past, unsatisfying correlations between steady state 
handling simulation and measurement results on prototype vehicles were observed. The biggest 
differences were detected in steering wheel and side slip angle gradient at constant radius cornering, 
see Figure 1. 
 
 
 
 

 
 

Figure 1:  Initial state – unsatisfying correlation between simulation and measurement 

Vehicle Measurement 
SIM MF drum-test rig 
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3 STEP-BY-STEP VALIDATION 
These results led to a detailed investigation of MBS model build up, MBS parameterization and real 
prototype vehicle checks to point out major causes for these deviations. Linear single track models 
have been studied in literature in particular to better understand the steady state steering behaviour of 
vehicles.  
For steady state cornering Mitschke describes in [2] the dependency of the steering wheel angle to 
lateral acceleration as: 
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and the side slip angle is given by: 
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These well-established equations (1) and (2) already give a good overview of the key factors that need 
to be analysed. Some global parameters can be determined simple by measurement (e.g. wheel base, 
mass and centre of gravity), whereas the cornering stiffness Hc and Vc of the single track model 
represent the stiffness of an entire axle respectively. These summarized coefficients result from 
various entities including nonlinear tire characteristics and kinematic (e.g. roll steering) and compliant 
suspension behaviour.  
Regarding a development process, involving the adjustment of respective chassis components in 
detail, such models are often a too crude simplification. In this case numerical simulation with detailed 
non-linear MBS-models is a contemporary and common praxis. Due to the complex structure of the 
examined MBS-model the validation process was broken down to the single components and 
behaviour using MSE infrastructure and testing facilities as well as comparison at full vehicle level. 
 

3.1 Suspension Behaviour 
The front and rear axle are modelled by means of technical information derived by CAD and CAE 
tools (e.g. kinematics, flexible structures) and measurements (e.g. rubber bushings). At MSE also 
component test rigs are operated to validate modules separately. In this study many component 
properties and/or module behaviour were measured to ensure least possible differences between MBS 
model and the real prototype vehicle.  
Before an equipped prototype vehicle is released for on road measurement, MSE compulsory verifies 
the correct build up via an in house suspension Kinematics & Compliance test rig. K&C results can be 
easily imported and compared with simulation results in an automated suspension analyses tool that 
enables both validation of MBS models and also as confirmation for the accurate assembly of real 
prototypes. 

 
Figure 2: McPherson front suspension MBS model on K&C test rig 
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An axle’s K&C performance pays significant contribution to cornering stiffness, e.g. toe and camber 
angle changes as reaction to opposite wheel travel (Figure 4) or lateral pull (Figure 5). This behaviour 
is defined by the kinematics (hardpoints), rubber bushing stiffness and elasticity of the suspension 
parts, that are modelled as flexible parts when indispensable (e.g. control blade at rear suspension). 
The McPherson front axle model (Figure 3, right side) is assembled as compliant damper strut. To 
capture strut deformation due to wheel load conditions and accordingly camber and toe reaction, it is 
built by rigid parts and force elements. Another modelling approach is to use flexible parts and more 
complex contact elements, but this modelling technique does not require flexible structures and so 
enables the application in early development stages. However in this study the parameterization was 
generated from a finite element analysis model shown in Figure 3, left picture.  
 
 

 
 

 
 

 

Figure 3: McPherson compliant strut MBS model 
 
Figure 4 to Figure 6 are showing examples of correlation between K&C measurement and simulation. 
Of course these load cases are artificial compared to real cornering situation where wheel travel and 
tire forces are acting simultaneously, but this gives the opportunity to check the distinct characteristics 
step by step and so locate sources of miscorrelation.  
 

 
 

Figure 4: model validation by K&C simulation and measurement 
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The real K&C test rig applies forces and alignment torque (Fx, Fy and Mz) via a contact patch to the 
tires. Application of driving torque is not possible, but longitudinal forces can be applied with braked 
wheels, so in longitudinal direction the comparison with simulation is limited to the wheel reaction 
when braking. The lateral pull is usually done with one defined pneumatic caster (ratio between lateral 
force and alignment torque) but was here repeated in a range from ±30mm pneumatic caster and in 
different wheel travel positions (±30mm to design position) to examine the accuracy within the entire 
expected operation range for handling. 
 

 
 

Figure 5: model validation by K&C simulation and measurement 
 
The vehicles roll motion when cornering is defined by centre of gravity height, suspension kinematics 
(roll axis) and the axles vertical setup, which also influences the vertical load distribution of the tires.  
Figure 6 shows as example the correlation for vertical tire forces vs. parallel wheel travel. Additionally 
the wheel travel was measured during the full vehicle measurement as an indicator for the vertical 
suspension state during the driving manoeuvre.  
 

 
 

Figure 6: model validation by K&C simulation and measurement 
 
Throughout the K&C analyses no severe deviations were observed that would allow an explanation for 
a mismatch in vehicle handling. 
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3.2 Steering system 
While the understeering gradient is described by the cornering stiffness of tire and axles K&C 
performance, the steering wheel angle gradient is furthermore influenced by the steering system (e.g. 
ratio, torsion bar twist and assist torque). In the evident vehicle model an EPS steering system is 
realized in a rather detailed modelling depth, including assisting motor, reduction gear with friction as 
well as the integration of an ECU Simulink model. In the validation process, steering wheel torque vs. 
lateral acceleration and the rack travel vs. steering wheel angle was compared during the handling 
measurements – throughout a good correlation was be observed. Certainly for pure steady state 
handling a more simplified model approach is sufficient, but MSE uses central model philosophy that 
requires one model for all MBS tasks, including more dynamic manoeuvres that demand a detailed 
steering model. 

The non-conformity due to the steering columns hook 
joints can be minimized by their arrangement (e.g. 
similar bending angles), however a remaining non-
conformity is common due to limited space and 
package demands. State of the art steering systems 
offer a steering wheel height adjustment for increased 
user comfort. To ensure a matching non-conformity 
and peak value in the centre position, the steering 
wheel height adjustment was set according to the MBS 
model (nominal position). The validation of steering 
kinematics was carried out in a stand still steering 
manoeuvre on sliding plates,  
Figure 7 shows steering wheel angle vs. wheel steer 
angle. Regarding steering assist, steering wheel torque 
measurements were performed in parking and driving 
events – no relevant deviation were observed. 
 

 

Figure 7: validation of steering ratio, non-conformity 
 

3.3 Full vehicle 
An extensive measurement campaign alongside ongoing vehicle development activities was carried 
out at IDIADA proving ground with the previously validated prototype vehicle. This car was equipped 
with comprehensive handling measurement tools to capture the vehicle handling behaviour clearly. 
 

 
 

Figure 8: vehicle handling comparison, virtual MBS prototype vs. real prototype (measurment equipment) 
 
In contrast to the component tests, the handling tests showed unsatisfying correlations for steering 
wheel angle and side slip angle gradient, see Figure 1. Other measured vehicle states like roll angle, 
steering wheel torque or wheel travel of all corners denotes a general good match of simulation and 
measurement. Therefore the parameterization of the tire properties became more important. 
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4 ADAPTION OF TIRE PROPERTIES TO REACH MEASURED QUANTITIES 
By means of the validated MBS vehicle model an optimization of tire properties was done to reach the 
measured steering wheel angle gradient and side slip angle gradient (Figure 9). As starting point the 
initial tire parameter set was used. The variations were limited on pure lateral slip characteristics for 
small slip angles only, e.g. cornering stiffness vs. vertical load. Other tire parameters remained 
unchanged and the fitting of longitudinal or combined characteristics was out of focus. However, 
during the optimization the modified tire properties were kept within realistic range. Two vehicle load 
conditions were considered to cover a wider range for the dependency to vertical tire load. After some 
iteration loops it was possible to close the gap between simulated and measured handling behaviour. 
Hence could be demonstrated that the validated vehicle model is capable to align with vehicle 
measurement. On the other side the final tire property file – which led to good results – was not based 
on tire measurements. Compared to the initially tire in general more cornering stiffness was necessary 
at lower loads alongside a higher alignment torque. 
 
 
 

 
 

Figure 9: MF-Tyre Fitting Process Parameter-Fit via Handling Measurement 
 
 
 
 

5 NEW TIRE PROPERTIES BASED ON TRAILER MEASUREMENTS 
MSE does not run own tire testing facilities for economic reasons, so tire measurements are sourced 
out to renowned tire test rig operators where in the past a majority of tire measurements were 
performed on a drum test rig. To gain most cost synergy one common set of measurements was used 
as a basis for tire optimization and fitting procedure for both MF-Tires and a physical tire model 
FTire. During earlier investigation lateral tire properties of MF-Tires appeared to be insufficient when 
measured on a drum, in contrast to FTire overall performance. (Remark: FTire was not content in this 
handling study.) 
The synthetic tire dataset derived by the optimization process described in chapter 4 enforces this 
evidence. Due to this fact a second independent measurement and tire parameter fitting was done 
using a trailer test rig running on relevant IDIADA test tracks to verify the optimization results. Figure 
10 shows the determined tire characteristics for above mentioned handling manoeuvres. The earlier 
claimed need for more cornering stiffness at lower tire loads was confirmed by that second 
measurement. Throughout this study tires form the same production charge were used to sort out 
tolerances in material. 
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The reasons for the observed deviations were not analysed in detail in this study, but possible 
explanations are discussed in literature. The measured cornering stiffness is sensitive to the type of test 
rig and testing conditions and can vary in a wide range. This was one partial finding of the “Time 
Project” were the results of a number of test rigs were compared. The curvature of the drum and the 
friction partner (sand paper) are known disadvantages of drum test rigs and reason for bad correlations 
with tire performance on road [1,3]. (Günter Leister, [1], gives a reduced cornering stiffness of 17% 
for outer drum in reference to flat-trac test rigs). The trailer measurement (blue curve) excludes this 
disturbances. Of course the green curve is no directly measured characteristic, but compared with the 
blue curve there is a significant difference, the characteristics relay on different tires state and ambient 
conditions. In a vehicle the suspension kinematics guide the wheels according to its movement in a 
driving event and generally result in a combined load and state conditions (e.g. lateral/longitudinal 
forces, camber) for the tires. On the other hand in most tire measurement campaigns distinct 
combinations of constant and alternated states (e.g. side slip sweep with constant vertical load) are 
performed in several test runs and finally combined in a fitting procedure.  
Another influence results from the partially higher tire temperature levels during measurement 
procedures which decreases the cornering stiffness considerable [1].  

6 CONFIRMATION OF VEHICLE HANDLING RESULTS 
The vehicle handling simulation was repeated with the new tire dataset from chapter 5 and compared 
with handling measurements. With the tire dataset fitted via trailer test rig measurements the handling 
simulation results are much closer to the measured behaviour than the results based on tire properties 
from drum-test rig (Figure 11). That also supports the claimed tire properties fitted via handling 
measurements discussed in chapter 4. 
 

 

Figure 10: Lateral tire characteristics according to different fitting sources 

Figure 11: Final state – sufficient correlation between measured and simulated handling 
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6.1 Variation study 
The point of interest for virtual development is to save costs by reducing generations of real prototype 
and to study the influence of measures in advance. To base decisions on virtual target achievement by 
simulation it is relevant to demonstrate the capability to align with measured results and that the 
response to setup changes shows same tendencies.  
In this study a number of real vehicle configurations were realized and measured within the 
measurement campaign in sequence on the same proving ground with relatively constant ambient 
conditions. As this campaign lasted for several days, measurements were carried out at night time, as 
the road temperature remains relatively constant (e.g. no heating from sunlight and less windy). The 
configurations consist of alternations of vehicle load, tyre type and inflation pressure, chassis setup 
(e.g. anti roll bar), aiming to modify the axles cornering stiffness or vehicle balance.  
Figure 12 gives an overview of the collected results. Each variant was measured in 3 to 6 valid runs, 
resulting in a variance (light blue), however the differences between the achieved gradients (mean 
values of runs) exceed the variance by far and allows clear separation of the vehicle configuration.  
 
 

 
 

Figure 12: steering behaviour of vehicle configurations (load, setup, tire dimension, pressure) 
 
As a last step the variation study was repeated in simulation using the three different tire properties, 
leading to remarkable results. Not only the magnitude of the gradients did not match for the initial tire 
from drum test rig but also the reversed tendencies to some setup changes were observed (e.g. vehicle 
load). Best correlation was achieved with the tire generated according chapter 4. In Figure 13 four 
vehicle configurations based on the same tire dimension and inflation pressure are shown as partial 
result.  
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Here is an explanation attempt to illustrate these “wrong” tendencies in a more principal than explicit 
manner (Figure 14). Using the equations from [2] a single track model was parametrized to generate a 
3D surface diagram representing understeering gradient and side slip angle gradient over the cornering 
stiffness Hc and Vc . That the side slip angle gradient is only dependent on Hc is also visible as the 
changing curvature of the surfaces with the magnitudes of cornering stiffness. The surfaces represent 
the valid handling behaviour for arbitrary cornering stiffness values. Version V01 and V02 
differentiate only between the rear axle load, so the front axle’s cornering stiffness can be regarded 
constant. Regarding these versions the surfaces appear approximately shifted along the vertical axis. 
Coming back to the awareness from chapter 5, that the initial tire cornering stiffness was too low, the 
simulation results lay in a more progressive area of the surface than the measurement and also finally 
achieved simulation results. So the gain of gradient values along the surface with rising cornering 
stiffness due to tire load exceeds the vertical shift of the surface in the case of too low cornering 
stiffness. Looking at this diagram it gets obvious that it is crustal to operate in a close range to the real 
cornering stiffness even if rather tendencies than absolute values shall be analysed. 
 

Figure 13: variation study, influence of changes to the vehicle setup 

Figure 14: steady state handling gradient surface for 2 load conditions- single track model 
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7 CONCLUSION 
Based on this results it highlights the importance to keep the conditions for the tire dataset generation 
close to the “real” conditions during driving on road. The method described in chapter 4 can be used to 
minimize the gap between simulation and measurement, but it is to mention that this procedure 
demands a validated vehicle model and handling measurements in advance to valid simulation tasks, 
which commonly disqualifies the method for early project phases where most virtual development 
should take place. For this reason it was decided to use trailer measurements as source for MF-Tire 
properties as a basis for vehicle handling simulation for future project application. Nevertheless small 
deviations remain still visible and natural, but the simulation results are now much more reliable than 
before. 
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Abstract–It is well known that the tire steering torque is highly dependent on tire rolling 
speed. In limited cases, i.e. parking manoeuvre, the steering torque approaches maximum. 
With the increasing tire speed, the steering torque decreased rapidly. Correctly modeling of 
the tire steering torque is a key factor to calibrate EPS (electric power steering system) and 
tune the handling performance of vehicles. However, no satisfactory theoretical model can 
be found in literature to explain this phenomena. This paper proposed a new theoretical 
framework to model this important tire behavior, which includes three key ingredients: (1) 
tire 3D rolling kinematics with turn-slip (2) dynamical force and moment generation (3) 
mixed Lagrange-Euler (MLE) method for contact deformation solving. A nonlinear finite 
element code has been developed to implement the proposed approach. It can be found that 
the main mechanism for speed dependent steering torque is due to turn-slip related 
kinematics. This paper provide a theory to explain the complex mechanism of the tire 
steering torque generation, which helps to understand the speed dependent tire steering 
torque, tire road feeling and EPS calibration. 

 
 

1 INTRODUCTION 
Tire is the only link between tire and road, which provides all force and moments for vehicle 

motion including driving, steering and braking. Tire mechanics is the base for vehicle dynamics, which 
progress depends on to a large extent the precise tire dynamical model. During last decades, tire 
modelling has gained much progress[1-4], extended from handing tire model[5-10], to ride comfort 
model[11-12] and durability load simulation model[13-17]. Simple physics based[18-19], empirical based [20-22] 
and structure based approach[23-26]had been by different researcher to bulling their model.  

Steady tire behavior can already been quite successfully modeled by available models like MF-tire 
model[20-21] or Unitire model[22]. However, the physics and mathematical modeling of transient and 
speed dependent tire behavior are far satisfactory. This is due to the physics of speed dependent tire 
steering torque has not fully understood. The steering torque at low velocity/or parking manoeuvre is 
much higher than those at high velocity. Correcting modeling for speed dependent steering torque is key 
to calibrate vehicle EPS and handling properties. 

The relaxation length concept can be used to explain lag behavior of force and moments generation 
under step inputs, while cannot be used to model full range speed dependent behavior. 

In recent years, dynamical friction model like LuGre friction model was used to model tire F&M, 
with certain success, however, the meaning of the physical parameters in LuGre friction is hardly to 
explain. Another problem for LuGre friction model was the large error in self align torque modeling. 

The proposed theory includes three key ingredients: (1) tire 3D rolling kinematics with turn-slip
(2) dynamical force and moment generation (3) mixed Lagrange-Euler method for contact 
deformation solving. A nonlinear finite element code has been developed to implement the proposed 
approach. The simulation results shows that the main mechanism for speed dependent steering torque is 
due to turn-slip related kinematics. 
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Figure 1: Two decomposition methods of rolling contact kinematics[27,28] 

 

2 THE KINEMATIC DESCRIPTION OF THE TIRE TRANSIENT ROLLING 
In literature[27-28], the steady state tire rolling kinematics has been given by using of MLE(Mixed 

Lagrangian Euler) approach, in which the main idea is to decompose the total motion of tire large 
deformation rolling into a pure rigid motion and a elastic deformation. Based on this steady rolling 
kinematics, a FE (Finite Element) based approach was successfully to develop to predict PCR 
(Passenger Car Radial) and TBR (Truck Bus Radial) steady state F&M (Force and Moments). 

This paper extended the steady state rolling kinematics to transient motion, which include the 
turn-slip/yaw velocity.  

In order to describe the motion of the rolling deformed body, the rigid rotation reference 
configuration, which rotates at the same angular velocity as the structure, is defined (see Figure 1). 
Mapping tx X,  determines the position of point p at time t. Using the chain rule, the material 
velocity of p is given as 

0 0 0 ˆt
t tX χ

v , v v w v v + c        (1) 

where 0v  is the velocity of the rim center, v̂  is the relative velocity (local velocity), c w is the 
transport velocity and w  is the velocity caused by rigid body rotation[27]. 

The motion of the tire-rim system can be written in terms of the camber and yaw angles. Three 
Cardan angles, which indicate the rotating state of the tire, are introduced to describe the angular 
velocity of this system. The angles and the rotating sequence of the Cardan angles are defined: the 
camber angle  about the Z axis, the yaw angle  about the Y axis and the rotating angle  about the X 
axis. This rotation sequence was chosen with respect to typical measurements of rim angular velocity. 

Then according to the similar derivation process, the angular velocity can be written as following 
1

2

3

cos cos sin ,

cos sin cos ,

sin

cos cos sin ,cos cos sincos sincos coscos

cos sin cos ,cos sin cos ,sin coscos

sin

 (2) 

In steady state case, the yaw angle can be treated as constant, i.e. 00 , which is the case studied 
in[27]. However, in this paper, all velocity term are remained to investigate transient effects. It will be 
shown later in section 2 that the non-zero yaw rate (or turn-slip 00 ) play a main role in the interface 
velocity distribution at low speed, and then make a main contribution to the generation of steering 
torque. 

Let 01 030 Tv v0v , then the total transient velocity can be expressed as following 
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3 THE SIMULATION OF THE INTERFACE VELOCITY 
By using of the equation (4) and the contact layer force integration approach[27,28], the interface 

velocity and F&M can be directly simulated from tire FE model, as shown in Figure 3. The first step of 
this approach in the rolling footprint simulation and contact pressure prediction by FE method, which 
can be found in Figure 2.  

Then by using the MLE approach, the interface velocity can be simulated for different combination 
of yaw angle and forward speed, see Figure 3. 

 
Figure 2:  tire 205/55R16 2D and 3D finite element model 

 
Table 1:  Contact print of 205/55R16 under different load 

Load/ kN Contact footprint Contact width/mm Contact length/ mm 

0.850 

 

113.4 49.5 

2.100 

 

140.1 76.8 

3.350 

 

153.3 100.6 

4.200 

 

159.4 114.9 

5.500 

 

167.1 135.2 

6.750 170.0 156.1 
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2 mm/s 222.2 mm/s 2222.2 mm/s 22222.2 mm/s 

Blue —— velocity; red—— stream line 
Figure 3: Simulation results of 205/55R16 interface velocity fields under 2 degree slip angle as different 
forward speed 
 

  
Figure 4: The comparison between predicted 205/55R16 lateral force (left) and SAT (right) with 

MF-tire fitting 
 
It should be pointed out that the velocity field in Figure 3 represents respectively parking 

manoeuvre, low speed cornering, middle speed cornering, and high speed cornering cases. It can be 
shown that, depending on the forward speed, the pattern of the interface velocity filed changed 
completely, which from the authors opinion, is the underline physics of speed dependent tire F&M 
behavior. 

Figure 4 shows the comparsion between predicted F&M for 205/55R16 and that of MF formula, 
which error is only 3%. 

4 RESULTS AND DISCUSSIONS 
Shown in Figure 4 is the high speed tire lateral force and SAT (self align torque) variation with slip 

angle, which represent the steady state behavior. As we pointed out previously, tire forward speed has 
strong influence on the tire lateral force and align moment generation, which can be clearly 
demonstrated in Figure 5. Another important characteristic is that, at low speed, the hysteresis loop is 
much larger than those of high speed. The extreme case is for parking manoeuvre, in which case lateral 
force is zero and the self align moment has maximum lag. It can be found that, due to the lag behavior, at 
low speed the tire generate less lateral force than at high speed, while in contrast at low speed the tire 
generate more SAT than at high speed. 

The speed dependent SAT can be shown in another way in Figure 6, which shows the change of the 
maximum SAT at certain slip angles, 2 and 4 degree, with the tire forward speed. From Figure 5, one can 
clearly observe a transition speed, beyond which the tire SAT will increase with the forward speed again. 
This transition speed is key to calibrate vehicle EPS system performance. To validate this prediction, the 
same tire was installed with a A3 vehicle by Cherry Auto company, and the steering torque was 
measured when the vehicle speed increased. The results can be found in Figure 6, from which one can 
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find a similar transition speed around 10 Km/hour. This partially validate the proposed theory and 
simulation results in Figure 5. 

 

Figure 5:  The simulated 205/55R16 lateral force and SAT under different forward speed and slip angle 
 

 

Figure 6:  The simulated and test 205/55R16 steering torque under different speeds and certain slip 
angles, from which a transition speed can be identified. 

5 SUMMARY 
A rolling mixed Lagrangian Euler kinematics theory is proposed to model the speed dependent tire 

force and moment behavior. By the aid of finite element method, the proposed approach can be used to 
describe not only steady state tire behavior but also tire transient behavior. The method include three key 
ingredients: (1) tire 3D rolling kinematics with turn-slip (2) dynamical force and moment 
generation (3) mixed Lagrange-Euler method for contact deformation solving. A nonlinear finite 
element code has been developed to implement the proposed approach. It can be found that a transition 
speed around 10Km/Hour exists in the steering torque-speed curve, which has been validated by vehicle 
steering torque tests. 
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Abstract – Tyre design must account for very different working conditions, e.g. 
braking/cornering on high and low friction surfaces, braking while cornering, etc. Among 
them, limit ABS (Antilock Braking System) braking represents one of the conditions more 
difficult to analyse since it involves interaction between tyres, vehicle and ABS control 
logic. A methodology based on HiL (Hardware-in-the-Loop) technique is presented in this 
paper on the purpose to evaluate how tyre characteristics affect ABS performance. The HiL 
test bench includes all the physical elements of the braking system of a vehicle and a 14 
dofs vehicle model. Using the developed HiL test bench, a sensitivity analysis was 
performed to evaluate the influence of most relevant tyre physical characteristics (stiffness, 
relaxation length, maximum friction coefficient μ, etc.) on ABS performance. 

 

1 INTRODUCTION 
Antilock Braking Systems (ABS) is nowadays mandatory for all produced passenger car vehicles. This 
electronic control system prevents wheels from locking-up, thus ensuring steerability of the car during 
braking [1]-[4]. Reduction of the stopping distance often comes as a consequence, since the ABS 
controller (if correctly tuned) makes the tyre work in the neighbourhood of the peak of the μ-slip curve 
[1]-[4]. It is straightforward to understand that tyre characteristics (peak μ, longitudinal stiffness, 
relaxation length, curvature in the neighbourhood of the peak of the μ-slip curve) have a significant 
influence on ABS performance since they regulate the capability of transmitting forces to the ground 
according to the ABS control algorithm [5]-[9]. 
Analysing how tyre characteristics affect ABS performance however represent a very challenging task 
since this involves interaction between tyres, vehicle and ABS control logic. On this purpose, two 
different approaches were investigated in the literature: experimental tests with instrumented vehicles 
and numerical simulations [5]-[11]. 
During experimental tests, however, several parameters (such as tyre and road temperature, road 
adherence, etc. [7],[12],[13]) affect obtained results, making difficult their interpretation. Moreover, to 
vary just a single tyre parameter (longitudinal stiffness, relaxation length, etc.) at one time to evaluate 
its influence on ABS overall performance results extremely complicated. On the other hand, numerical 
simulation guarantee repeatability of obtained results, but do not allow a complete reproduction of 
ABS control logic, which is still partially unknown. 
In order to overcome these limitations and deepen analysis of tyre-vehicle-ABS interaction, a 
methodology based on HiL (Hardware-in-the-Loop) technique [10],[14],[15] is presented in this paper. 
Specifically, a HiL test bench was developed, which includes all the physical elements of the braking 
system of a vehicle (from the pump master cylinder to the brake callipers), comprising the ABS 
Electric Control Unit (ECU), and a 14 dofs (degrees of freedom) vehicle numerical model. The tyre 
model integrated into the vehicle model accounts for μ-slip relation and relaxation length dependency 
on slip and vertical load variations. Hardware (brake system) and software (vehicle model) parts are 
synchronized by a real time board. This approach was selected to combine advantages of the 
previously mentioned approaches. Being the ABS ECU a hardware part, it executes the control logic 
really implemented on a production vehicle. Moreover, since experiments are performed in laboratory 
environmental conditions can be kept under control, increasing tests repeatability. 
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Using the developed HiL test bench, a sensitivity analysis was performed to evaluate the influence of 
most relevant tyre physical characteristics (stiffness, relaxation length, maximum friction coefficient 
μ, etc.) on ABS performance. Final aim of the analysis is to rank different tyres from ABS 
performance point of view. 

2 HARDWARE-IN-THE-LOOP TEST BENCH 
The block diagram of the implemented HIL test bench is shown in Figure 1. It can be schematically 
divided into two parts: a hardware part and an emulation/software part. The hardware part consists of 
some original components of the ESP/ABS mechanical system (i.e. the ESP/ABS ECU, the braking 
system master cylinder, the pressure modulator integrated with the ECU, the brake calipers and a 
sensor cluster allowing the measurement of the vehicle lateral/longitudinal acceleration and yaw rate), 
while the emulation/software part consists of every component necessary to emulate the vehicle 
dynamics and to interact in a correct way with the ECU (i.e. the vehicle model, the real time processor 
allowing to synchronize hardware and software parts and the wheel speed emulators). 
 

Figure 1 – Block diagram of the implemented HIL test bench focusing on hardware and software components. 
 
Ideally, any hardware part of the real ESP/ABS plant, except the ESP/ABS ECU, can be substituted by 
an equivalent simulation model, increasing test bench flexibility and reducing cost. Vice versa, to 
increase the number of the hardware components leads to reduce the test bench flexibility and to rise 
costs. 
As shown in Figure 1, the hardware part consists of the ESP/ABS ECU and of all the components of 
the braking system, i.e. the master cylinder, the pressure modulator integrated with the ECU, the brake 
callipers and a sensor cluster allowing the measurements of the lateral/longitudinal acceleration and of 
the yaw rate (Figure 2). The brake pedal force is applied by a hydraulic actuator directly on the master 
cylinder (the brake booster is absent). The braking pressures at the callipers are measured by pressure 
transducers and fed to the vehicle model simulator in order to update its state (Figure 2). The vehicle 
model outputs the four angular speeds of the wheels, the lateral and the longitudinal vehicle 
accelerations and the yaw rate. The physical presence of the sensor cluster is in fact only needed 
during an initialization phase, then it is excluded and the signals transmitted by the sensors are 
replaced with the ones provided by the vehicle model [14]. Finally the steer angle is determined by a 
driver model coupled with the vehicle simulator or it is defined in a pre-processing phase. The steer 
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angle, the lateral/longitudinal acceleration, the yaw rate are transmitted to the ESP/ABS ECU via 
CAN, while the wheels speed are provided to the ECU via direct lines. 
Real-time emulation of vehicle dynamics (software) is achieved by means of a dedicated real-time 
board (hosted by a conventional PC) and by means of a 14 degrees of freedom (dof) vehicle model. 
The real-time board is a dSpace DS1103 board equipped with highly configurable A/D and D/A 
converters and a CAN interface in order to avoid additional electronic devices between dSpace board 
and ESP/ABS ECU. Only external sensor emulation boards for wheels speed signals have been 
developed in order to increase the model performance reducing the computational effort [10],[14]. 
 

Figure 2 – HIL test bench: (1) pump, (2) sensor cluster, (3) servo-valve, (4) emulators of wheel speed sensors, 
(5) hydraulic actuator, (6) ESP/ABS ECU, (7) pressure sensors, (8) brake callipers. 

 

3 VEHICLE MODEL 
The vehicle dynamic response is simulated through a 14 dofs numerical model developed in 
MatLab/Simulink environment. The dofs of the model are (Figure 3): 
 6 rigid displacements/rotations of the carbody; 
 4 vertical displacements of the unsprung masses; 
 4 wheel rotations. 

 

  
Figure 3 – Vehicle model. Figure 4 – Longitudinal force vs. slip. Dynamic 

variation of wheel slip (1-5Hz). 
 
Tire–road contact forces are modelled through the MF-Tyre model [7]. Tyre dynamic response is 
introduced by means of a contact mass model able to account for relaxation length dependency on slip 
and vertical load variations. Figure 4 shows the dynamic variation of the tyre longitudinal force as the 
longitudinal slip is varied according to a chirp signal having constant amplitude (±0.5) and increasing 
frequency from 1Hz up to 5Hz. It can be clearly noticed the dependency of the longitudinal force on 
the frequency of the imposed longitudinal slip (input to the tyre model). Specifically, an increment of 
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the hysteresis loop can be seen as the frequency increases especially after the peak of the force vs. slip 
curve. 
The elasto-kinematic behaviour of the suspensions is introduced into the model through lookup tables 
determined using a complete multibody vehicle model. Finally the engine is modelled by means of its 
characteristic curve, i.e. driving torque vs. angular speed, and a first order time lag accounting for its 
dynamic response. 
Inputs to the model are the steer angle, the throttle position and the brake pressure on the pedal and 
they can be introduced in a pre-processing phase (open loop manoeuvres) or by a driver model (closed 
loop manoeuvres). 
In particular, a city car (B-segment vehicle) is considered in this study. In order to make the simulation 
model coherent with the vehicle behaviour expected by the ESP/ABS ECU, the model parameters 
were tuned according to the results of full scale experimental tests carried out with an instrumented 
vehicle equipped with the same ESP/ABS ECU included into the HIL test bench [14]. 

4 PERFORMED ANALYSIS 
Using the developed HiL test bench, a sensitivity analysis was performed to evaluate the influence of 
most relevant tyre physical characteristics on ABS performance. Aim of the analysis is to set up a 
methodology to rank different tyres from ABS performance point of view. 
The following parameters were investigated: peak friction coefficient (μ), longitudinal stiffness (Kx) 
and relaxation length (Lx). Percentage variation of tyre parameters with respect to the baseline 
configuration is reported in Table 1. 
 

 μ Kx Lx 
Var 1 -5% - - 
Var 2 +5% - - 
Var 3 - -30% - 
Var 4 - - -15% 

Table 1: Parameters variation. 
 
Straight line ABS braking manoeuvres from an initial speed of 100 km/h were performed using the 
previously described HiL test bench. To achieve a statistical significance of obtained results, 10 
simulations were repeated for each case. 
Data acquired through the HiL test bench were post-processed to evaluate ABS performance 
associated to considered tyre variations. The following indexes were used on the purpose: 
 ABS braking distance: distance travelled under full ABS-controlled braking from 90 km/h until 

vehicle comes to a standstill [17]; 
 longitudinal deceleration: mean value of the longitudinal acceleration under full ABS-controlled 

braking from 90 km/h until vehicle comes to a standstill; 
 normalized energy distribution: variation of vehicle kinetic energy normalized by the vehicle mass 

during braking as a function of the longitudinal slip. Normalized energy is thus given by: 

Ek,i =
1

2
Vi+1
2 −Vi

2( )  

where Vi+1 and Vi are the vehicle speed at subsequent time instants i and i+1. 
It must be noted that stopping distance (i.e. the distance travelled between initial brake pedal contact 
until the vehicle comes to a standstill [17]) and ABS braking distance differ of the distance travelled 
during deceleration build-up. ABS braking distance and mean longitudinal deceleration thus only 
account for differences related to ABS-tyre-vehicle interaction. 

5 RESULTS 
In this section, results of the performed analysis are presented. 
Figure 5 and Figure 6 respectively show the percentage variation of ABS braking distance and of 
longitudinal deceleration vs. the imposed tyre parameters variation. ABS braking distance and 
longitudinal deceleration were obtained averaging the results of the 10 repetitions of the tests 
concerned with each tyre parameter variation. 
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As it can be seen, even relatively small variations of tyre model parameters produce remarkable 
differences in the ABS braking distance and longitudinal deceleration. As expected the peak friction 
coefficient is the parameter having the largest influence. Specifically, an increase of 5% of the peak 
friction coefficient leads to a reduction of the ABS braking distance of about 3%, which, for the 
considered vehicle, consists in approximately 2m. Reducing μ has an opposite effect: a reduction of 
5% of the peak friction coefficient leads to an increase of the ABS braking distance of about 4.5%. 
Consequently the mean deceleration during the manoeuvre decreases of about 4%. 
Reducing tyre stiffness or relaxation length has opposite effect on ABS performance. These two 
parameters in fact vary promptness of tyre response in opposite way and have a significant effect only 
in the first part of the braking manoeuvre (i.e. the deceleration build-up phase) when the vehicle has 
not still reached a steady-state. In any case, variations of ABS braking distance and longitudinal 
deceleration are in the order of 1% or lower. 
 

  
Figure 5 – Mean ABS braking distance percentage 

variation vs. tyre model parameter variation. 
Figure 6 – Mean longitudinal deceleration percentage 

variation vs. tyre model parameter variation. 
 
An explanation of these results can be found considering the normalized energy distribution and the 
actual friction coefficient vs. the longitudinal slip. Figure 7 shows the longitudinal friction coefficient 
(calculated dividing the time history of the longitudinal force, Fx, by the one of the vertical load, Fz) 
vs. the longitudinal slip of the front left tyre (coloured dots) during a braking test for all the considered 
tyre parameter variation. Figures are colour coded according to vehicle speed during the braking test. 
As vehicle speed decreases from 100km/h (initial speed of the test) to 5km/h (chosen as final speed for 
the test) dots’ colour goes from blue to red. The yellow area instead represents the longitudinal slip 
range in which the 12.5% up to the 87.5% of the normalized energy is cumulated. 
It can be seen that, in all the cases, the ABS controller is able to limit longitudinal slip to 12%-15% 
until vehicle speed remains higher than 50km/h. Above this speed, higher values (about 15%-20%) are 
only allowed during the first ABS intervention (accordingly to [1]-[4],[10],[14]). This makes the tyre 
work near to the peak of μ-slip curve at high speed. At low speed, longitudinal slip increases to allow 
the vehicle to stop. Only when the peak friction coefficient is increased (Figure 7-b), longitudinal slip 
remains less than 15% even at low speed. 
Focusing on the energy distribution and comparing results with the baseline (Figure 7-a), it can be 
inferred that: 
 increasing the peak friction coefficient (Figure 7-b), normalized energy is mainly distributed in a 

very narrow range in the neighbourhood of the peak of the μ-slip curve. This obviously leads to a 
significant reduction of the ABS braking distance and an increase of the longitudinal deceleration 
after build-up phase is completed; 

 reducing the peak friction coefficient (Figure 7-c) leads to spread energy distribution on wider 
range of longitudinal slip, centred on a value higher than the peak of the μ-slip curve. This 
unavoidably results in a significant reduction of the ABS performance, as previously mentioned; 

 reducing tyre longitudinal stiffness (Figure 7-d), reduces the slip range in which the normalized 
energy is mainly distributed (which is positive), but makes the ABS work at longitudinal slips 

  Baseline      μ:+5%    μ:-5%     Kx:-30%   Lx:-15%   Baseline      μ:-5%    μ:-5%     Kx:-30%   Lx:-15% 
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higher than the one associated to peak of the μ-slip curve. This latter negative effect is prevailing, 
slightly reducing ABS performance; 

 finally decreasing the relaxation length (Figure 7-d), has the only effect to slightly reduce the slip 
range in which energy is mainly distributed. This explains the previously observed slight increase 
of ABS performance. 

 

Figure 7 – Friction coefficient vs. longitudinal slip. (a) Baseline, (b) μ: +5%, (c) μ: -5%, (d) Kx: -30%, (e) Lx: -
15%. The yellow area represents the slip range in which the 12.5% up to the 87.5% of the normalized energy is 

cumulated. 
 

6 CONCLUDING REMARKS 
A methodology to evaluate how tyre parameters affect ABS performance was described in this paper. 
The proposed methodology is based on Hardware-in-the-Loop technique. This approach in fact allows 
considering commercial ABS control logics, whilst conducting experiments in a controlled 
environment. 
Using the developed HiL test bench, a parametric analysis was carried out to assess the influence of 
tyre peak friction coefficient, longitudinal stiffness and relaxation length on ABS performance, 
evaluated in terms of ABS braking distance, longitudinal acceleration and energy distribution. 
HiL simulations stated that: 

the developed methodology allows to identify the effect of changes (even small) of tyre model 
parameters on ABS performance during braking; 

 friction coefficient is the parameter having the largest influence on performance: a 5% increase 
leads to ≈2m reduction of ABS braking distance; 

 this can be explained considering that increasing the peak friction coefficient makes normalized 
energy distribution to remain in a very narrow range in the neighbourhood of the peak of the μ-slip 
curve; 

 longitudinal stiffness (if varied within a range of ±30%) and relaxation length have a slight 
influence on performance as they mainly affects the acceleration build-up phase of the braking 
manoeuvre. 
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As tyre characteristics play a predominant role in vehicle dynamics analysis, realistic 
description in vehicle modelling is of high importance. Based on an analysis of the current 
state of art in tyre characterisation, it is shown that substantial discrepancies occur between 
measured and simulated vehicle dynamics. In this paper a hybrid method is presented, 
based on the classification of tyre characteristics in two categories –structural and friction 
quantities– for which subsequently dedicated measurement procedures are developed. It is 
shown that, after combining the independently identified classes of characteristics using a 
mechanical-analytical model, vehicle dynamics simulation accuracy is increased to within 
the margin of precision of vehicle dynamics measurement.

1 INTRODUCTION
For correct description of vehicle longitudinal and lateral motion, tyre behaviour plays an important 
role. Accordingly, understanding and objective description of tyre behaviour is a major field of 
attention within the vehicle development process. Although generally for final vehicle set-up 
subjective methods of  assessment of vehicle and tyre dynamics are utilized, especially in early pre-
development phases simulation methods represent an effective and efficient means for vehicle 
dynamics prediction of  successor vehicles. To this extent however, tyre behaviour is to be identified 
and described with high accuracy, such that high validity predictions can be made. As generally semi-
empirical tyre models are able to describe tyre longitudinal and lateral dynamic behaviour with high 
fidelity, quality of input measurement data is of great importance for correspondence of tyre model 
behaviour with tyre behaviour actually experienced under real road driving conditions. This paper and 
the underlying research focusses on high accuracy and high reproducibility identification and 
description of tyre longitudinal and lateral characteristics for vehicle dynamics applications. In this 
research, vehicle dynamics analysis is reduced to the following manoeuvres:

1. Slow Ramp Steer with steering wheel angle rate of 30 °/s and forward vehicle velocity of 100
km/h

2. Sinusoidal Steer Input with maximum lateral acceleration of 4 m/s2, frequency 0.2-5 Hz and
forward vehicle velocity of 100 and 150 km/h

Goal of this research therefore is high accuracy description of tyre characteristics during the operating 
conditions occurring within these manoeuvres and under real road conditions. State of art in 
identification and representation of tyre behaviour under real road driving conditions encompasses the 
approach of MAULICK, who proposes tyre measurements under real road conditions and their 
representation in characteristics maps, [1]. NÜSSLE on the other hand proposes direct identification of 
tyre handling characteristics using vehicle measurements, [2]. HÜSEMANN finally proposes scaling of 
tyre behaviour identified on an indoor test rig in order to represent actual real road behaviour, [3].
Based on the state of art, using only indoor tyre measurements, vehicle dynamics simulations 
inadequately correspond to objective vehicle measurements, which is depicted in Figure 1. Especially
the steering wheel angle gradient and side slip angle gradient in the linear range as well as the 
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maximum lateral acceleration differ to a large extent between vehicle measurement and vehicle 
dynamics simulation. It has to be noted that the vehicle utilized in this research is represented with 
high accuracy within the 5-mass vehicle dynamics model by means of kinematics and compliance 
(KnC) measurement of axle characteristics and measurement of vehicle mass and inertia. Therefore, 
discrepancies in tyre behaviour are assumed to be the main contributing factor for discrepancies 
experienced on full vehicle level.

(a)       (b)
Figure 1. Comparison of vehicle dynamics measurement and simulation. (a) shows the handling diagram of 
steering wheel angle over lateral acceleration, whereas (b) shows rear-axle side slip angle over lateral 
acceleration. A clear deviation, especially at high lateral acceleration can be observed

2 APPROACH
The core of the approach presented in this paper is knowledge and understanding of the actual 
mechanisms governing longitudinal and lateral tyre characteristics. A classification of tyre 
characteristics is introduced, distinguishing between structural characteristics and friction 
characteristics. Structural characteristics are practically independent of the current pairing of tyre 
surface material and the road surface. They mainly depend on structural mechanics of the tyre 
construction as well as tread material stiffness characteristics. Friction characteristics on the other 
hand strongly depend adhesion and hysteresis forces, which for their part depend on the actual 
combination of road surface characteristics and tire tread material characteristics. Although a slight 
one way cross dependency between friction characteristics and structural characteristics exist, it can be 
stated that structural and friction characteristics are practically independent. This attribute 
subsequently allows for a hybrid identification approach, identifying either class of characteristics on 
dedicated test facilities using dedicated measurement procedures. A schematic representation of this 
approach is shown in Figure 2.  

The following characteristics are defined as structural characteristics:
1. Static radius rs, effective rolling radius rd, and static stiffness cx, cy, cz
2. Longitudinal slip stiffness c , cornering stiffness c and self-aligning stiffness cMz
3. Longitudinal relaxation length and lateral relaxation length 

The following quantities on the other hand are considered as friction characteristics:
1. Longitudinal limit behaviour and longitudinal coefficient of friction μ
2. Lateral limit behaviour and lateral coefficient of friction μ
3. Self-aligning torque characteristics Mz
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Figure 2. Schematic representation of the hybrid approach of objective tyre characteristics identification and 
description

2.1 Identification method for structural quantities
In this paper both dedicated measurement procedures and tyre test facilities for either category of tyre 
characteristics are presented. Special attention is paid to tyre conditioning for high reproducibility 
results using existing test facilities. For structural quantities however, special attention is on exact 
knowledge and control of boundary conditions, leading to this class of characteristics to be measured 
indoors using a test facility ensuring a flat tyre-road contact and precise control. Additionally, correct 
tyre conditioning leads to high reproducibility of identification for both indoor and outdoor test 
facilities.
Tyre conditioning procedure
For structural quantities tyre conditioning w.r.t. tyre temperature plays an important role. It was shown 
before that tyre temperature strongly influences cornering stiffness, [4,5]. In this paper additionally a 
measurement method for non-contact measurement of tyre core temperature based on a thermographic 
camera and measurement of tyre groove temperatures was proposed. This approach is now used in this 
research for measurement of tyre core temperature. For controlling tyre core temperature before 
measurement, the following two states are used.

1. Increase core temperature by free rolling at high vertical load, e.g. 10 kN
2. Decrease core temperature by free rolling at low vertical load, e.g. 1 kN

By means of this tyre conditioning method, a constant core temperature of 40±3°C is achieved before 
every measurement.
Procedure for identification of cornering stiffness
For identification of cornering stiffness c the vertical load step approach is used, [6]. In this 
procedure, vertical load is increased stepwise by 2000 N and subsequently held for 5 s, until a 
complete steady state situation is reached at vx=100 kmh-1 -1,1]°, 
such that tyre asymmetries can be eliminated. The result of this procedure in terms of cornering 
stiffness and self-aligning stiffness is shown in Figure 5. 
Procedure for identification of relaxation length
For relaxation length, a measurement procedure is proposed in which the tyre is pressed to the road 

-1,1]°, w.r.t. the subsequent rolling direction. Then the 
road surface is moved with constant forward velocity of vx=2 kmh-1 until the steady state lateral force 
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is reached. The measured relaxation length , which corresponds to the travelled distance until 
Fy=0.63Fy,m is reached is utilized to calculate the effective dynamic lateral stiffness cy,e. Additionally, 
the cornering stiffness at vx=2 kmh-1 is identified using the steady state lateral force response. In 
combination with the measured cornering stiffness at vx=100 kmh-1, the relaxation length 
corresponding to vx=100 kmh-1 is calculated according to (1,2). 
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Test facility
As high quality control of boundary conditions is a priority for identification of structural quantities, 
external factors have to be excluded as much as possible. For this matter, outdoor test facilities are not 
suitable. The main reason however is not changing weather conditions or road irregularities of the real 
road surface, but the fact that forces are not supported internally within the test rig construction. 
Therefore, high fidelity control, especially of tire side slip angle, cannot be guaranteed. As the 
dimensions of the contact patch are of high relevance for structural quantities as well, test rigs with a 
curved contact shape are not suitable either. The total number of requirements is only met by the so-
called FlatTrac tire test rig, which offers a flat road surface supported by a fluid bearing.

2.2 Identification method for friction quantities
Being a logical consequence of the fact that friction characteristics strongly depend on the actual 
pairing of tire tread material with the road surface, this class of characteristics is measured outdoors on 
a real road surface. For this matter a measurement procedure is chosen, representing tyre states during 
vehicle cornering.
Measurement procedure
The measurement procedure for friction quantities focuses on representation of tyre states reached 
during the full vehicle manoeuvres described in section 1. Therefore, both side slip angle ramps with 
constant side slip angle rate and longitudinal slip ramps are performed at three constant vertical loads. 
To this extent, the side slip angle is increased over the range of -1,15]°, as well as -15]°. 
Longitudinal slip ramps cover the range of =[0,0.3]. Furthermore, side force characteristics are 
measured at different camber angles and , which represents approximately the camber angle 
of the outer tyres during cornering. For a more detailed description of the analysis of actual tyre states 
during cornering is referred to [7].
Test facility
For friction quantities, especially the realistic pairing of tyre to road surface is of major importance.
For this reason, the FlatTrac test rig utilized for identification of structural quantities is not suitable, as 
an asphalt surface cannot be mounted. Although mounting of asphalt surface segments is possible on 
theses test rigs. the unrealistic curvature of inner and outer drum test rigs influences friction quantities, 
as the dimension of the contact patch and therefore the pressure distribution does not correspond to the 
real road application.

2.3 Attribute synthesis through mechanical-analytical tyre modeling
The mechanical-analytical tyre model finally serves as an interposed mechanical filter, both ensuring 
plausibility of measurement results and inter- and extrapolating measurement data for utilization 
within a numerical fitting process of the semi-empirical end user tyre model. To this extent, firstly, 
contact kinematics within the contact area of the tyre tread with the road surface are analysed. 
Subsequently, the influence of the tyre carcass is investigated and modelled in both longitudinal and 
lateral direction. Especially lateral, torsional and bending compliance of the tyre carcass are found to 
be relevant for handling tyre characteristics. Therefore, these mechanisms are analysed and described 
within the mechanical-analytical tyre model. Within the limit range, a friction law is proposed taking 
into account sliding velocity and sliding power. This model is then used to combine structural 
quantities and friction quantities identified on independent test facilities into one consistent and 
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physically plausible tyre model. This model is finally used to generate virtual measurement data, 
which can be used to identify parameters of a semi-empirical end user tyre model, such as MF-Tyre, 
[8].
In lateral direction, the main governing mechanisms are shown in Figure 3. During cornering, a side 

0 occurs between the center line of the rim and the direction of motion. In the hypothetical 
case of an ideally stiff tyre structure, a triangular deformation shape is formed with respect to the 
contact length, shown in Figure 3(a), Lateral deformation leads to a shear angle D within the contact 
material y. These shear stresses can be integrated over the contact 
area A=lKbK in order to calculate the total lateral force Fy and self-aligning torque Mz produced, (3,4). 
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In reality however, the tyre structure had finite stiffness and is deformed according to the lateral force 
and aligning torque acting upon it. Therefore, the deformation shape no longer is triangular, but is 
described by a function of higher order and is referred to in Figure 3(b) by K. Compared to Figure 
3(a) it can be observed that especially pneumatic trail tf is substantially larger than t0 for the case of a 
tyre structure with finite stiffness.

Figure 3. Deformation and shear stress development within the tyre contact area in top view, showing (a) the 
case of an ideally stiff tyre structure and (b) the case of a tyre structure with finite stiffness [7] 

The deformed shape of the tyre structure is shown in more detail in Figure 4. Within the contact area 
between x=0 and x=lK its shape is of highest importance, as within this region, it influences the 
effective lateral deformation as shown in Figure 3(b). Within this region, the tyre center line is 
approximated in form of three elements.

1. Linear lateral displacement of the tyre structure under lateral force, represented by 
y

y
y c

F

2. Linear torsional twisting of the tyre structure under aligning torque, represented by 
c
M z
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3. Non-linear bending of the tyre structure under both lateral force and aligning torque,
represented by B

The complete bending equation of the bending line within the contact area is represented by a linear 
combination of these three elements, see (5).

),( 2 xxfByK (5) 

KD xy 0 (6) 

The effective lateral deformation is calculated according to (6), which is subsequently utilized to 
calculate lateral force and self-aligning torque according to (3) and (4). For a more detailed description 
of the derivation of the tyre structure approximation as well as the final lateral force and self-aligning 
torque calculation is referred to [7]. 

Figure 4. Top: stretched string representation of the tire belt with deformation w.r.t. the rim center line, [4]. 
Bottom: Approximation of the tyre belt by a suspended bending beam, a linear translational spring cy and a 
linear rotational spring c , [7] 

The core of the mechanical-analytical tyre model is extended by a friction law allowing for limitation 
of shear stresses within the contact patch depending on the current friction value between tyre surface 
material and road surface and has general form (8), depending on sliding velocity vs and sliding power 
Ps. Using an exponential function, the transfer between the stick friction value μst and full sliding
friction asymptotic value μ . Constant friction parameters c1 and c2 respectively are utilized for model 
adaptation to measured characteristics. A more detailed description of friction mechanisms and 
friction modelling extends beyond the scope of this paper. For more detailed information is referred to 
[7,9,10].

ySS FvP (7) 
3

2
3

1, ss Pcvc
stSS ePv (8) 

Rim center line

Tyre center line

Rim center line

Tyre center line
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3 RESULTS
The mechanical-analytical model discussed briefly in Section 2 is subsequently utilized for synthesis 
of tyre measurements performed independently on different test facilities. Firstly, results on tyre level 
are analysed, after which a comparison on full vehicle level between vehicle measurements and 
vehicle dynamics simulation is performed.

3.1 Results on tyre level
The mechanical-analytical tyre model has a hierarchical structure, for which it is necessary to identify 
structural parameters first, after which friction related parameters can be obtained. Model fitting is 
performed based on measurement data acquired using the measurement procedures described in 
Section 2. 
Structural quantities
For assessment of model and fitting results of structural quantities, the vertical load step procedure and 
relaxation length procedure presented in Section 2 are applied to a tyre specimen. The result of the 
measurement procedure and subsequent identification of structural tyre characteristics is shown in 
Figure 5. It is shown that both cornering stiffness and self-aligning stiffness are represented by the 
mechanical-analytical tyre model with high accuracy. The self-aligning stiffness fitting result can only 
be obtained using a tyre model with flexible structure, as presented in Section 2. 

(a)      (b)
Figure 5. Fitting result of (a) cornering stiffness and (b) self-aligning stiffness

Friction Quantities
The parameters identified using the measurement data of structural quantities are subsequently 
extended by friction parameters. This step is performed by means of numerical optimization as well. 
Results are presented in Figure 6(a) for lateral force and in Figure 6(b) for self-aligning torque. It can 
be observed that the hybrid model represents both the cornering stiffness value, obtained by indoor 
measurement, as the friction level, obtained by the outdoor measurement, and connects both regions. 
Especially for the lateral force, the result represents both the measured structural and friction 
characteristics with high accuracy. For the self-aligning torque two main discrepancies can be 
observed. 

1. The measured characteristics using the outdoor test facility show a substantially wider peak
region

2. The measured self-aligning torque becomes negative starting from approximately ,
whereas the tyre model remains positive within the entire domain displayed.
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(a)            (b) 
Figure 6. Fitting result of the mechanical-analytical tyre model for (a) lateral force and (b) self-aligning torque
for one tyre specimen and a vertical load of Fz=5000 N

The results of the mechanical tyre model are subsequently utilized for generation of virtual 
measurement data, comprising of the characteristics identified using the hybrid method. This virtual 
measurement data is then used for identification of MF-Tyre model parameters by means of numerical 
optimization.

3.2 Results on full vehicle level
By utilization of the full vehicle model again, simulation results are obtained for the vehicle under 
investigation in this research, this time equipped with MF-Tyre model data identified using the hybrid 
method presented in this paper. Figure 7(a) shows the results for the handling diagram for one tyre 
specimen, once again comparing vehicle measurement data and simulation results. It can be observed 
that a substantial improvement in both the linear and the limit range has been achieved. Both regions 
are now accurately described by the simulation model. It has to be noted that the proving ground at 
which outdoor tyre measurements are performed differs from the proving ground, at which full vehicle 
measurements are performed. Figure 7(b) shows the side slip angle at the rear axle, which is represents 
vehicle rear axle stability and to a large extent is determined by the behaviour of the rear axle tyres. It 
is shown that this quantity is represented accurately by the simulation model with tyre models 
identified using the hybrid method presented here. 

(a)       (b)
Figure 7. Comparison of vehicle dynamics measurement and simulation. (a) shows the handling diagram of 
steering wheel angle over lateral acceleration, whereas (b) shows rear-axle side slip angle over lateral 
acceleration for vehicle measurement, simulation using state of art identification methods and the hybrid method

For investigation of universality of the findings presented in the foregoing sections, a number of 9 
tyres is measured according to the hybrid method described in this paper. Exemplarily the maximum 
achievable lateral acceleration is presented for the sample of 9 tires under investigation in Figure 8. It 
can be observed, that the predicted maximum lateral acceleration using the tyre models identified by 
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means of the hybrid method (blue bars) lays within the margin of the vehicle measurement (black bars 
with error bar) for all tyres under investigation. In correspondence to Figure 1 and Figure 7, the state 
of art w.r.t. tyre identification only predicts the maximum lateral acceleration correctly for tyre 
specimen T7 and T8. 

Figure 8. Comparison of 9 different tyre specimen (T1..9) w.r.t. maximum lateral acceleration on full vehicle 
level. Black bars represent vehicle measurement results, blue bars represent simulation results achieved with 
tyre models identified using the hybrid method presented in this paper, hatched grey bars represent simulation 
results with tyre models identified using the state of art identification methods [7]

It is shown that by application of the approach presented in this research both the linear and the limit 
range of lateral vehicle behaviour can be described accurately. Especially within the limit range and 
description of side slip angle and maximum lateral acceleration, a large improvement can be achieved 
compared to tyre models, whose characteristics are identified using indoor tyre measurements. 

4 CONCLUSION AND RECOMMENDATIONS
Based on the results of this research, it can be concluded that by classification and independent 
identification of tyre characteristics, a level of accuracy with respect to representation of tyre handling 
behaviour can be achieved which lies within the variance of actual vehicle measurements. This result 
is achieved without exchanging the end user tyre model within the full vehicle dynamics model. 
Furthermore it can be concluded that tyre characteristics both within the linear range as within the 
limit range can be described on a mechanical-analytical basis allowing for deep insight into the 
mechanisms governing tyre force generation.
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FTIRE AND PUZZLING TIRE PHYSICS: TEACHER, NOT STUDENT 
Michael Gipser 

Esslingen University of Applied Sciences 
cosin scientific software 
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Using some instructive examples, the short contribution shows how even some most complex 
phenomena and relations in tire physics can be understood by using a truly physics-based tire 
simulation model. In contrast to approximation-based phenomenological models, such an approach 
will give insight into, rather than requiring description of, the tire’s behavior. 

Examples studied in short will comprise 
- relations between rolling resistance and handling characteristics, 
- influence of drum curvature, inflation pressure, and uneven road surface on handling 

characteristics, 
- a strange phenomenon: cleats that ‘attract’ a tire, 
- wheel shimmy, 
- influence of certain tire design characteristics on tire properties. 

In connection with these studies, a user-friendly FTire tool (interactive simulation) will be introduced, 
which helps in understanding tire operations. This tool, being valuable both in teaching and for 
vehicle/tire dynamics experts in industry and research, allows the user to modify, in realtime, tire 
design, construction, and operation data (like geometry, stiffness, mass, damping, hysteresis, 
irregularities, wear state, inflation pressure, and more) as well as operating conditions (like momentary 
slip angle and wheel slip, radial deflection, camber angle, drum curvature, rolling speed, road 
unevenness, and more). 

The impact of the variations both on tire forces and moments, and on internal tire states, can be seen in 
an on-line animation, and later analyzed with a large variety of post-processing tools. 



PARAMETERISATION AND VALIDATION OF AN FTIRE MODEL 
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A measurement procedure by which data was acquired that described the lateral and longitudinal tyre behaviour 
of a Michelin 16.00R20 XZL tyre was described in this paper. The acquired test data was used to extend the 
parameterisation and validation of an FTire model in the lateral and longitudinal directions. The FTire model 
was validated for steady state lateral, transient lateral, pure longitudinal and combined slip conditions. The tyre 
model showed good correlation with the measured test results. The advantages and limitations of the current 
measurement technique were also discussed. Recommendations were made to improve the accuracy of the test 
results.

1 INTRODUCTION
Multibody dynamic simulations play an important role in the development and analysis of vehicles. 
These simulations are used to supplement, or even replace, experimental tests. Multibody dynamics 
models are however only useful if they are able represent the real vehicle with sufficiently accuracy. 
The tyre-road interaction is one of the most important aspects of such models as all external forces, 
except aerodynamic forces, are transmitted through the tyre contact patch. To accurately describe the 
highly nonlinear tyre behaviour, researchers have developed many tyre and tyre contact models. Their 
complexity varies greatly, ranging from simple force displacement descriptions to complex fully 
nonlinear finite element models. The first challenge is to select the applicable model that is able to 
predict the tyre behaviour for the specific application, with the required accuracy and acceptable 
computational effort. The second challenge is to obtain the required parameterisation data.

Historically, most research efforts were focused on the development and parameterisation of models 
that were used to predict the tyre behaviour of passenger car or light truck tyres [1]. The diameters of 
these tyres were seldom larger than 800 mm and had static tyre loads less than 1000 kg. Limited
research has been published regarding the behaviour of large off-road tyres. Their large size and high 
load rating made testing and acquiring accurate parameterisation and validation test data difficult.

The Michelin 16.00R20 XZL all-terrain tyre was chosen for this study. This tyre is intended for 
emergency response vehicles, military vehicles and commercial trucks for on and off-road use. The 
test tyre has an overall diameter of 1343 mm and a maximum load rating of 6595 kg. Previous work
[2] presented test procedures and parameterisation processes to validate the vertical tyre behaviour
over rough terrains and discrete obstacles. The FTire model showed very good correlation between the 
measured and simulated tyre response over undeformable rough terrain. FTire predicted the vertical 
tyre behaviour significantly better than the other investigated models for most of the test cases.

This paper discusses the procedure used to test and parameterise the FTire model for lateral and 
longitudinal behaviour. The tests were conducted on a smooth road surface to allow the data to be used 
in the parameterisation process of FTire. The ultimate goal, however, is to parameterise a tyre model 
that can be used in a handling and braking simulation over rough off-road terrain with short 
wavelength obstacles.

2 EXPERIMENTAL SETUP
The test setup that was used to determine the lateral and longitudinal tyre behaviour was a large tyre 
test trailer [3]. The two wheeled trailer was towed by a six wheel drive truck. The test trailer 
comprised of a main-frame and a sub frame. The sub frame consisted of the wheel hub and hub 
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adjusting mechanism. The hub adjusting mechanism allowed the camber and sideslip angle of the test 
tyre to be changed. The slip angle could be controlled dynamically during a test. A linear electric 
actuator was used to adjust the sideslip angle between -2 and 12 degrees. The left and right wheel was
adjusted to opposite angles to counteract the lateral force. The camber angle could be manually 
adjusted from -5 to 5 degrees in 1 degree fixed increments. The effect of the camber angle on the 
lateral and longitudinal tyre behaviour will not be discussed in this paper as all tests were conducted at 
a zero degree camber angle. The sub-frame was mounted to the main frame by six load cells. These
load cells were positioned to enable the six force and moment components acting on the tyre to be 
determined. Drum brakes were fitted to the trailer to apply a braking torque. The braking torque could
be dynamically controlled by a pneumatic actuator.

The sideslip angle (the angle between the actual direction of travel and the direction towards which the 
tyre is pointing) was measured using a “third wheel”. The “third wheel” was mounted on the rear end 
of the trailer and was free to rotate. The wheels of the “third wheel” were allowed to roll freely. The 
angle between the “third wheel” and the test trailer was measured with a profiling laser. The “third 
wheel” was thus used to determine the direction the trailer and test tyre were heading in. . The slip 
angle of the test tyre could then be calculated using:=  + (1)
Where is the side slip angle, is the angle between the tyre tester and the third wheel and 

is the angle of the test tyre relative to the tyre test trailer as adjusted with the linear actuator.

The longitudinal slip was calculated as the percentage difference between the rotational speed of the 
wheel and the translational velocity of the wheel centre. The longitudinal slip was thus given by:=  (  ) 100 (2)

Where is the longitudinal speed of the wheel centre, is the angular speed of the rim and the 
effective rolling radius. The angular velocity of the rim was measured with a retroreflective optical 
sensor providing 12 pulses per revolution of the wheel. The frequency was converted to a voltage 
using a frequency to voltage converter. An eDAQ GPS was used to measure the speed of the trailer. 
The rolling radius was measured dynamically with a profiling laser that measured the height of the 
trailer frame to the ground.

3 Measurement and model results 
The tests conducted to investigate the lateral and longitudinal tyre behaviour were divided into three 
sections. The first section describes the tests that were conducted to determine the steady state lateral
force sideslip angle relationship of the test tyre. An ISO double lane change manoeuvre was also 

Figure 1 Dynamic tyre test setup
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conducted to validate the lateral FTire behaviour under transient behaviour. The second section 
discusses the tests that were conducted to determine and parameterise the longitudinal braking 
behaviour of the test tyre. The final section describes the tests and simulation results under combined 
slip conditions. 

3.1 Lateral tyre behaviour
Steady state side force sideslip angle tests were conducted to determine the lateral tyre behaviour. For 
these tests the tyre test trailer was towed at a constant speed of 12km/h. The slip angle of the test tyre 
was set to discrete slip angle. Sufficient time was allowed for the tyre to reach steady state and collect 
sufficient test data. The slip angle was then adjusted to the next increment. Tests were conducted from 
sideslip angles ranging from minus 2 to 8 degrees in two degree increments. The tests were conducted 
at wheel loads of 2385kg (36% LI), 3940kg (60% LI) and 5390kg (82% LI). The load index, LI, is an 
industry standard which determines the maximum service load on a tyre of a vehicle. The resulting 
side force sideslip angle measurement results are shown in Figure 2.

The test results were then used to parameterise the parameters that define the lateral tyre behaviour of 
the FTire model. The results of the parameterisation attempt are shown in Figure 4. The figure shows 
that the model accurately predicts the lateral tyre forces for most sideslip angles. The model deviates 
from the measured test results during the lower sideslip angles of the 82% load condition. 

Figure 2 Measured and predicted side-force vs. sideslip angle relationship

To validate the transient lateral behaviour of the FTire model an ISO double lane change manoeuvre 
was conducted [4]. The double lane change test was developed to evaluate vehicle handling. The ISO 
double lane change manoeuvre consists of an entry lane, exit lane and a side lane that has lateral 
offset. The width of the entry, exit and side lanes are dependent on the width of the test vehicle.

The measured and simulated results, as well as the lateral accelerations, are shown in Figure 3. Lateral 
accelerations in excess of 2m/sec2 were measured, which is gauged as a moderate to severe 
acceleration for large vehicles. . Figure 3 further shows that the FTire model is able to accurately 
predict the lateral tyre forces during the simulation. It can also be noted that although the model was 
parameterised with steady stated side force vs. sideslip test results, it is capable of predicting the 
transient tyre behaviour of the double lane change test. An accurate representation of the transient tyre 
behaviour is important for vehicle dynamic simulations as most simulations do not embody a steady 
state sideslip angle. 
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Figure 3 Double lane change test and simulation results

3.2 Longitudinal tyre behaviour
To determine the longitudinal tyre characteristics brake tests were conducted. For the brake tests the 
tyre test trailer was towed at a constant speed of 12.5km/h. The tests were conducted for three vertical 
load conditions at a sideslip angle of zero. The static loads for the tests were chosen to be 2580kg
(39% LI), 4080kg (62% LI) and 5330kg (81% LI). 

The tyre test trailer is not equipped with any suspension. As a result any slight vertical tyre excitation 
experienced during the test results in a vertical oscillation of the tyre test trailer due to the low tyre 
damping. To minimize the vertical oscillation of the trailer the tests were conducted at fairly low 
speeds. The oscillations of the test trailer also influenced the tyre vertical force and made it difficult to 
control the tyre slip during the test. As a result steady state test conditions could not be reached.

A pneumatic controlled actuator was used to increase the braking torque. The brake pressure was 
slowly increased until full tyre lock was detected at which point the pressure was released again. A
GPS was used to determine the longitudinal speed of the rim centre. The GPS speed measurement is 
sufficiently accurate for most vehicle dynamic tests yet challenging when used as a reference speed for 
longitudinal tyre tests.  Another challenge encountered during the tests was to accurately determine the 
rim rotational speed. The resolution and the slight delay in the frequency to volt converter readings 
resulted in noisy longitudinal slip vs. longitudinal force measurement results. The tests results were 
filtered with a 50 point moving averaging filter. The moving averaged longitudinal slip and force 
relationship for the three load conditions are shown in Figure 4. 

Figure 4 Measured and simulated longitudinal tyre behaviour
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The test results were used to adjust the parameters of the FTire model that define the longitudinal tyre 
behaviour of the model. To validate the model the measured time signal of the rim states were 
supplied to the FTire – Simulink model. The averaged longitudinal slip and force results are shown in 
Figure 4. It can be seen that the model is capable to mimic the longitudinal slip vs. force relationship 
of the test tyre, also capturing the higher frequency dynamics of the tyre.

3.3 Combined slip tyre behaviour
During normal operation, cornering and braking often occur at the same time. To investigate the tyre 
behaviour under these combined slip conditions, brake tests were conducted at various sideslip angles. 
During the tests the slip angle of the test tyres were set to a predefined angle. When the tyre reached 
the steady state lateral condition the brake torque was slowly ramped up until full lock was detected. 
As the brake torque was increased, the generated lateral force of the test tyre decreases. The left and 
right side tyres, of the test trailer, were not subjected to the exact same vertical load. The same was
also true for the applied brake torque. The result was that the tyre test trailer swerved to balance the 
lateral force of both tyres. The tests were thus difficult to repeat and resulted in inconsistent results.
The reason for the inconsistent test results were mainly attributed to the method of measuring the 
sideslip angle of the test trailer. The test results showed that the current test trailer was not ideally 
suited for these tests.

Three tests runs were identified where the lateral slip angle of the left and right tyre stayed constant for 
the duration of the tests. The sideslip angles at which these tests were performed were negative two 
degrees and positive sideslip four and six degrees. The results are shown in Figure 5.

The measured rim states were used again in the FTire-Simulink model to determine the lateral and 
longitudinal forces that FTire would predict under the test conditions. The simulation results were
superimposed on the test results in Figure 5. From the figure it can be seen that the model is capable of 
predicting the lateral and longitudinal forces for combined slip conditions. A slight deviation from the 
measurements is seen for the 6 degree sideslip angle test. 

Figure 5 Combined slip condition test and simulation results
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4 CONCLUSION
Tests were conducted to determine the lateral and longitudinal tyre characteristics of a Michelin 
1600R20 XZL. The tyre test trailer was used successfully to determine the steady state lateral force vs.
sideslip angle tyre behaviour. The test data was successfully used to parameterise the lateral behaviour
of the FTire model. Simulation results also showed that the model was capable of accurately 
predicting the transient tyre behaviour during an ISO double lane change test.  

Brake tests were conducted to obtain the parameters describing the longitudinal tyre behaviour of the 
FTire model. The test equipment did not allow for the longitudinal slip to be controlled with sufficient 
accuracy in order to reach steady state test conditions. The transient slip results could however be used 
to adjust the relevant tyre model parameters. The model showed good correlation with the pure slip 
test results. Braking tests were also conducted at various slip angles to acquire combined slip tyre 
behaviour. The current test setup was not ideally suited for these tests as a slight imbalance in the 
lateral and longitudinal force resulted in an uncontrollable swerve of the tyre test trailer. Good
correlation was however found between the measured test results and the FTire model for the test 
conditions where the sideslip angle stayed constant for the duration of the test.

In order to improve the accuracy of the measurements of the transient, behaviour modifications need 
to be made to the test trailer and measurement techniques. Improvements should be made to reduce the
response time of the sideslip angle measurement. The current experimental setup is not suited to 
accurately measure fast changing sideslip angles during the test. The mounting position of the “third 
wheel” should be moved to the hitch point of the tyre test trailer. This will improve the measurement 
response time for straight line tests. Alternative methods of measuring the sideslip angle should also
be investigated.

A suspension system should be introduced to reduce the vertical oscillations of the test trailer. The 
lack of a suspension is however highly beneficial during vertical tyre response testing. Smaller
variations in the vertical load applied to the test tyres will improve the measurement results during 
handling parameterisation tests. Methods should be investigated to stabilize the tyre test trailer during 
combined brake conditions. The use of a four wheeled test trailer rather than a two wheeled trailer will
increase the lateral stability of the trailer. Alternative methods should also be investigated to 
accurately measure the ground reference velocity of the test trailer. Accurate ground reference speed is 
required to accurately calculate the longitudinal slip during a braking test.

Finally Methods should be investigated to improve the control of the torque applied to the test tyre. 
The current drum brakes were difficult to control. During successive tests, the drum brakes heated up 
which resulted in a decrease in the applied braking torque. 
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Abstract 

The last decade showed a considerable increase in research in dynamics and control of bicycles. Some 
of this work is related to dynamic simulation of the motion of the system. The first model describing 
the lateral dynamics of a bicycle was around 1890 by Whipple and Carvallo [1,2,3]. After that many 
researchers used this minimal model, which can be characterized by rigid body with constraints, and 
idealized rolling contact, in the form of nonholonomic constraints. Such a minimal model is indeed 
very useful for understanding the interesting underlying dynamic behaviour of the bicycle [4]. 
However, recent studies, which use standard multibody dynamics software to investigate various 
dynamic scenarios, have revealed a need for a bicycle tire model. Unfortunately, the literature to date 
on the mechanical behaviour of bicycle tires is sparse, and there are no validated bicycle tire models. 

The purpose of this study is to present a number of validated steady-state bicycle tire models, which 
can be used in vehicle dynamic simulations.  These models are based on an extensive bicycle tire 
measurement program, executed in the past years in Milwaukee and Delft by Dressel [5]. Besides the 
presentation of the validated models, we also make the raw data from the measurements available, 
such that future studies can use these for other model approaches. Two new testing devices have been 
build and used specially for bicycle tires: one on a moving track of flat-top chain (Milwaukee) and a 
second which rolls on a 2.5 m diameter rotating drum (Delft). In both cases, the bicycle wheel was 
pressed onto the moving surface by a known weight and held at a fixed slip and camber angle, and the 
lateral force and aligning moment required to maintain the slip and/or camber angle were recorded. 
The Delft device was equipped with motors to alter both slip and camber in a continuous manner. In 
all, we tested 14 different tires, all 700C (622 mm), and varying in width from 22 to 55 mm and with 
either smooth or semi-smooth treads. We applied inflation pressures from 2 to 11 bar (29 to 160 psi), 
and vertical loads from 300 to 730 N, for a total of about 120 different parameter combinations. The 
tires were mounted on high-end wire-spoked wheels, with rims of either 13.4 or 18.7 mm width. The 
static contact patch was recorded by making ink footprints on paper, and scanned for length, width, 
and area. In some cases the static lateral stiffness at zero slip and zero camber was measured. 

In figure 1 an example of processed measured data on one of the tires, a Vittoria Randonneur Hyper 
37-622, at a vertical load of 731 N and an inflation pressure of 3.4 bar is shown. On the left two 
footprints are shown, the top was made on a flat plate and the bottom on the curved drum (diameter 
2.5 m). In the same figure estimates on the inflation pressure are shown, which were based on the 
vertical load and the measured area, together with estimates on the length and width of the contact 
patch. On the right four graphs are shown. In the first column the cornering stiffness and the self 
aligning torque at zero camber and varying slip angles is shown. The two solid lines of data points on 
each graph are from sweeping both positive and negative angles. The straight thin solid lines represent 
the single value extracted to represent the linear stiffness. With increasing slip angle the lateral force 
clearly levels off from the tangent stiffness due to slippage in the trailing contact area. In the second 
column the normalized lateral force and twisting torque at zero slip angle and varying camber angle is 
shown. In the same figure the camber stiffness and twisting torque stiffness are presented. The dashed 
line in the top figure represents the often-proposed tangent rule, i.e. that the total tire force for 
cambered rolling should be in the plane of the wheel. Clearly this tire does not follow the tangent rule, 
and requires a slip angle to execute a steady turn. 
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Figure 1: Example of processed measured data on a Vittoria Randonneur Hyper 37-622 tire at vertical load of 
74.5 kg (731 N) and an inflation pressure of 50 psi (3.4 bar). Left: footprint scan and right: normalized lateral 
force and self aligning torque versus slip angle at zero camber angle and normalized lateral force and twisting 

torque versus camber angle at zero slip angle. 

From the measured data steady-state tire models can be extracted. In distinction to automotive and 
motorcycle tires, bicycle tires have a long and slender contact area, which simplifies the mechanics 
problem. Therefore there is good hope that simple tire models, based on first principles, could very 
well describe the observed steady-state tire forces and moments. This work is still in progress. 
Proposed models are the ‘brush’ or ‘spoke’ model [6] and the so-called Rotta model [7]. The brush 
model consists of a row of elastic bristles that touch the road and can deflect and slip laterally. The 
origin of the brush model can be traced back to Fromm and Julien [8]. The Rotta model is basically a 
cross-sectional model of an inflated membrane with zero bending stiffness, mounted on a rim with 
constant width [7]. The Rotta model can be improved by adding the lateral stiffness contribution of a 
taut string or membrane shear.  Finally, to accommodate for un-modelled and nonlinear behaviour, the 
purely empirical method of the so-called Magic Formula [6] based functions will be used to generate 
steady-state tire force and moment characteristics.  

Some conclusions that we draw from the processed measured data are that the tangent rule provides 
only a crude approximation of the camber stiffness of a bicycle tire. Most tires fall somewhat below 
the tangent rule as load is increased; only one radial ply bicycle tire followed the tangent rule. The 
width of the rim, on which the tire is mounted, and the actual width of the tire, influence its cornering 
and camber stiffness, and must be considered too.  We also observed that a significant fraction of the 
lateral force generated by the bicycle tire comes from lateral deflection of the centreline beyond the 
ends of the contact patch.  
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In this study, the self-excited vibrations of the caster-wheel system are analysed. A low
degree-of-freedom mechanical model is considered, in which the lateral deformation of the
tyre is described both in the contact patch and outside it. The simple brush tyre model is
implemented in order to obtain analytical results by means of minimum number of relevant
parameters. The frequencies of the detected self-excited vibrations are presented against the
towing speed. Some intricate shapes of the corresponding tyre deformations are presented
based on numerical simulations.

1 INTRODUCTION
The shimmy of towed wheels (e.g. the front wheels of motorcycles [1, 2], the nose-gears of air-planes
[3, 4, 5]) is a fascinating phenomenon in vehicle dynamics. The safety hazard of shimmy induced many
publications in the field, but the elimination of shimmy requires special attention from engineers even
nowadays. On the one hand, towed wheels are often parts of complex vehicle systems, which require the
analyses of multi-body systems like the fuselage of air-planes [4]. On the other hand, the investigation
of shimmy demands improved and detailed models of tyres and tyre/road interactions.

The memory effect of the tyre/ground contact patch was already recognized in [6]. However, the
available mathematical methods did not provide opportunity for engineers at that time to analyse delay
differential equations. An engineering approximation of the tyre lateral deformation in the contact patch
helped to describe some behaviour of the caster-wheel system [7, 8]. Later, the accurate modelling of
the contact patch lateral deformation and the analysis of the corresponding delay differential equations
provided new explanations for some quasi-periodic vibrations [9].

The noise generation of tyres has become an important research field in tyre dynamics, which makes
the developments of different theoretical models of tyre/road interaction to be a relevant topic again (see,
for example, [10, 11, 12, 13]). The mechanical models usually consider the radial and/or the longitudinal
deformation of the tyre thread elements. However, the lateral vibration of vehicles can also lead to such
periodic tyre deformations that can generate noise and wear (see [14]). The application of the time
delayed tyre model in the single track car model [15] also identified parameter domains where small
amplitude lateral vibrations may appear leading to enhanced noise and heat generation.

In this study, a simple mechanical model of a shimmying wheel is constructed, in which the lateral
deformations are described both inside and outside the contact patch. The delayed contact patch model
is combined with a simple tyre carcass model. Critical parameter ranges of self-excited vibrations are
determined versus the longitudinal speed of the towed tyre with special attention to the vibration fre-
quencies. Tyre deformations are illustrated by means of numerical simulations at certain towing speeds.

2 MECHANICAL MODEL
The mechanical model is shown in Figure 1. The wheel of elastic tyre is attached to the rigid caster of
length l. The caster is pulled at the king pin A with the constant towing speed v, R refers to the outer
radius of the tyre, and it contacts to the ground at a contact patch of length 2a. One of the state variables
is the caster angle denoted by ψ(t). The lateral deformations of the tyre are described with the help of
the lateral deformation q(x, t) of the centre line of the contact patch. This will serve as another state
variable that is a distributed one along the coordinate x attached to the caster. For the sake of simplicity,
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Figure 1: The mechanical model

pure rolling of the tyre is considered. Outside the contact patch, along the circumference of the tyre, the
vibrations of the thread elements are described by the lateral deformation function w(χ, t), which is an
extended distributed state variable. The angle χ ∈ [0, β] (where β = 2(π − α) and α = arcsin(a/R))
sweeps along the circumference of the tyre starting from the trailing edge R and ending at the leading
edge L of the contact patch.

In this study, we use the so-called brush tyre model, which considers separated tyre particles along
the circumference of the tyre. Here, the threads are modelled by means of continuously distributed
masses supported by springs. These inertial and elastic properties are characterized by ρA [kg/m] and
k [N/m2], respectively.

2.1 Lateral deformation in the contact patch

Due to the fact that we consider pure rolling, the tyre particles attached to the ground have zero velocities.
The position vector of a tyre particle P1 can be written in the (X,Y, Z) ground-fixed coordinate system
as

RP1
=

⎡
⎣vt− (l − x) cosψ(t)− q(x, t) sinψ(t)

−(l − x) sinψ(t) + q(x, t) cosψ(t)
0

⎤
⎦ , (1)

for x ∈ [−a, a]. The kinematic constraint of rolling means that d
dtRP1

= 0, which leads to partial
differential equation (PDE) characterizing the lateral deformations in the contact patch (see details [16]).
Here we present its linearised form only:

q̇(x, t) = vψ(t) + (l − x)ψ̇(t) + q′(x, t)v , (2)

for x ∈ [−a, a]. In our study, dot and prime refer to the partial derivatives with respect to time t and the
space coordinates, respectively.

2.2 Lateral deformation outside the contact patch

The equations of motion of the tyre particles outside the contact patch are determined with Hamilton’s
Principle. The Lagrangian can be written as the difference of the kinetic energy and the potential function
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of the spring forces:

L =
1

2

∫ β

0

(
ρAv2

P2
(χ, t)− kw2(χ, t)

)
Rdχ , (3)

where vP2
(χ, t) refers to the velocity of the tyre particle at the position χ:

vP2
(χ, t) =

⎡
⎣ v cosψ(t)− w(χ, t)ψ̇(t)− v cos(α+ χ)

−v sinψ(t)− (l +R sin(α+ χ))ψ̇(t) + ẇ(χ, t) + v
R
w′(χ, t)

v sin(α+ χ)

⎤
⎦ . (4)

Here we assumed that the translational rate of change of the tyre particles are equal to the towing speed
v. This approximation is acceptable in case of small amplitude vibrations of the towed wheel.

According to Hamilton’s Principle, the action functional I =
∫
L dt is extremal for the realized

motion of the system, i.e. δI = 0. This weak form of the equation of motion can be transformed into
the form of differential equations by means of the Euler–Lagrange equation. Considering (4) in (3), the
action reads

I =

∫ t1

t0

∫ β

0
F (w, ẇ, w′, χ, t) dχdt , (5)

and the Euler-Lagrange equation leads to

dF

dw
−
∂

∂t

∂F

∂ẇ
−

∂

∂χ

∂F

∂w′
= 0 . (6)

Considering small amplitude vibrations, the tyre deformation is characterized by the linearised par-
tial differential equation:

ẅ(χ, t)+
2v

R
ẇ′(χ, t)+

v2

R2
w′′(χ, t)+ω2

cw(χ, t) = (l +R sin(α+ χ)) ψ̈(t)+2v ψ̇(t) cos(α+χ), (7)

for χ ∈ [0, β]. The natural angular frequency ωc =
√
k/ρA represents the free lateral vibrations of the

tyre brush elements.

2.3 Equation of motion of the caster-wheel system

The equation of motion of the caster-wheel rigid-body system can be derived with the help of Newton’s
Law:

JAψ̈(t) = −k

a∫
−a

(l − x)q(x, t) dx− k

β∫
0

(l +R cos(α+ χ))w(χ, t)Rdχ , (8)

where JA is the mass moment of inertia of the caster-wheel system with respect to the z axis at the king
pin A.

The equation of motion (8) is coupled to (2) and (7). The boundary conditions (BCs) of the PDEs
are:

q(a, t) = w(β, t) ,

w(0, t) = q(−a, t) ,

w′(0, t) = −Rq′(−a, t) .

(9)

The first two BCs ensure the continuity of the lateral deformation at the leading edge L and at the trailing
edge R, respectively. The third one (no kink at R) refers to d

dtw(0, t) =
d
dtq(−a, t), which describes the

initial lateral speed of the deformation waves that propagate along the circumference of the tyre outside
the contact patch.

3



3 TIME DELAYED TYRE MODEL
3.1 Travelling wave in the contact patch

The memory effect of the tyre/ground contact patch is known since von Schlippe already identified this
property of tyres in [6]. In case of rolling, the tyre particles stick to the ground and keep their positions
during the contact. Consequently, their positions at the time instant twere determined when they reached
the ground at the leading edge at the earlier time instant t − τ1(x). The time delay τ1(x) characterizes
the time needed for a tyre particle to travel backwards in the contact patch from the leading edge L to its
actual position x (see Figure 1). Thus, the travelling wave solution of the PDE (2) can be determined in
the form:

q(x, t) = (l − a+ vτ1(x))ψ(t)− (l − a)ψ(t− τ1(x)) + q(a, t− τ1(x)) (10)

for x ∈ [−a, a]. In this linear approximation, the time delay has a physically obvious form:

τ1(x) =
a− x

v
. (11)

3.2 Travelling wave solution outside the contact patch

Since the translational speed of tyre particles along the circumference of tyre is approximately constant
when the vibrations are small, a traveling wave solution can also be composed for (7). The application
of Duhamel’s integral formula leads to

w(χ, t) = w(0, t− τ2(χ)) cos(ωcτ2(χ))

+
1

ωc

d

dt
w(0, t− τ2(χ)) sin(ωcτ2(χ))

+
1

ωc

∫ τ2(χ)

0

(
l +R sin

(
α+

v

R
ϑ
))

ψ̈(t− τ2(χ) + ϑ) sin(ωc(τ2(χ)− ϑ))dϑ

+
1

ωc

∫ τ2(χ)

0
2v ψ̇(t− τ2(χ) + ϑ) cos

(
α+

v

R
ϑ
)
sin(ωc(τ2(χ)− ϑ))dϑ ,

(12)

where the time delay is

τ2(χ) =
Rχ

v
. (13)

3.3 Overall description of the lateral deformations

Using the second and the third BCs of (9), the travelling wave solution (12) can be composed as a
function of the trailing edge deformation of the contact patch:

w(χ, t) = q(−a, t− τ2(χ)) cos(ωcτ2(χ))

+
1

ωc

d

dt
q(−a, t− τ2(χ)) sin(ωcτ2(χ))

+
1

ωc

∫ τ2(χ)

0

(
l +R sin

(
α+

v

R
ϑ
))

ψ̈(t− τ2(χ) + ϑ) sin(ωc(τ2(χ)− ϑ))dϑ

+
1

ωc

∫ τ2(χ)

0
2v ψ̇(t− τ2(χ) + ϑ) cos

(
α+

v

R
ϑ
)
sin(ωc(τ2(χ)− ϑ))dϑ .

(14)

Using the travelling wave solution (10), the trailing edge deformation can be described:

q(−a, t− τ2(χ)) = (l + a)ψ(t− τ2(χ))− (l − a)ψ(t− τ2(χ)− T1)

+ q(a, t− τ2(χ)− T1) ,
(15)

where

T1 = τ1(−a) ≡
2a

v
(16)
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is the time interval that is needed for a tyre particle to travel in the contact patch from the leading edge
L to the trailing edge R. The material time derivative at the leading edge can be calculated via (2):

d

dt
q(−a, t− τ2(χ)) = vψ(t− τ2(χ)) + (l + a)ψ̇(t− τ2(χ)) (17)

After the substitution of (15) and (17) into (14), the first BC of (9) leads to

q(a, t) = ((l + a)ψ(t− T2)− (l − a)ψ(t− T1 − T2)) cos(ωcT2)

+ q(a, t− T1 − T2) cos(ωcT2) +
1

ωc

(
vψ(t− T2) + (l + a)ψ̇(t− T2)

)
sin(ωcT2)

+
1

ωc

∫ T2

0

(
l +R sin

(
α+

v

R
ϑ
))

ψ̈(t− T2 + ϑ) sin(ωc(T2 − ϑ))dϑ

+
1

ωc

∫ T2

0
2v ψ̇(t− T2 + ϑ) cos

(
α+

v

R
ϑ
)
sin(ωc(T2 − ϑ))dϑ ,

(18)

where

T2 = τ2(β) ≡
Rβ

v
≡

2R(π − α)

v
(19)

refers to the time needed for a tyre particle to travel along the circumference of the tyre from the trailing
edge R to the leading edge L.

Using (10) and (14) with (15) in (8), one can eliminate the deformation functions q(x, t) andw(χ, t).
As a consequence, the corresponding PDEs (2) and (7) can be omitted, and the governing equations of
the system reduce to:

JAψ̈(t) + 2ak

(
l2 +

a2

3

)
ψ(t) = kv

∫
T1

0

(l − a+ vτ1) ((l − a)ψ(t− τ1)− q(a, t− τ1)) dτ1

− kv

∫
T2

0

(
l +R cos

(
α+

v

R
τ2

))
((l + a)ψ(t− τ2)− (l − a)ψ(t− T1 − τ2)) cos(ωcτ2) dτ2

− kv

∫
T2

0

(
l +R cos

(
α+

v

R
τ2

))
q(a, t− T1 − τ2) cos(ωcτ2) dτ2

−
kv

ωc

∫
T2

0

(
l +R cos

(
α+

v

R
τ2

))(
vψ(t− τ2) + (l + a)ψ̇(t− τ2)

)
sin(ωcτ2) dτ2

−
kv

ωc

∫
T2

0

(
l +R cos

(
α+

v

R
τ2

))∫
τ2

0

(
l +R sin

(
α+

v

R
ϑ
))

ψ̈(t− τ2 + ϑ) sin(ωc(τ2 − ϑ))dϑ dτ2

−
kv

ωc

∫
T2

0

(
l +R cos

(
α+

v

R
τ2

))∫
τ2

0

2v ψ̇(t− τ2 + ϑ) cos
(
α+

v

R
ϑ
)
sin(ωc(τ2 − ϑ))dϑ dτ2 ,

(20)

which is coupled to (18). It can be seen that the substitution of the leading edge lateral deformation
q(a, t) leads to a neutral type distributed delay differential equation.

4 STABILITY ANALYSIS

One can substitute the exponential trial solutions ψ(t) = P eλt and q(a, t) = Qeλt into the linear
governing equations (18) and (20) and can calculate the characteristic function D(λ) of the system. Due
to its complexity, we do not present the formula of the characteristic function here.

Self-excited vibrations of the caster-wheel system can be identified where the rectilinear motion
becomes unstable. According to the D-subdivision method, the stability boundaries can be determined
if we substitute λ = iω into the characteristic function with the real positive angular frequency ω and
we separate its real and imaginary parts to be zeros. Unfortunately, the boundaries cannot be calculated
in closed form but by means of numerical methods, one can construct stability charts. For example,
using the multi-dimensional bisection method [17], stability boundaries can be determined in the multi-
dimensional parameter space of the model.

Figure 2 shows some of these boundaries in the v − l plane for the parameters a = 0.04m, R =
0.2m, k = 60 kN/m2, ρA = 0.4 kg/m and JA = 0.16 kg/m2, which are based on the laboratory
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Figure 3: The variation of the characteristic roots versus the towing speed

experiments in [14]. The boundaries characterize the domains, where different kinds of self-excited
vibrations occur with different frequencies. As it can be observed, lot of boundaries appear in the
investigated parameter domain.

Let us consider the caster length l = 0.5m, and let us show some properties of the emerging self-
excited vibrations against the longitudinal speed v. The characteristic roots having positive real parts are
shown in Figure 3 for the speed range 10 . . . 20m/s. As it can be observed, the self-excited vibrations
emerge in the whole speed range. The different projections of this chart are plotted in Figure 4. Both
very low (1 Hz) and higher (80 Hz) vibration frequencies can be identified in the figure. Of course,
our model does not consider the damping, which can strongly influence these result. The full stability
analysis in the presence of damping will be the task of future research.

5 TYRE DEFORMATIONS
To check the theoretical results and to obtain information about the tyre deformations, numerical sim-
ulation was carried out. The original IDE-PDEs system (8), (2) and (7) were discretized by means of
simple finite difference method. The number of spatial mesh points in the contact patch was chosen to
20 while outside the contact patch it was 300. The initial conditions for the numerical simulations were
set to zero initial caster angle and zero lateral deformations, but non-zero initial angular speed of the
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caster was considered.
Figure 5 shows the representative tyre deformation at different towing speeds, which speeds are

also marked in Figure 4. Obviously, as the wheel speed increases the number of the waves decreases
outside the contact patch, compare the deformations at the speeds 11.0 and 17.0 m/s. It is also worth to
observe that small variation in the towing speed can strongly influence the vibration frequencies and the
corresponding tyre deformations, see the cases that relate to the towing speeds 18.0 and 18.4 m/s.

6 CONCLUSION
A mechanical model was constructed to investigate the self-excited vibration of towed tyres. The delayed
tyre/ground contact model was implemented. Moreover, the lateral tyre deformation was also considered
outside the contact patch by means of the so-called brush model that also takes into account the mass of
the tyre particles.

The governing equations of the system were determined as an IDE-PDE system and were trans-
formed into the form of delay differential equations of the neutral type. It was shown that the interaction
of the contact patch and the non-contacting tyre particles lead to tyre vibrations with various frequencies
in a wide towing speed range. Although, damping was not considered in our study, some of the detected
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vibrations can be the origin of noise and heat generation in practice even in the presence of damping.
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Abstract

Shimmy is an engineering example of self-excited vibration. Much research on shimmy has consid-
ered the tyre as the positive feedback or negative damping to create instability of the entire system.
In this context, we focus on the relation between the energy balance, tyre motion and shimmy sta-
bility. The energy flow method is applied to the Von Schlippe tyre model to illustrate the energy
transfer through tyre during periodic excitations. It evaluates the tyre performance with a prescribed
sinusoidal motion and provides a novel approach in evaluating tyre models. A trailing wheel sys-
tem is used to study the tyre motion at the boundary of shimmy stability. The tyre motion at these
boundaries has to satisfy the condition that zero energy is transferred from the forward motion to the
lateral/yaw motion.

1. INTRODUCTION

As an example of self-excited vibrations in engineering, shimmy is an oscillatory, combined lateral-yaw

motion of an aircraft landing gear or an automotive steering system, which is caused by the interaction

of the dynamic behaviour of the structure and tyre. It is potentially dangerous and may result in severe

damage to the vehicle and aircraft. The research of shimmy has been carried out for decades, and it is

agreed that the tyre plays an essential role in this phenomenon.

Pacejka [7] and Besselink [1] investigated the shimmy phenomenon in detail and lots of attention

has been paid on tyre dynamic behaviour and its impact on the stability. In [10] and [5] the methods of

modelling, simulation and analysis of the aircraft landing gear shimmy are summarized and presented.

More recent research also focuses on the control [6] and bifurcation analysis [12] of shimmy.

The methods with a consideration of energy are also applied to shimmy analysis. Katayama and

Nishimi used the concept of energy flow from acoustic engineering to study the motorcycle wobble

mode, which resembles the shimmy phenomenon [3]. The energy flowing into the steering system was

considered coming from different so-called external torque channels. Each component can be deter-

mined by numerical simulations or eigenvector analysis. The stability estimation shows that the vibra-

tional energy is dissipated by the total tyre torque which is one of the channels corresponding to tyre

behaviour. Kovacs generalized this method to analyse shimmy for a mid-size truck with the software

package ADAMS R© [4]. Two designs were developed with components that effectively dissipate energy

to suppress shimmy both in simulations and a test vehicle. The author claims that a worn tyre adds en-

ergy to the system due to the relaxation behaviour, and a new tyre generally dissipates energy. In [1] the

energy flow method is used to evaluate the performance of an individual tyre component. The tyre moves

with a prescribed sinusoidal lateral and yaw motion with different amplitudes and phases, and produces

a lateral force and self-aligning moment as a response. The work that is done by these force and moment

in one time period can be used to analyse if the tyre is feeding energy into the lateral/yaw motion or vice

versa. An approach based on an energy balance is applied in [2] to study the influences of non-steady

state tyre cornering properties on automobile shimmy. The tyre model has been developed under the so-

called entry/adhesive condition, and translation, bending and twisting of the carcass are considered. The

energy is calculated using transfer functions, however, only the yaw motion of the wheel is considered

in their research.

Among all this research, probably the most popular tyre model is the stretched string tyre model

with a finite contact length. Lots of variations are developed through different approaches to model the

string deflection. Pacejka used the leading contact point to approximate the string deflection, which is
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referred as the straight tangent model [7]. An excellent approximation considers the string as a straight

connection between the leading and trailing edges in [13], introducing a pure time delay in the model

equation. Segel derived the frequency response characteristics without any restriction to the shape of the

contact line, which leads to the exact solutions of the stretched string model [9]. In [11] the sliding zone

of the contact line is also taken into account and results in the micro-shimmy vibration.

The aim of this paper is to study the energy transfer and tyre motions during shimmy. It is clear that

the tyre is a passive element that never generates energy and the structure is conservative when neglecting

the damping. The occurrence of the instability implies that interaction of the structure and tyre has to

form a positive feedback and the tyre acts as an energy transmitter to feed energy into the lateral and yaw

motion. Therefore the performance of tyre models in terms of energy and its path dependency become

important to understand the mechanism of shimmy .

The paper is organized as follows: first the Von Schlippe tyre model is chosen in our study and its

transfer functions of force and moment with respect to the input motion are presented in Section 2. In

Section 3, the energy flow method is applied to illustrate the energy transfer through tyre during one

period of vibration and its relation with stability. Finally the shimmy analysis will be conducted with a

trailing wheel suspension to study the tyre motions and energy transfer at the stability boundary.

2. VON SCHLIPPE TYRE MODEL

In the Von Schlippe tyre model, the contact line is considered to be a straight line connecting the leading

and aft contact points [13]. Due to the facts that it matches excellently with exact solution,and has a clear

physical interpretation of the deformation at the contact line, it is selected in this study.

A top view of the stretched string and its Von Schlippe approximation is given in Figure 1. In this

approach the tyre is considered as a massless string under a constant pre-tension force and it is uniformly

supported elastically in the lateral direction. The string contacts the road over a length of 2a; for this

contact region the assumption is made that no sliding occurs with respect to the road. Furthermore it

is assumed that the angles under consideration remain small. The kinematic constraints of the rolling

tyre imply that the string in the contact region follows the leading contact point, resulting in a retardant

behaviour of points on the ground contact line. The lateral deflection of the string outside the contact

line will gradually tend to zero. Since no bending stiffness is considered in the string, a kink in its

lateral deformation will only occur at the aft contact point. In the Von Schlippe model, a straight line

connecting the leading and aft contact points approximates the contact line. The lateral force and self-

aligning moment applied to the rim can be determined by integrating the lateral tyre deflection of the

string with respect to the rim.

For the detailed model description, a reference is made to the book of [8]. Here we only give the

governing equation of the lateral position of the leading point with respect to the ground:

σ
V

ẏ1 + y1 = yc +(σ +a)ψ (1)

Due to the delay effect and non-sliding assumption, the lateral position of the aft contact point will be

identical to the leading contact point, once the tyre has moved a distance 2a forward. In the time domain

this equation becomes:

y2(t) = y1(t − 2a
V

) (2)

In these equations, y1 and y2 are the lateral position of the leading and aft points of the contact line with

respect to the road, σ is the relaxation length of tyre, V is the forward velocity, yc and ψ are the lateral

and yaw motion at wheel center.

The lateral force Fy and self-aligning moment Mz can be determined from the deflection of the contact

patch with respect to the wheel plane. Only the transfer functions of Fy and Mz with yc and ψ as input

are presented here: [
FY (s)
MZ(s)

]
=

[
H11(s) H12(s)
H21(s) H22(s)

][
YC(s)
Ψ(s)

]
(3)
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Figure 1 The Von Schlippe approximation and the
deformation of the contact line (top

view)

Figure 2 Force and moment of Von Schlippe tyre
model, at wheel center and contact line

where s is the Laplace variable and the transfer function matrix reads:

H11(s) = HFy,yc(s) = cv

(
2σ s

V +1− e−
2as
V

2(σ s
V +1)

)

H12(s) = HFy,ψ(s) = cv

(
(σ +a)(1+ e−

2as
V )

2(σ s
V +1)

)

H21(s) = HMz,yc(s) =−cβ

(
1− e−

2as
V

2a(σ s
V +1)

)

H22(s) = HMz,ψ(s) =−cβ

(
2aσ s

V − (σ −a)+(σ +a)e−
2as
V

2a(σ s
V +1)

)

cv and cβ are the lateral and yaw stiffness of the center of the center of the contact line.

As a result the Von Schlippe tyre model can be interpreted physically as: a two-point follower moves

along a path which is defined by the lateral and yaw input see equation (1), and the stiffness of the carcass

is replaced by a lateral and a yaw springs.

The frequency response functions for the force and moment constitute the response to sinusoidal

motion of the wheel and then can be easily obtained by replacing the Laplace variable s by jω in the

transfer functions, where ω is the frequency of the input motion. As tyre behaviour is essentially path

dependent when ignoring tyre inertia, the path wavelength λ is introduced (λ = 2πV
ω ), such that the above

frequency responses are functions of λ and the tyre parameters.

3. THE ENERGY FLOW METHOD

In the case of shimmy, the energy to drive the lateral and yaw motion can only originate from the vehi-

cle’s propulsion system, indicating a transformation of energy from forward motion into lateral and yaw

oscillations through the tyre. The energy flow method, initially proposed by Besselink in [1], was used

to evaluate the performance of energy transfer when the tyre moves under a sinusoidal input. The tyre

is considered to roll freely, without driving or braking torques, and travel at a constant velocity V . The

forces and movement of the Von Schlippe tyre model are presented in Figure 2, where Fy and Mz are the

lateral force and self-aligning moment at the contact patch discussed in Section 2; at the wheel center
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Fd is the driving force from the propulsion system and further Fa and Ma are the resulting force and yaw

moment from axle to wheel.

3.1 Energy transfer through tyre

A basic assumption of the stretched string model is that no sliding occurs between the tyre and road, so

no energy is lost at the contact patch. The work that has been done by the force and moment at the wheel

center causes the change of energy inside the tyre:

Fa cosψ ẏcdt +Fdẋcdt +Maψ̇dt = dU +dEk (4)

Here dU is the change of potential energy due to the elastic deformation of the carcass, and dEk is the

change of kinetic energy of the tyre.
With the force and moment equilibrium, we have:

Fa =−Fy cosψ
Ma =−Mz

}
(5)

Substituting (5) into (4) leads to:

Fdẋcdt = Fy cosψ ẏcdt +Mzψ̇dt +dU +dEk (6)

Integration over one cycle of the periodic oscillation with constant amplitude will eliminate both U
and Ek due to the periodicity of the displacement and velocity. Consequently the expression reduces to:

∫ T

0
Fdẋcdt =

∫ T

0
(Fy cosψ ẏc +Mzψ̇)dt (7)

where T is the period of one shimmy vibration. Since the yaw angle ψ is assumed to be small in the Von

Schlippe model, we set cosψ ≈ 1 and define the shimmy energy as follow:

W =
∫ T

0
(Fyẏc +Mzψ̇)dt (8)

It should be mentioned that the definition of the shimmy energy W is only valid for periodic oscil-

lations with a constant amplitude and can be calculated over any time interval with period of vibration

T .
Obviously W determines the energy flow through the tyre. When it is positive the energy is extracted

from the forward motion to drive the sustained lateral and yaw vibrations; shimmy is possible to occur.

On the contrary the energy is fed into longitudinal direction when W < 0, which reduces the amplitude

of lateral/yaw oscillations.

3.2 Zero energy boundary

In order to connect the energy flow and the tyre motion, the tyre is presumed to undertake a prescribed

sinusoidal lateral and yaw input with the same radial frequency ω but different amplitudes and phase:

yc(t) = Aη sin(ωt +ξ )
ψ(t) = Asin(ωt)

}
(9)

In these equations, A is the amplitude of the motion, η is the amplitude ratio. If η is zero, only a yaw

input is considered; with increasing η the relative magnitude of the lateral motion increases. The relative

phase angle ξ indicates the phase lead of the lateral motion with respect to the yaw motion.
The calculation of shimmy energy under a sinusoidal input will be reduced according to the frequency

response functions. First we determine the absolute value and phase angle of the frequency response

functions as:

Hmn = |Hmn( jω)|,θmn = � Hmn( jω); m,n = 1,2
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The steady state responses of force and moment under the sinusoidal input in (9) are also harmonic

waves with the same frequency but different amplitude and phase. As a result, the shimmy energy can

be calculated as follows:

W =W11 +W12 +W21 +W22 (10)

where

W11 =
∫ T

0

(
AηH11 sin(ωt +ξ +θ11) ·Aωη cos(ωt +ξ )

)
dt

= πη2A2H11 sinθ11

W12 =
∫ T

0

(
AH12 sin(ωt +θ12) ·Aωη cos(ωt +ξ )

)
dt

= −πηA2H12 sin(ξ −θ12)

W21 =
∫ T

0

(
AηH21 sin(ωt +ξ +θ21) ·Aω cos(ωt)

)
dt

= πηA2H21 sin(ξ +θ21)

W22 =
∫ T

0

(
AH22 sin(ωt +θ22) ·Aω cos(ωt)

)
dt

= πA2H22 sinθ22

are the components of the shimmy energy determined from the integration over one time period of the

production of the force or moment due to lateral or yaw input motion and the corresponding velocity.

Case I: pure yaw input

Firstly let us consider a simple case where only yaw input of the wheel exists (η = 0). Then the sign of

the shimmy energy

W =W22 = πA2H22 sinθ22 (11)

only depends on the angle θ22 of the corresponding frequency response function, which is a function of

the wavelength λ . Therefore the shimmy energy can be also expressed by the dimensionless wavelength

a/λ as shown in Figure 3. For large wavelength that is the practical range for shimmy, the shimmy

energy under only the yaw input is positive, which means that the tyre is transferring energy from the

forward motion into yaw motion. The shimmy energy changes quadratically with the amplitude of the

input motion (see equation 11);the larger the shimmy energy is, the more tendency of shimmy will occur.

After the critical wavelength λ ∗ ≈ 20a, at which the shimmy energy changes sign, the tyre is extracting

energy from the yaw motion. It is concluded that shimmy can only occur at relatively large wavelength,

which also agrees with the knowledge of shimmy frequency in practice.
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Case II: pure lateral input

In case of only lateral input, all the energy components vanish except W11. The shimmy energy with

respect to the wavelength is also depicted in Figure 3. It persists to be negative over the practical wave-

length range. In this way we confirm that the tyre will never provoke shimmy when only a lateral degree

of freedom is available.

Combined inputs

In the above case studies, the frequency responses of the shimmy energy for a pure yaw and a pure lateral

input are discussed. It can be found that in order to maintain the prescribed sinusoidal motion, the tyre

acts as an energy transmitter between forward motion and lateral/yaw motion. However when shimmy

in a landing gear or an automotive steering system arises, the motion of tyre consists of lateral and yaw

movements, which are couple by the dynamics of the suspension structure. Accordingly the coupling

terms of shimmy energy W12 and W21 start to affect the total energy balance and the combination of lateral

and yaw motion becomes more important to determine the tyre behaviour in energy transfer. Instead of

examining the all the energy components with respect to the wavelength, it is more efficient to focus

on the zero energy boundary with different amplitude ratio η and phase difference ξ . As referenced

previously if the sinusoidal inputs in (9) are presumed, it can be proved the zero energy dissipation per

cycle of the straight tangent tyre model displays as a circle in a polar plot, where the distance to the origin

is η and the angle to the positive x-axis represents ξ [1].

With the shimmy energy expression of the Von Schlippe model in (10), the zero energy boundary in

the polar plot is solved by setting W equals to zero which gives:

η =
H12 sin(ξ −θ12)−H21 sin(ξ +θ21)±

√
Δ

2H11 sinθ11
(12)

where

Δ =
(

H12 sin(ξ −θ12)−H21 sin(ξ +θ21)
)

2 −4H11H22 sinθ11 sinθ22

These boundaries at different wavelength are presented in Figure 4. Inside these circles W is greater

than zero and energy is fed into the lateral/yaw motion: shimmy is possible to occur. The origin of the

plot where η = 0 corresponds to the case of the pure yaw input. For the large wavelength (λ = 40a)

the origin is inside the circle, and it moves outside when the wavelength becomes short (λ = 10a). It is

consistent with the observation of the critical wavelength in Figure 3 as the transition point of stability.

The case of pure lateral input can be approximated by letting η go to infinite where is always outside

the boundary circle. This also agrees with the previous case study showing the tyre is exacting energy

from the lateral motion and making the system less tendency to shimmy when only the lateral input is

considered.

4. APPLICATION OF THE SHIMMY ANALYSIS

In the previous study, the energy flow method illustrates the energy transfer when the tyre moves with a

prescribed lateral and yaw input. In the real shimmy phenomenon, the tyre motion is constrained by the

dynamics of the suspension, and the stability are determined by the entire system. In this section, we are

going to use a simple suspension system, as displayed in Figure 5, to illustrate the relation between the

energy flow method and the stability.

4.1 Stability with only yaw degree-of-freedom

First only the yaw motion of the suspension is considered. It simplifies the tyre motion since the lateral

and yaw motion are either in-phase or out-of-phase depending on the mechanical trail e. This corresponds

to the cases that ξ equals 0 and π in the energy flow method.

Without presenting the equations of motion of the trailing wheel system, the stability as a function

of the forward velocity and the mechanical trail is shown in Figure 6. No damping coefficient of the
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Figure 5 Model of the trailing wheel suspension
(top view)

suspension is present in the calculation and the stability of the system is determined by the eigenvalue

calculation. It is stable only if the maximum of the real part of the eigenvalues remains below zero.
Attention is paid to the two boundaries, labeled as B1 and B2 in Figure 6. Critical vibration modes

with different velocities, i.e. V = 20,70 and 120 km/h, are listed in Table 1. Since at these critical

points the real part of the eigenvalues vanishes, the motion of tyre is periodic vibrations with a constant

amplitude. The amplitude ratio and phase difference of the lateral and yaw motion can be calculated, and

used as input to the energy flow method. The result illustrates that the points on the stability boundary are

mapped as the intersections of the energy boundary circles and the axes where ξ is 0 and π in Figure 7.

The vertical line of stability boundary (B1) in Figure 6 is mapped as a single point in the polar plot

(dashed circles), while another boundary (B2) corresponds to a series of points moving along the axis

with the change of velocity.
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4.2 Stability with lateral flexibility

When the lateral flexibility of the suspension is considered, the motion of the tyre becomes complex with

an arbitrary value of ξ . The stability of the system as a function of mechanical trail and yaw stiffness,
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Table 1 conditions at the boundary of stability, without lateral flexibility

Boundary Velocity [km/h] Mechanical trail [m] Frequency f [Hz] Wavelength λ /a η ξ

B1

20 0.5278 10.8526 11.4266 0.5278 π
70 0.5278 10.8526 39.9930 0.5278 π
120 0.5278 10.8526 68.5594 0.5278 π

B2

20 0.2158 14.4359 8.5903 0.2158 π
70 -0.0049 19.0473 22.7869 0.0049 0

120 -0.0218 18.9384 39.2878 0.0218 0

at three different velocities, are shown in Figure 8. From these plots, we can see the changes of two

boundary curves (B3 and B4) with respect to the velocity. The boundary of B3 seems to be invariant

against the velocity, whereas B4 reduce its curvature as the velocity increases.
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Using the same technique as above, critical vibration modes with different yaw stiffness (kψ =
10,20 & 30kNm/rad) are listed in Table 2. Only the case that the forward velocity is 70 km/h is presented

in this paper.

Table 2 conditions at the boundary of stability, with lateral flexibility, V = 70km/h

Boundary kψ [kNm/rad] Mechanical trial [m] Frequency Wavelength λ /a η ξ

B3
10 -0.0215 16.8239 25.7983 0.5278 π
20 0.0570 15.9469 27.2170 0.5278 π

B4

10 0.0043 13.4979 32.1553 0.1978 1.4448π
20 0.0152 19.1045 22.7186 0.1420 0.5301π
30 0.0010 23.3440 18.5927 0.0401 0.4961π

It turns out all the critical vibration modes on B3 are mapped into a same point as B1 when only yaw

motion is considered, see the dashed circles in Figure 9. Although the frequency of the critical modes

varies along the boundary B3, the amplitude ratio and phase difference of the yaw and lateral vibration

remain the same.
From (1) which governs the motion of the leading point at the contact line, it can be found that if

the lateral motion of the wheel center has a amplitude factor σ +a and phase leading π with respect to

the yaw motion, the lateral motion of the leading point vanishes. It is equivalent to the situation that a

yaw oscillation of the wheel center is considered around an imaginary steering axis located at a distance

σ +a in front of the wheel center. The contact line remains straight and aligns with the line along which

the imaginary axis moves with a velocity V .
On the other boundary B4, however, the path wavelength and the motion of the wheel do not show a

clear pattern. But it also can be confirmed that the shimmy energy is zero if these critical modes are used

as the input of the energy flow method, see Figure 9.
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5. CONCLUSIONS

A connection between the energy balance, tyre motion and stability is studied in this paper. By means

of evaluating the performance of the tyre under periodic motion, the energy flow method demonstrates

that the energy can be transferred between the forward and lateral/yaw motion due the tyre dynamic

response. In the case of pure input, the energy flow only depends on the phase difference between the

force/moment response and the corresponding input. Shimmy can only occur for yaw input at large path

wavelength since the moment has a leading phase response with respect to the yaw motion. When under

the combined lateral and yaw input, the shimmy energy then is determined by the both inputs as well as

the path wavelength. The zero energy boundary is represented as a circle in the polar plot. Instability

occurs inside the circles where W > 0.

The comparison between the zero energy circles and the stability analysis of a trailing wheel system

indicates that all the critical vibration modes on the stability boundary correspond to the zero energy

transfer situations in the energy flow method. For both cases that with and without lateral flexibility, a

velocity-independent boundary can be mapped into a unique point in the polar plot. Effectively the tyre

swings around an imaginary steering axis located at a distance σ +a in front of the wheel center and the

contact line only move forward.

Our study provides a novel interpretation of shimmy from an energy point of view. Instability appears

when the energy is extracted from the forward motion to drive the lateral and yaw vibration through the

tyre, which is caused by the relative motion between the wheel center and contact line. Furthermore the

energy flow method can be used to evaluate the tyre model performance for shimmy analysis since the

the zero energy boundary corresponds to the stability boundary in shimmy analysis.
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Abstract – This paper deals with the dynamic measurement characteristics of wheel force 
sensor. Tests on servo-hydraulic shaker test bench and on four post test bench have shown 
the influences of tyre and suspension and defined the limitation of this measurement. With 
three simulation models of different level of detail, the dynamic measurement characteristics 
are explained by simulation in comparison with the test results. A compensation method is 
examined according to the acquired understanding of this system. The limiting of WFS in 
dynamic measurement can be extended to higher frequency range.

1 INTRODUCTION
Driving test, bench test in laboratory, and numerical calculation in dynamic simulation are widely
undertaken in the vehicle development for improving ride comfort, drive safety and handling of the 
vehicle. Driving test and bench test can represent the system dynamic behaviour in reality or in a 
controlled environment. But it is more efficiently to study the influence factor for a better understanding 
of its interdependencies in simulation. The problem is, that the quality of the simulation is strongly 
dependent on the knowledge and experience of the user. Only a correct application in simulation can 
produce usable results. Because of the complexity in vehicle dynamic test, the information deficit 
between test and simulation may exist. Therefore the demand of using advanced measurement 
technology to help analyzing and correctly modelling the corresponding dynamic simulation models is 
constantly increasing thanks to the advancement in electronics and sensor technology. 

Tyre is the only interface between road and ground vehicle that transfers all forces and moments coming 
from the ground. The measurement of tyre forces and moments is important for in vehicle and tyre 
development, vehicle dynamic control and many other related areas like fuel consumption optimization
and so on. To measure the forces and moments in three space directions as close as possible to the tyre 
contact area, the original hub can be replaced by the tyre test instrument wheel force sensor(WFS) or so 
called measuring rim. Nowadays wheel force sensor can achieve a very high accuracy and resolution by
using a combination of multiple sensing elements in delicate designed structure and by implementing 
other innovative measurement technologies. 

Despite the fact of the high accuracy the wheel force sensor itself can reach today, in some 
circumstances the measured forces and moments can still not be easily regarded as the tyre forces at the 
road contact area. For instance because the sensor is mounted between the hub carrier and the rim, the 
dynamic part of the tyre vertical load can be missing during the measurement with the vertical 
acceleration of the most part of the wheel[1][2]. Besides that the measured forces also have to be 
transferred under the complex influences of the tyre. Due to lack of understanding of its measurement 
dynamics, the difference between forces and moments at tyre contact area and the measured values from 
wheel force sensor may become so great, that the accurate sensor can’t be able to give out accurate 
measurement result anymore. In the research of the tyre and suspension model for vehicle vertical 
dynamics, it is observed in Figure 1 that the amplitude and phase difference between the vertical forces 
from the wheel force sensor and from the tyre contact area already start to alter after the car body 
eigenfrequency. The observed difference has increased to a level of about 60 % in amplitude and about 
30 degree in phase. There are also some clear changes above 15 Hz, what interestingly corresponds to 
the wheel eigenfrequency. This dynamic behaviour varies with the change of suspension damping rate 
as well [3][4].
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Figure 1: Transfer function between wheel load from wheel force sensor(rim) and vertical force at tyre contact 
area(post force) dependent on different passive damper setting[4].

This phenomenon indicates that the tyre and suspension system can both have a great influence on the 
dynamic measurement characteristics of the wheel force sensor. Therefore this research was motivated 
in order to get a physical understanding of this system and to find a solution to further increase the 
accuracy of the measurement.

2 TEST METHODS AND TOOLS

2.1 Methodology
Within the context of this paper presented, the research of dynamic measurement characteristics of WFS 
in vertical tyre load transfer was conducted. Three analytical models of the suspension considering the 
wheel force sensor were introduced by using the combination of mass, linear spring and linear damper 
elements with different level of detail. The more detailed analytical models for simulation have taken 
the tire belt mass and tire structure into consideration after the discussion of various forms of force 
transfer in this measurement system. Furthermore the transfer functions of each model were calculated 
by solving the state space formulation. To validate the validity of these simulation models, two dynamic 
tests were performed. Focusing upon the tyre, the WFS and the wheel alone were installed onto a
servo-hydraulic shaker test bench for analyzing the influence of tyre structure on the dynamic 
measurement characteristics of WFS. Afterwards test for the whole tyre-vehicle-suspension system was
performed on a four post test bench as well. The results were analyzed by comparing the simulation
outcome with the test results. Based on the acquired knowledge, a compensation method was discussed.

2.2 Wheel force sensor
In this research the wheel force sensor from A&D Europe GmbH is used to measure the force on the 
wheel hub. As shown in Figure 2, the sensor can be adapted with a hub adapter and an adapting rim to a 
variety of wheel dimensions. With a sensor mass of 3.82 kg, the total wheel weight with adaption and 
WFS was increased from 27 kg to 29 kg in this work, which means an additional 7.4 % of original 
weight. For the application in real driving situation or on a test bench with rotating wheel, the measured 
values have to be transferred from the rotating coordinate system of the sensor to the non-rotating 
coordinate system of the wheel with the help of the signals from a rotary transmitter. The output values 
of WFS are forces and moments in all three space directions, wheel rotating speed and angle. In 
appendices the specifications of WFS are listed in table 1 [5].

Because of the kinematic and elastic characteristics of the suspension system during driving and 
steering, the coordinate system of the wheel will keep moving relative to the ground or to the car body. If 
a additional correction of the coordinate system is needed, it is also possible by integrating the WFS with 
wheel position sensor (WPS) and laser ground sensor (LGS) to get most of the state information during 
dynamic driving test. WPS uses several parallel rod systems with five individual angular position sensor 
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to calculate the wheel displacement in all three directions and the three wheel rotation angles relative to 
the car body. LGS can determine the camber angle of the wheel, the pitch angle of the body and tyre 
radius relative to the ground by using three laser distance sensors. With another two laser Doppler
sensors, the velocity at the wheel over ground in longitudinal and lateral directions can also be measured
[6][7].

Figure 2: left: WFS with rotary transmitter, rim- and hub adaption; right: WFS integrated with LGS and WPS on 
test vehicle (Pictures from A&D Europe GmbH)

With carefully positioned sensing elements made by strain gauge and a special designed sensor 
structure, the signals from each sensing elements can be re-composed based on a verified calibration 
model on real-time DSP platform. That means, each sensing element does not measure one force or 
moment component directly. On the other hand, the measurement is realised through the calculation of 
multiple sensor signals with a calibration model. In this way, the generally unavoidable crosstalk effect 
can be significantly reduced. In the design of every single sensing element, the temperature influence on 
the measurement is also considered and minimized. To increase the signal quality even further, a A/D 
conversion happens directly in the sensor at 10 kHz. This early digitalization of measured signal can 
contribute to a better noise performance and the measurement can be recorded with a sampling rate of 1
kHz. A high precision A/D conversion also assures, that the mechanical structure of the sensor can be 
built as stiff as possible for having a better sensitivity and dynamic performance at the same time.
According to the test from the manufacturer shown in Figure 3, the sensor was fixed to a very stiff metal 
foundation, a hammer strike was applied to the sensor to start a free vibrating process. The test result 
recorded with a sampling rate of 10 kHz can indicate that the eigenfrequency of the system is even over
2 kHz, which is far over the normal application range in vehicle and tyre dynamics. By taking the peak 
frequency together with the measurement result in time domain and the known mass of the sensor, a 
approximation to the stiffness and damping ratio of the sensor can be obtained for the later simulation.
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Figure 3: Measurement of force in time and frequency domain from WFS in hammer test 
(Data from A&D Europe GmbH)

2.3 Servo-hydraulic shaker test bench
Servo-hydraulic shaker test bench was used to analyze the dynamic measurement characteristics of 
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WFS under the influence of tire structure and to identify the suggested tyre simulation models. During 
the test, the wheel with WFS was fixed to a solid basis at the centre and the shake was controlled by 
hydraulic system to stimulate the tyre at the contact area with a amplitude of 1, 2 and 5 mm in a 
frequency range from 0.5 to 70 Hz. Moreover the tyre was tested with three various tyre pressures of 1.5, 
2.5 and 3.5 bar. Here two forces from the shaker and from the WFS were measured respectively together 
with the movement signal from the test bench. In order to obtain the force at the contact area accurately, 
a free test without wheel was also conducted from 1 to 100 Hz. In this way the mass between contact 
area and the sensing element was identified by the dynamic force dynF and the movement of the shaker 

shakerz by

2
shaker

dyn
comp

F
m

Z
.

Afterwards the force at tyre contact area for the tyre test was corrected by
2

contact shaker comp shakerF F m Z ,

where shakerF is the measured force from test bench.

Figure 4: Tyre test on a servo-hydraulic shaker test bench with WFS

2.4 Four post test bench
Dynamic measurement on four post test bench is aimed to study the characteristics of WFS similar to 
real driving situation under the complex influence of the suspension system. It is like an extension of the 
test on servo-hydraulic shaker test bench, but with a complete vehicle standing on four hydraulic 
controlled shaker. Here all four wheels were stimulated with the same excitation signal, and the test 
result can be compared with a simplified one-fourth vertical vehicle dynamic simulation model, 
although the coupling effect between different wheels may still exist to a certain level. During the test, 
the tyre contact force was also measured from the test bench after the same mass correction method by 
servo-hydraulic shaker test bench. Besides that, the force from WFS, the shaker movement from the test
bench and the vertical acceleration at wheel hub from mass-production sensor were also recorded during 
the test with a linear sine sweep signal from 0.1 to 30 Hz, while the eigenfrequency of the car body and 
the wheel are all included within this range. It is to mention that the quality of the recorded acceleration 
signal may be limited by the specification of the mass-production sensor. And the test vehicle has a firm
spring and middle firm (ID= 900 mA) damper setting. 

3 MODELLING
In order to understand the dynamic measurement characteristics of the WFS, three analytical models
were built in this work. At this step, it was aimed to find the possible influence factors in tyre and 
suspension on the dynamic measurement. Therefore all elements in simulation models were built with 
mass, linear spring and linear damper as shown in Figure 5. The test results were used afterwards to 
identify the parameters with a strong simplification. For the servo-hydraulic shaker test bench, the 
centre of the wheel was fixed to a solid basis which can be illustrated by the dash line, the tyre and the 
WFS were located between road excitation and the fix point. The simulation models for 1/4 vehicle 
vertical dynamic model are demonstrated with body mass, spring and damping element of the 
suspension.
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3.1 Modelling of tyre and WFS

Model 1 (wheel)
Under the assumption that the dynamic part of the tyre load can be missing because part of the wheel 
mass including tyre, rim, and part of the WFS are moving between road and the WFS, this part of wheel
can be considered as one concentrated mass element with tyre spring and damping in Model 1. This part 
of mass W1m weights 29kg. Although the dynamic tyre stiffness and damping can change with different 

amplitude and frequency of excitation under the complex influences of rubber friction and air 
compression in a certain range. To simplify the analytical simulation at this step, tyre stiffness WFSk was

estimated with the test result on servo-hydraulic shaker test bench to be 250 kN/m by 1.5 bar, 390 kN/m 
by 2.5 bar and 420 kN/m by 3.5 bar and damping WFSd was estimated to be 80 Ns/m. Because of the

high eigenfrequency of WFS, the stiffness WFSk and damping WFSd of WFS are not sensitive to the

result in this study.

Model 2 (wheel+tread)
If part of the tyre like tread and side wall can be considered as one independent mass, in model 2 the 
mass W1m will be divided into T2m and W2m . According to the measured force transfer behaviour 

shown in the next chapter, the mass T2m can be estimated by the peak frequency of the force transfer

with the known tyre stiffness SW2 SW1k k to be 6 kg and W2m 23 kg accordingly. The tyre damping 

SW2d can regulate the amplitude at the peak frequency, therefore it can also be determined by the test 

result to be 80 Ns/m. For this simulation, the tread stiffness T2k do not play any role in the dynamic 

force transfer in interested frequency range. 

Model 3 (wheel+tread+sidewall)
The third model assumption is that the force transfer of the tyre can be realized through tyre side wall 
and air pressure. Therefore a spring element airk was used to simulate the effect of the air pressure, and 

the tread mass T3m and mass of sidewall SWm were meant to simulate the local dynamic movement in 

the tyre. For the dynamic force transfer behaviour on the servo-hydraulic shaker test bench, the tread 
mass T3m can be estimated in the same way as by model 2 to be 6 kg, the tyre stiffness caused by air 

pressure airk is the same as the other two models and the side wall damping SW3UPd to be 80 Ns/m.

Other parameters like side wall mass SWm , side wall stiffness SW3UP SW3LOW,k k cannot be easily 

estimated in this test because of their low sensitivity in test results. But the result from four post test 
bench in next chapter has shown, that the local movement of sidewall mass can possibly affect the 
difference between tyre load at contact area and the measured vertical force from WFS. The author 
estimates, that an extended measurement of acceleration at different location of the tyre on four post test 
bench can contribute to an improvement of the parameter identification of this model.
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(a) Model 1(wheel) (b) Model 2(wheel +tread) (c) Model 3(wheel +tread +side wall+air)
Figure 5: Schematic of simulation models

3.2 Modelling of 1/4 vehicle model
Combine the above described tyre and WFS models with the remaining unsprung mass from suspension 

SUSm , the shared vehicle body mass Bm , the suspension stiffness SUSk and damping SUSd , simplified 

one-fourth vertical vehicle dynamic simulation models were built. Because of the strong simplification 
of the non-linear suspension system, the target of this work is firstly to see whether the suspension 
characteristics can influence the dynamic measurement of WFS. If the influences exist, the causes and in 
which direction the influences can be should be explained. When the working operating range of one 
simulation model is validated, the model can be further applied in simulation environment to predict the 
measurement of WFS in dynamic test and to help compensating the measurement result.

4 RESULTS

4.1 Servo-hydraulic shaker test bench
The test results from servo-hydraulic shaker test bench and the simulation results of three models are 
shown in Figure 6. It can be seen from the test results, that the transfer function between force from WFS 
and force at tyre contact area starts to go up rapidly in amplitude start from about 10Hz. At 30 to 50 Hz 
it can reach a maximum of about 20 times with a phase change of about 180°. The peak of this transfer 
behaviour can be affected by the change in tyre stiffness caused by different tyre pressures. Afterwards 
the difference in force transfer drops to less than 100 % quite rapidly. Due to the fact that these tests 
were performed at several constant frequencies, the accuracy of the transfer function at the frequencies 
in between cannot be completely assured, especially when there is a steep gradient. Even so, it can be 
seen that the results of different amplitude of excitation still match perfectly at most of the frequencies 
with each other. The change of their maximum can be explained by the  excitation dependent relative 
damping affected by the rubber friction and a shift of eigenfrequency caused by the frequency dependent 
dynamic tyre stiffness. 

The simulation results with the three above mentioned models have shown, model 1 without further 
description of the tyre structure cannot simulate the observed dynamic transfer behaviour. With the help 
of WFS, it is proved that the tyre thread mass can influence the force transfer in this test. Model 2 and 
model 3 are able to simulate this characteristic with a satisfactory accuracy until about 60 Hz. Another 

fact to mention is that for different tyre pressure only the tyre stiffness SW2k in model 2 and the stiffness
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airk caused by air pressure in model 3 are needed to be adjusted according to measured value. The
deviation in amplitude at high frequency and in phase is supposed to be affected by the non-linearity of 
the tyre stiffness and damping. By using a validated tyre model with description of the non-linear effect, 
the quality of the simulation is supposed to be further improved.
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Figure 6: Transfer function between force from wheel force sensor(rim) and force at tyre contact area(shaker
force) with tyre pressure of 1.5, 2.5 and 3.5 bar, and deflection amplitudes 1, 2 and 5 mm

4.2 Four post test bench
The results from four post test bench are shown in Figure 7. It is clear to see, that the measured vertical 
force from WFS varies with the excitation frequency. The simulation results have shown, that with a 
strong simplification of the vertical dynamic model, the amplitude and frequency relevant stiffness and 
damping in suspension system make it impossible to reproduced the test result at any frequencies. A 
complete identification and modelling of the whole system still require more efforts, but with the 
already identified parameter and by comparison with the test results, the linear simulation model can 
still explain some of the important influence factors.

At low frequency range the vertical force from WFS can represent the tyre load at contact area with 
small phase difference until about 4 Hz. The difference in amplitude of force in the range of car body 
eigenfrequency (1 Hz to 4 Hz) can be explained by the missing mass between WFS and the ground. If 
the non-linearity of the suspension is considered, all three models are supposed to simulate this system 
till the range of car body eigenfrequency.

In the range of 4 Hz to 15 Hz between car body eigenfrequency and wheel eigenfrequency it can be seen, 
that the damped vibration of the car body works like a relative solid basis, which lead to 20 % increase of 
measured force. It can also be explained with the help of three simulation models that this increase in 
difference of force measurement is dependent on the unsprung mass, body mass and is very sensitive to 
the suspension stiffness and damping. After the range of body frequency the body and wheel starts to 
move in an opposite phase with a increasing of wheel acceleration.

Above the wheel eigenfrequency of about 15 Hz, it is observed that the difference in tyre load 
measurement drops dramatically to just about 50% with a phase change of about 50 degree. The 
simulations have shown, that it is caused by the stable phase difference between body and wheel with a 
descending of wheel acceleration after wheel eigenfrequency. The 50% corresponds to the mass 
distribution of the unsprung mass over WFS and under it. From this point, model 1 can no longer 
describe the phase change of the force difference. At high frequency, the tyre structure dominates the 
dynamic measurement characteristics of WFS, independent mass of tyre tread or side wall is needed. An 
locally amplitude and phase change in the dynamic measurement is also found at about 16 Hz. Here 
model 2 without fine description of tyre side wall mass will not be able to simulate this change, at even 
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higher frequency, the difference in amplitude also cannot be explained by model 2. The assumption of  
linear model 3 can qualitatively describe all observed dynamic changes in the measurement. The 
identification of the non-linearity of the system is supposed to further improve the quality of the 
simulation. Without a detailed simulation model, additional sensor information is still needed for the 
estimation of dynamic wheel load .
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Figure 7: Transfer function between wheel load from wheel force sensor (rim) and vertical force at tyre contact 
area (post force), ID=900mA (middle), tyre pressure 2.55bar

5 COMPENSATION
According to the acquired knowledge from test and simulation, the missing part of the measurement in 
dynamic load at tyre contact area can be compensated with additional acceleration signals in an inverse 
model. Even the identification of the tyre structure is not always a easy task, a compensation of 

measurement from WFS _Z WFSF is still possible with hubZ from an acceleration sensor at the wheel hub

and the mass Wheelm between WFS and the ground by

Z_contact_compensated _ WheelZ WFS hubF F m Z .
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Figure 8 has shown, that the difference in forces is comparable to the product of wheel hub acceleration 
and the mass between WFS and the ground. Because of the limited accuracy of the mass-production 
sensor, the lack of low-frequency information with linear sine sweep input and possible error in phase of 
each signal, the value to be compensated still cannot completely match the acceleration signal.

1 2 5 10 15 20 30
0.4
0.6
0.8

1
1.2

Frequency in Hz|F
z/F

z, C
on

ta
ct

| i
n 

N
/N

WFS
compensated

1 2 5 10 15 20 30
-80
-60
-40
-20

0
20

Frequency in Hz(F
z, W

FS
/F

z, C
on

ta
ct

) i
n 

Figure 9: Transfer function between wheel load compensated with hub acceleration and vertical force at tyre 
contact area(post force), ID=900mA(middle), tyre pressure 2.55bar

Even so the result of this compensation method is demonstrated in Figure 9. With the help of an 
additional acceleration sensor, most of the difference in dynamic measurement of WFS can be 
compensated in amplitude as well as in phase. The limiting of WFS in dynamic measurement can be 
extended from about 5 Hz to over about 15 Hz.

6 CONCLUSION AND OUTLOOK
The research have shown that both tyre and suspension can influence the measurement characteristics of 
WFS during the application and the developed model of different level of detail with linear elements 
corresponds to the measured phenomenon to certain frequency range. Understanding of the 
non-linearity of the system is supposed to improve the quality of the simulation. Moreover the wheel 
force sensor model can be used to predict the measurement result and its inverse model is able to 
compensate most of the measurement error in validity range. With this correction method the limiting of 
the tyre force measurement can be extended.
The future works in this topic are:

Consideration of the complex non-linearity in tyre like friction, dynamic stiffness and relative 
damping
Consideration of the complex non-linearity in stiffness and damping of suspension system
Extension of the research into measurement of forces and moments in different directions
Extension of the research into measurement with rotating wheel
Prediction of the quality of dynamic measurement of WFS in driving test
Development the parameter identification method
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APPENDICES
Table 1: Specifications of wheel force sensor 

Items Specifications Items Specifications

Fx ±24kN Crosstalk ±0.5% (at the maximum load)

Fy ±15kN Angular resolution 1024/360°

Fz ±24kN Temperature guarantee range -20 to +80  
Nominal load ±8kN Operating temperature range -40 to +100

Mx ±4.5kNm Zero temperature effect 0.005%/ (at the maximum load)

My ±7.2kNm Span temperature effect 0.005%/

Mz ±4.5kNm Total error ±0.1% (Including non-linearity and 
hysteresis at the maximum load)

Weight 3.82kg Resolution 1/4000
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Paper presents an innovative method for an improvement of racer actions by multi-criteria 
optimization with genetic algorithms of „miMa” simulation model of driver-vehicle system 
with 30 generalized coordinates, with focus on tyres thermal effects. Numerical example 
considers BMW E36 Coupe (RWD) prepared for a track racing. The optimization decision 
variables include 16 parameters responsible for the driver actions (brake, accelerator and 
steering wheel) on a selected track part. In order to improve this section lap time and exit 
velocity different driving strategies are found by using optimization, depending on 
modelled temperature states (constant, cold initially and hot) of the tyres tread.   

 

1 INTRODUCTION 
 
Temperature of performance tyre tread, applied in dry and hot track conditions, can be responsible for:  

- lower grip for cold (tyre slips) and overheated (tyre flows and wears rapidly)  tyres; 
- some “rise time” in response, often improperly interpreted as effect of car body dynamics; 
- FWD car oversteering at corner entry, after a long straight that cools rear tyres more; 
- RWD car understeering at corner entry, after a long straight that cools front tyres more. 

Tyre tread temperature changes continuously during vehicle motion. Considering a front-left tyre 
(semi slick Michelin SA20) of instrumented BMW e36 (Fig.1) by using pyrometers during hot day 
track session, the measured tread temperature rises when braking (e.g. 22s and 33s) and cornering (e.g. 
26s and 37s) on RH turns, with peak temperature delayed in time and maximal temperature gradient 
20oC/s. Tyre tread cools down even faster on strait track sections with vehicle acceleration. Various 
factors affect tyre temperature, like [10, 11]: wheel normal load, slip, average speed, airflow to the 
tyre, road temperature, air temperature, heat transmitted from brakes or engine, tyre pressure, tyre 
tread thickness and tyre construction. 
 

 
 

Figure 1: Measured temperature of FL tyre tread and velocity profiles of BMW e36 during race session  

Pyrometer 
direction  
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The goals of this paper are focused on:  
 how to model a basic thermal effects in tyres for vehicle dynamics studies? 
 how to enhance a race driver awareness to fully exploit the variable temperature of tyres? 
 how often does a tyre temperature reach a window of tyre optimal grip? 

 
Paper presents an innovative method of performance driver optimization to improve the lap time with 
focus on tyres thermal effects. Typically, these features are adapted based on many road tests with trial 
and error methods. In order to fasten this process, „miMa” simulation model of vehicle-driver-road is 
being optimized by using genetic algorithms. In comparison to known procedures for addressing this 
problem [1,3], “miMA” is characterized by: 

a. possibility of combined optimization of driver actions for closed-loop maneuvers, vehicle 
chassis parameters and motion trajectory;  

b. actions of real and virtual driver are substituted by additional optimization variables, what 
emulates driver adaptation process of searching for speed (no need of race driver model!);  

c. multibody spatial model of vehicle with discrete parameters specialized in motorsport 
applications;  

d. implemented genetic algorithms enable search for global minimum of a highly nonlinear task;  
e. decision variables with mixed continuous-discrete domain;  
f. effective code yielding proper balance between model accuracy and computation time.  

2  “MIMA” MODEL OF DRIVER-VEHICLE-ROAD SYSTEM 
2.1 Definition of “miMa” model 

Model of driver-vehicle-road system (Fig.2) adapted for optimization problems was formulated by 
the author in Matlab environment. “miMa” is characterized by deep specialization in motorsport 
applications, like rally, race [6], drifting [7] and off-road [5]. The vehicle model relates its design 
parameters (p) and driver actions (δ = [δh δb δa δc δg δe]T, steering hand wheel, brake, accelerator, 
clutch, gear shift, e-brake) with the vehicle dynamic characteristics, which can derived based on its 
motion states ( qq, ). 

 

 
Figure 2: „miMa” model of  driver-vehicle-road system for optimization tasks in motorsport 
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The virtual driver (Fig.2) has to guide (P1) a car on a desired path and stabilize (P2) it, using δ based 
on observation of the selected vehicle motion states (ζ) and visual information from road. The road-
environment model includes description of road profiles (h), friction potential (μ), wind velocity (vw) 
and ambient temperature (Ta). 

2.2 “miMa” model of RWD racing car (BMW) 

Numerical example considers BMW E36 Coupe (RWD, 200HP, 1400kg, limited slip differential, 
semi-slick tyres) prepared for a track racing, Fig.1. Its nonlinear vehicle model, presented in Fig.3, 
described by 30 generalized coordinates and 440 discrete parameters is suitable for dynamic analyses 
in frequency range up to 20 Hz. Main components of “miMa” model are defined in Tab.1. 

Table 1: Description of „miMa” model components for dynamic analysis of BMW e36 

Model parts Generalized 
coordinates (q) 

Description  

Car body 6 (x, y, z, φ, θ, ψ) Position and orientation of rigid body 
Wheels 4 (φ1, φ2, φ3, φ4) Rotation about wheel bearings 
Suspensions 4 (z1, … z4) Bounce motion 
Tires 4+4+4 (Fx1…Fx4, 

Fy1…Fy4, T t1…Tt4) 
First-order dynamics of tire horizontal forces and tire 
tread temperatures 

Steering sys. 1  (φk) Compliance of steering shaft 
Powertrain  1+1+1 (Ms, φm,φw) Engine torque + differential + compliance of shafts 
SUM 30 

The most crucial chassis parameters in motorsport are related to tyres and wheel suspensions. 
Tyre horizontal forces are generated by semi-empirical „Magic Formula” [12] with complex slip 
conditions, relaxation lengths in longitudinal and lateral directions and improved by the author 
characteristics relating the wheel camber and load with tyre friction potential.  

Figure 3: „miMa” model of BMW E36 on selected section of race track with RH corner 

B 



 4 

0 50 100 150 200
0.7

0.8

0.9

1

1.1

Tt [deg C]

T
yr

e 
fr

ic
tio

n 
co

ef
fic

ie
nt

 [
-]

 
 
  Figure 4: „miMa” models of FR (strut) and RR (spherical) wheel suspensions installed in BMW e36 
 
Wheel suspension mechanisms are thoroughly described by kinetic-static models [4]. Views of  
kinematic models of front and rear BMW e36 independent suspensions are presented in Fig.4. The 
front wheel suspension is composed of McPherson strut with lower L-type wishbone and the rack-and-
pinion steering system positioned in front of car. The rear wheel suspension, called as spherical, is 
composed of two lateral arms and one longitudinal fixed with the wheel knuckle. Dimensions of the 
actual suspension mechanisms have been identified and verified comparing kinematic characteristics.  
 
Characteristics of the suspensions (Fig.4) spring and damping elements have been determined on the 
basis of test bench measurements.  
 

2.3 Tire model with thermal effects 
 

Basic MF tyre model has been extended to cope with thermal effects. Two types of tyre thermal 
models can be distinguished in available literature. Tyre producers need complex models concerning 
tyre design parameters [2], what is in contradiction with computational effectiveness. Much simpler 
approach [8] can be utilized for most of vehicle dynamics studies, like in this paper.  
Assumptions for tyre thermal model [8], presented in Fig.5, are the following: 

- tyre rotates; 
- thermodynamics of a single lumped system is considered; 
- heat (q) is generated only in tyre contact patch due to slip; 
- the same heated surface is cooled through convection to environment (air and road);  
- temperature of the tyre tread is the same at entire contact patch; 
- cooling to environment is proportional to vehicle velocity. 

 
 
 
 
 
 
 
 
 
 

 
 

    Figure 5: Tyre model with lumped mass for tread temperature variation and its influence on tyre grip (right) 
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Thereafter, the tread temperature (Tt) can be described by first-order differential equations for all tyres: 
 

  ,       i = 1…4                          (1) 
 
where: W – thermal capacitance [J/K]; Fy – lateral force;  vx – vehicle velocity; α – slip angle, Fx – 
longitudinal force;  sx – long. slip,  ko – convection coefficient [W/(m2 K))], A – convection area [m2], 
T0 – ambient temperature [˚C]. 
 
It was assumed, that tyre tread temperature (Tt), derived from Eq.1, influences a peak value of friction 
coefficient, what was modelled by parabolic model (Fig.5-right) with peak 1.05 at Tt =80oC. 

 

2.4 Verification of “miMa” model on RH corner  
Most of the model parameters were estimated on the basis of indoor and outdoor experiments. The 
vehicle model was verified on the basis of many motion states, including point temperatures on tyre 
treads.  Verification results considering the selected track section (Fig.3), described by smooth, even 
and isotropic road surface with medium grip and ambient temperature Tr=35oC, are presented in Fig.6. 
Two measurement results of track tests with an expert driver are compared with simulation (without 
temperature effects). The considered manoeuvre (Fig.6) begins on straight section (Fig.3) with ca 
105km/h initial speed (vx). Next, the car slows down to ca 60km/h by 3 seconds of brake application 
(δb) with gear reduction (3rd to 2nd), achieving  deceleration (ax) up to  -7m/s2. Then, the driver initiates 
negotiation of the right-hand corner changing position of the steering wheel (δh). Lateral acceleration 
(ay) grows to a maximum available value (-8m/s2), when the vehicle approaches the corner apex 
(Fig.3). Next, the driver gradually applies acceleration pedal (δa) and reduces steering wheel position 
heading the vehicle to the corner exit with small drift β angle (rear axle slip angle reaches -8deg). 
 
High adequacy of the formulated model can be confirmed by evaluation of the motion states (Fig.6) 
and the obtained trajectory, which is in accordance with the track boundaries (Fig.3). 
 

 
 

Figure 6: Results from road tests (magenta) and base line (c0) simulations (blue) of extreme RH corner 
negotiation 
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3 OPTIMIZATION TASK OF DRIVER ACTIONS FOR RH CORNER 
3.1 Definition of multi-criteria optimization 

 
The described above closed-loop manoeuvre with RH corner (Fig.3) will be evaluated with respect 

to a sport performance by using two criteria: section time (tAB) and exit velocity (vB). Driver actions 
(δh - steering wheel, δb - brake pedal, δa – accelerator, Fig.6) were parameterized by piece-wise 
functions and included with 16 components to the optimization decision variables (d). In that way the  
driver adaptation is emulated, giving knew patterns released from his/her experience. The rest of the 
model parameters are kept constant. 
 Optimization algorithm of the driver actions in the considered manoeuvre is defined as follows:  

- minimize the car performance criteria  
 
 w = [w1  w2]1x2  (where: w1= tAB, w2= -vB) 
 

- through decision variables  
 

d = [δ]1x16    (where: δ = [δh δb δa]  driver actions) 
 

- under constraints   
 

dmin<d<dmax; 

trajectory reference points and track boundaries; 
braking without full lock; 
braking with right foot;  
vehicle spin rejection. 

 
 In order to investigate the influence of tyre tread temperatures on optimal driver controls, the 
following three cases were analyzed:  
 c1) constant temperature of tyres (Ti=Tr, i=1…4) (cyan colour),  
 c2) variable temperature model with low ambient temperature (Ti = 0oC ) (green colour),  
 c3) variable temperature model with high ambient temperature (Ti= 60oC) (red colour). 
Temperatures of BMW tyres tread, obtained from simulation of c2 and c3 cases, are presented in 
Fig.7. In cold conditions (c2) temperatures increase by maximal 55oC for front-left wheel and by 45oC 
for rear-left. Tyres heat up mainly due to side slip when cornering. The peak temperatures are delayed 
with respect to corner entry. Similar characteristics are obtained for hot day conditions (c3) where 
temperatures increase by 70oC for front-left wheel, reaching 130oC.  

 
Figure 7: Temperatures of tyres tread during RH corner with BMW „miMa” model for c2 and c3 cases 
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3.2 Optimized driver actions for tyres independent on temperature 
 

Obtained Pareto-optimal front in c1 case, is presented in Fig.8 in normalized w1-w2 plane. Base 
line  (c0) simulation is scored by ones in both criteria. Any improvement can be expected for the 
solution with lower criterion number. Extreme solutions represent different driving strategies giving 
the section lap time lower by 2.5% or higher exit velocity by 0.5%. Convex front of Pareto-optimal 
results (Fig.8) means contradictory relation between the criteria, i.e. the driver can decrease time of 
passing this section or increase the exit velocity of the car. In dependence on the driver preferences 
and a type of following part of the racing track, different solution can be chosen.  
 

For example, choosing optimal solution c1:28 (Fig.8) the driver can maximally decrease the 
section time (tAB) at sacrifice of exit velocity (vB) by 0.5%. Corresponding trajectories of BMW e36 in 
c0 and c1:28 cases, presented in Fig.8, are very similar, wherein the optimized trajectory is tighter, 
closer crossing the corner apex. In c1:28 case, the vehicle achieves a lead by half car length just after 
braking phase. This lead is further increased, giving a full car length advantage at the section end. 
 
 
 
 
 

 
 
 
 
 

 
 

 
 

 
 
 
 
 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 8: Pareto-optimal results of c1 case (left) and comparison of base line (c0) and optimal c1: 28  
trajectories of BMW e36 
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Comparison of time profiles of RH corner manoeuvre with BMW e36 for base line setup (c0) and 
optimal solution (c1:28), is presented in Fig.9. The vehicle with optimized driver achieves slightly 
higher velocity (vx) at each phase of the manoeuvre, what combined with the tighter trajectory (Fig.8) 
gives the section time reduction. The goal was obtained by: (i) delayed braking: (ii) greater steering 
wheel angle (δh) in the first phase, and (iii) accelerator control (δa). Thus, lateral acceleration (ay) and 
rear axle side slip (βt) increased slightly at the corner entry, giving opportunity to apply throttle faster 
in the second part of corner. 

 

 
Figure 9. Comparison of time profiles of RH corner manoeuvre with BMW e36 for base line (c0) and optimal 

(c1:28) driver actions 

3.3 Optimized driver actions for initially cold  tyres 
 

Obtained Pareto-optimal front in c2 case is presented in Fig.10 together with the above discussed  
results of c1 case. Extreme solutions for cold conditions (c2) are worse than the previous case with 
respect to lap time and exit velocity. For example, choosing optimal solution c2:31 (Fig.10) the driver 
can maximally decrease the section time (tAB) by 1.5%. Corresponding trajectories of BMW e36 in 
c1:28 and c2:31 cases are very similar, therefore not presented here. 
 

Comparison of time profiles of RH corner manoeuvre with BMW e36 for optimal solutions c1:28 
and c2:31, is presented in Fig.11. The main consequence of initially cold tyres (Fig.7) is the driver 
cannot braking and steering so much at the first phase of the manoeuvre.  
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Figure 10 : Pareto-optimal results of c1 and c2 cases of RH corner with  BMW e36 

Figure 11. Comparison of time profiles of RH corner manoeuvre with BMW e36 for optimal c1:28 and c2:31 
driver actions 
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4 CONCLUSIONS  
 

The paper presents optimization results of driver actions considering extreme negotiation of a RH 
corner with BMW e36  (RWD, 200HP) with special emphasis on tyre tread temperatures. Decision 
variables were defined with 16 components describing the professional driver actions including 
steering wheel, brake and accelerator pedals during the considered closed-loop manoeuvre. “miMa” 
model of the vehicle with 30 state variables and 440 parameters. Magic Formula for quasi-static tyre 
tangential forces is extended by tyre thermodynamics model with single lumped system where a heat  
is generated in tyre contact patch due to slip and cooling is carried out by convection to environment. 
The developed model was verified on the basis of track tests.  
 

The optimization goal function included two criteria, i.e. section time and exit velocity of the 
vehicle. The optimization constraints included fixed trajectory of motion and boundaries of the racing 
track section. Changing the driving strategy, according to the obtained optimization results (c1:28) by 
using genetic algorithms, the section time (tAB) can be reduced by 2.5% or the exit velocity (vB) can 
increased by 0.5%, what in a competition reality gives tremendous progress. In case of cold tyre 
conditions, the vehicle performance is deteriorated,  because the driver cannot exploit the tyres since 
the manoeuvre beginning. The case of overheated tyres will be presented in corresponding Conference 
poster. 
 

Formulated “miMA” computational environment enables also combined optimization of driver 
actions, vehicle chassis parameters and motion trajectory. 
 

 

REFERENCES 
 
[1] D. Casanova, R.S. Sharp, P. Symonds: Minimum time manoeuvring: The significance of yaw 

inertia. Vehicle System Dynamics, vol.34, 2000, pp.77–115.  
[2] P. Février: TaMeTirE. IPG Technology Conference, Ettlingen, 2008. 
[3] M. Gobbi., G. Mastinu and C. Doniselli: Optimising a Car Chassis, Vehicle System 

Dynamics, 32: 2, 1999, pp. 149-170. 
[4] J. Knapczyk, M. Maniowski: Elastokinematic Modeling and Study of Five-Rod Suspension 

with Subframe. Mechanism and Machine Theory, vol. 41, 2006, pages 1031-1047. 
[5] M. Maniowski: Optimization of spring-damper modules of rally car for fast passing over jump 

inducing bumps,  International Association of Vehicle System Dynamics, Manchester 2011. 
[6] M. Maniowski.: Optimization of wheel suspensions and driving control of FWD car for faster 

cornering. Czasopismo Techniczne PK, z.10, 5-M/2012. 
[7] M. Maniowski.: Research on controlled oversteer utilized in drifting competitions. Automotive 

Safety, Slovakia, 2014. 
[8] M. Mizuno: Development of tire side force model based on “Magic Formula” with the 

influence of tire surface temperature. R&D Review of Toyota CRDL, vol.38, no 4, 2003. 
[9] W. Milliken, D. Milliken: Race Car Vehicle Dynamics.Warrendale PA USA: Society of 

Automotive Engineers (SAE) International, 1995. 
[10] P. Van Valkenburgh: Race car engineering and mechanics. HPBooks, 2002. 
[11] P. Haney: The Racing & High - Performance Tire: Using the Tire to Tune for Grip &Balance, 

Dallas, 2003.  
[12] H. Pacejka: Tire and Vehicle dynamics, Butterworth - Heinemann, 2012. 
 
 
 
 
 



A MULTI-LINE BRUSH BASED TYRE MODEL TO STUDY THE 
ROLLING RESISTANCE AND ENERGY LOSS

Mohammad Mehdi Davari, Jenny Jerrelind, Annika Stensson Trigell and Lars Drugge 
KTH Vehicle Dynamics and Centre for ECO2 Vehicle Design,  

Department of Aeronautical and Vehicle Engineering, KTH Royal Institute of Technology, 
Teknikringen 8, SE-100 44 Stockholm, Sweden

mmdavari@kth.se

Abstract – This study aim to develop a three dimensional multi-line brush based tyre model 
for investigating the rolling resistance and energy loss in tyres. The losses in the model are 
characterised by the external losses originated from the sliding phenomenon in the tyre 
contact patch, and the internal losses due to the tyre viscoelastic nature which is employed 
by a rubber model. The Extended Brush tyre Model (EBM) proposed in this work can be 
used to estimate the dissipated energy and the rolling resistance under different driving 
manoeuvres and wheel conditions. This paper focuses on the estimation of energy loss and 
in-plane rolling resistance.

Keywords
Tyre, Rubber model, In-plane rolling resistance, Energy dissipation

1 INTRODUCTION 
The increasing attention to environmental issues and the call for more environmentally friendly vehicles 
in order to reduce the fuel consumption and CO2 emission pushes the tyre and vehicle industry to 
introduce more efficient products. Among all sources of energy usage in vehicle, rolling 
resistance accounts for about 20 – 30 % of the total losses [1]. About 80 - 95 % of this loss is attributed 
to rubber deformation [2], which is originating from the viscoelastic behaviour of the tyre rubber 
compounds, as they regularly deform during the wheel rotation and also under other different force 
mechanisms such as cornering, braking, acceleration etc. Since the 70’s the main effort in tyre industry 
has been dedicated to optimise tyre materials in order to reduce the rolling resistance. However, 
by introducing new propulsions like in-wheel motors and new chassis concepts for example wheel 
corner modules (WCM) [3], some other possibilities in reducing the rolling resistance is imaginable, 
which is based on the control of tyre behaviour [4].

The purpose of this study is to develop a physically based tyre model for investigating the rolling 
resistance and energy loss in tyres. The model should be capable of simulating the energy loss under 
different driving and wheel conditions (i.e. camber, toe and load changes) and predict the rolling 
resistance of tyre in different driving states.

In order to analyse the tyre behaviour, in terms of generated forces and dissipated energy under different 
driving conditions, a 3D multi-line brush based tyre model, an extension of a 1D model earlier presented 
by authors [4], has been developed. The losses in the model are characterised by two different sources. 
The internal losses due to the viscoelastic nature of the tyre structure and the external losses originated 
from the sliding phenomenon in tyre contact patch. As result, the dissipated energy and rolling resistance 
can be investigated under different driving conditions. 

2 DESCRIPTION OF THE MODEL 
The Extended Brush tyre Model (EBM) introduced in this work is based on the well-known brush model 
earlier developed by Fromm [5]. In the original brush model the tyre is assumed to be composed of finite 
number of bristles with linear stiffness. In that model (and the tyre models developed based on it [6, 7, 
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8]), rolling resistance is a predefined coefficient achieved from laboratory tests. However, by adding 
new characteristics to the original model and introducing new structural parameters such as flexible 
carcass, this proposed model (EBM) can predict the rolling resistance coefficient. Moreover, the applied 
characteristics of the model can simulate the energy, which is dissipated under applied excitations on 
the tyre. These supplemented features of the EBM will be explained in the following sections.

The ambient temperature considerably affects the rolling resistance [9]; however, this influence is less 
important on tread block forces [10]. Therefore, in this work the temperature is assumed to be non-
variant during the simulation while the dependency of the model on deformation and frequency is of 
interest and the temperature dependency is left open for future studies and development.

2.1 Tyre mechanics 
The topology of the model is defined by tyre radius, rim width, aspect ratio and sidewall inclination. In 
contrast to the original brush model, the tyre contact patch is extended by finite number of lines that 
conveys finite number of bristles, see Figure 1 (a). In order to enhance the tribology of the tyre-road 
contact, the rubber properties have been implemented in all coordinate’s axes, i.e. longitudinal, lateral 
and vertical whereas the longitudinal and lateral stiffness’s of the bristles is assumed to be constant along 
the contact patch. 

(a) (b)

Figure 1. a) Schematic picture of EBM, b) flexible carcass of EBM under a later force.

Although the bristles are able to deflect in different directions of the coordinate system, no deflection is 
assigned to the carcass in longitudinal direction; thus, the resultant force in longitudinal direction is due 
to force distribution in bristles. Nevertheless, the carcass will deform under lateral forces while cornering 
and in cambered positions, see Figure 1 (b).

The side slip angle, camber angle, slip ratio, vertical load of the wheel and longitudinal speed are defined 
to be the inputs to the model. Having the longitudinal speed of the wheel centre as input, the lateral 
speed will be defined as:

. (1)

2.2 Rubber model 
Since the tyre structure is mainly rubber based and its characteristics are defined by viscoelastic 
properties of rubber materials, the tyre is therefore here dealt with as a viscoelastic element. Generally, 
the rubber properties are represented using elastic and viscous elements. Different combination of these 
elements can be used to analyse the tyre behaviour [8]. However, only a suitable combination of elastic 
and viscous elements can resemble the dynamic behaviour of the tyre. In earlier study by authors [4] it 
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was shown that the Zener model could be used in order to have a model which can resembles the general 
tyre behaviour. The characteristic of the viscoelastic model can be described by:

(2)

In addition to the frequency dependent characteristics of the rubbery materials, the molecular bindings 
and the physics of such materials introduces the rate-independent characteristics as well. Therefore, to 
capture the rate-independent feature of the rubber inside the tyre model, a friction element is added to 
the viscoelastic part of the rubber model.

The final rubber model that is implemented into the tyre model is a combination of viscoelastic- and 
friction modules; which, represents the rate-dependent and rate-independent properties of the rubber 
respectively, see Figure 2 (a). Using this rubber model in the developed brush model adds a realistic 
hysteresis behaviour to the model and improves the possibility of the model to calculate the losses under 
different excitations, see Figure 2 (b).

(a) (b)

Figure 2. a) Implemented rubber model; b) force-displacement behaviour of the rubber model under harmonic 
excitations.

2.3 Tyre-road contact 
The bristles are subjected to different deflections depending on which region of the contact patch they 
are operating in, i.e. adhesion and sliding regions. A realistic load and velocity dependent friction 
function which is implemented into the model will express the state of each bristle at each time step. 
This function operates as an observer and realises the state of the bristle and assign the corresponding 
force to it. The limitation of the force build up in adhesion region is in accordance with the friction 
ellipse where

(3)

As soon as the bristle force exceeds the limit, the sliding occurs and the force generation for the sliding 
bristle will be governed by Maximum Dissipation Rate Mode (MDRM). Under the assumption of 
isotropic friction coefficient the sliding forces will be formulated as:
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(4)

With this definition the transition from adhesion to sliding is directly correlated to the friction status 
between the bristles and road as well as the sliding velocity of the bristles.

3 IN-PLANE ROLLING RESISTANCE
In EBM, assuming a non-deformable surface, the contact patch of the tyre will deform while rolling. 
Due to dissipation inside the rubber elements integrated in each bristle, the generated hysteresis in tyre 
will produce an uneven distribution of vertical force which shifts the pressure distribution forward over 
the wheel centre. This uneven distribution of pressure creates a resisting torque, , about the wheel
centre:

(5)

This moment equalises the rolling resistance force applied on the contact patch where the in-plane 
coefficient of rolling resistance will therefore be defined as:

(6)

The overview of updating process of the bristles during the transition phase from initialization to force 
calculation is presented in Figure 3.

Figure 3. Flow diagram of bristle state in the transition process.

4 SIMULATION RESULTS AND DISCUSSION 
4.1  Validation of tyre mechanics 
In order to validate the structural behaviour of the tyre model in generating the global forces, comparison 
with both experimental data and Magic Formula have been conducted, see Figure 4 (a) and (b) 
respectively. In this regard, the physical parameters such as size, and the structural characteristics i.e. 
damping and stiffness of the model have been fitted to measured data of a Pirelli tyre presented in Table 
1.
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Table 1. Fitted parameters to a Pirelli tyre (225/45ZR17) that is used in this investigation.
Structural characteristics Longitudinal / Lateral / Vertical

Total stiffness [kN/m] 2779 / 1900 / 1117
Total damping [Ns/m] 133 / 133 / 38

Using the combined slip measurement data, the model shows a good fit with experimental data both in 
the transition and the sliding regions as seen in Figure 4 (a). For pure longitudinal slip, Magic Formula 
and EBM demonstrate similar behaviour as can be seen in Figure 4 (b).

(a) (b)

Figure 4. Comparing EBM performance with; a) measured data of a Pirelli tyre under combined slip and; b) 
Magic Formula under pure slip.

In this model the pressure distribution is not considered as a predefined circular or elliptical shape, as 
for example in related literature [6, 7, 11], but is basically the outcome of the generated rubber force  in 
the model. Therefore, the length of contact patch is not constant anymore, see Figure 5, and as a result 
the dependency of the rolling resistance on suspension alignments and driving conditions can be studied.

Figure 5 shows the behaviour of contact patch under different camber angles where the applied load is 
the same for each case. It shows an increasing length of the inner side when increasing the camber angle 
from 0 to 3 degrees. This will cause the transition of the pressure distribution from outer to inner edge. 
This behaviour is in agreement with the measurements presented in [12].

Figure 5. Shape of the contact patch under different camber angles.
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Utilisation of the proposed tyre-road contact model lead to a smooth transition from adhesion to sliding 
region whereas the direction of bristle’s movement does not play the main role as explained in [7]. Figure 
6 (a) demonstrates how the bristles are deflected in the course of movement along the contact patch.

Figure 6. Transient behaviour; a) bristle deflection in contact patch, b) bristle under side slip angle.

The transient performance of the model in form of phase lag between the actual side slip and the build-up 
lateral forces are demonstrated in Figure 6 (b). This is mainly due to the carcass- and bristles’ dynamics. 
The transient response of the model could be improved by improving the friction and viscoelastic part 
of the rubber model  or using the additional consideration for bristle dynamics as described in [8]. This 
extension, nevertheless, will increase the number of parameters and computational efforts considerably.

As shown in Figure 7 (a), an increasing trend of the rolling resistance coefficient with speed is obvious 
but with a decreasing rate. The steep slope in lower speed is due to the exclusion of temperature effect 
so far in the model. Nevertheless, the current behaviour of the model is in agreement with the results 
which are observed both in FE simulations [13] and in the analytical method suggested in [14].

(a) (b)

Figure 7. Dependency of estimated rolling resistance coefficient to; a) speed, and b) vertical load.

A study of the effect of wheel alignment reveals that an increasing side slip angle will slightly decrease 
the in-plane rolling resistance coefficient, see Figure 8 (a). Considering that the in-plane rolling 
resistance does not include the effect of curve resistance, this result can be acceptable since the velocity 
of bristles will decrease under lateral forces. However, adding the effect of curve resistance will result 
in a considerable increase of total rolling resistance coefficient, see Figure 8 (b). This means that the 
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curve resistance effect is dominant when a steering angle is applied on the wheel and generally when 
the tyre is deviated from straight ahead driving.

(a) (b)

Figure 8. Effect of side slip angle on; a) in-plane rolling resistance, and b) total rolling resistance.

The camber angle applies same behaviour as side slip angle where the rolling resistance coefficient 
increases with increasing camber angle as depicted in Figure 9.

Figure 9. Effect of camber angle on in-plane rolling resistance.

In order to study the energy loss, the dissipated energy in the tyre during two different vehicle 
manoeuvres is simulated. The first case is a reference where the tyre travels straight ahead without any 
side slip angle or wheel inclination. In the second case a steering angle of 2 degrees is applied to the 
wheel. The contact patch behaviour during two states is shown in Figure 10 (a) where the effect of 
steering angle on the pressure distribution is clearly demonstrated. As shown, the pressure is 
concentrated more into inner side of the steered wheel where the contact patch have wider contact length 
with the road.

The energy dissipation shows different behaviour in different directions of the tyre, see Figure 10 (b). 
As shown, the vertical dissipation is not affected in both cases therefore no deviation of the dissipation 
can be observed for green dotted line from the solid green line which show the reference case. However, 
an increase in lateral dissipation is observed which is originated from the deflection of the bristles in 
lateral direction, which is followed by a drop in longitudinal force thus decreasing the longitudinal 
dissipation.
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(a)

(b)

Figure 10. Energy loss during a vehicle manoeuvre; a)pressure distribution in contact patch for the two steering 
angles 0 and 2 degrees respectively, b) dissipated energy.

5 LIMITATIONS OF THIS STUDY 
To verify the results and scrutinise the presented idea, comparisons with measurements during parameter 
changes are necessary. Further, more measurement data are required in order to validate the pure 
camber condition and the corresponding energy dissipation. In addition, the temperature effect was not 
considered in this model which should be considered in later improvements of the model in order to 
have more realistic results.

6 CONCLUSIONS 
A tyre model to investigate the rolling resistance and energy dissipation is developed based on the 
viscoelastic characteristics of the tyre. One of the core improvements in this model is enhancing the 
internal structure of the tyre model. In this regard, in addition to viscoelastic part, the frictional elements 
were implemented to the force generating mechanism. The validation of the global forces have been 
conducted using Magic Formula and experimental data. In the brush tyre models presented in literature 
the contact length and pressure distribution is either symmetrical, constant or defined by mathematical 
formulas as function of vertical load [15]. In this model the contact length is directly affected by tyre 
alignment and applied load. The dependency of the in-plane rolling resistance on toe, camber, 
velocity and vertical load is investigated and the trends are in agreement with literature and available 
measurement. Having a multi-line brush model of the tyre, pressure distribution in contact patch can be 
observed in detail which enables future study of wear and helps the investigations for better 
understanding of this phenomenon under different driving conditions. Last but not least, even though 
the current model preserves some limitations in terms of parameter identification, it can be used as a 
starting point for investigating rolling loss, energy dissipation, and effect of road roughness as well as 
tyre wear within vehicle dynamic simulations.
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Latin symbols

Elastic stiffness in viscoelastic module 
Damping coefficient in viscoelastic module
Sliding force
Static friction coefficient
Coulomb friction coefficient
Longitudinal velocity of the wheel centre
Lateral velocity of the wheel centre
Rolling resistance coefficient
Stribeck velocity in  directions
Sliding velocity of bristles in  directions
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To support the South African National Defence Force with their vehicle mobility needs, the 
CSIR has begun characterising tyres by using a medium, trailer-type, tyre test rig. Two 
different Pacejka tyre models were generated using two independent methods and it was 
necessary to validate the tyre models against physical tests. The computational simulations 
gave partial credit to the tyre models. However, the dynamic lane change results were in 
poor agreement with the simulations, although the two Pacejka models were in good 
agreement with each other. The disagreement questioned the traditional tyre 
characterisation method. It was also necessary to determine how the Pacejka tyre models 
compared to the physical tyre in the vertical direction, by conducting Belgian paving runs. 
The one model performed better than the other, although these models are not suited for 
high frequency vertical dynamics.   

1 INTRODUCTION 

1.1 Background 

The Council for Scientific and Industrial Research (CSIR), Landward Sciences (LS), has been 
contracted by the Defence Research and Development Board (DRDB), via the Armaments 
Corporation of South Africa (ARMSCOR), in order to establish and maintain a vehicle mobility 
capability to support the defence force. In the last few years, LS has made progress to meet this 
objective by gaining experience in tyre characterisation and other areas of vehicle mobility. Although 
LS are currently experienced in generating lateral dynamics, handling, tyre models, the aim is to 
eventually become competent in modelling high frequency, vertical dynamics based, off-road tyre 
models.  

LS are the custodians of a medium trailer-type tyre test rig, which is capable of characterising medium 
sized tyres (~16 in. rim size), and a large trailer-type tyre test rig, which is capable of characterising 
large sized tyres (~20 in. rim size). The University of Pretoria’s Vehicle Dynamics Group (VDG) are 
in possession of a small tyre test rig which is capable of characterising SAE Mini Baja type tyres (~10 
in. rim size). This family of South African tyre test rigs are shown in Figure 1.   

Figure 1: Small (VDG), medium and large tyre test rigs (CSIR) 

Each tyre test rig operates on the same design principle. The tyre on the right-hand-side of each rig is 
isolated via a sub-frame which is connected to the main frame by load cells. There are two lateral load 
cells (one in front and one behind the wheel hub), three vertical load cells (connecting the front, 
middle and rear of the sub-frame to the main-frame), and one longitudinal load cell (at the front of the 
sub-frame). The load cells are intended to measure the lateral, vertical and longitudinal loads on the 
tyre, as tyre slip is varied with the use of linear actuators. The large tyre test rig enables the adjustment 
of camber. The medium tyre test rig enables the adjustment of camber and caster via an adjustable hub 
designed by Kuduntwane (2014) [1] as part of his M.Tech. (Mechanical Engineering) degree, at the 
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CSIR, with supervision from VDG. The small, medium and large tyre testers make use of 0.5 ton, 5 
ton and 10 ton load cells, respectively. Finite payloads (steel plates) can be mounted on top of each rig 
in order to vary the normal load on the test tyre.  

LS is currently capable of determining the parameters required to generate Pacejka 89 [2] and Pacejka 
2002 [3] Magic Formula (MF) tyre models used in the MSC ADAMS environment. These 
computational tyre models are generated from tyre characterisation test data and by determining the 
parameters required for fitting curves to the data.  

1.2 Motivation 

Mobility is required in order for a military vehicle to maintain tactical advantage in combat scenarios. 
If the vehicle has significant armour protection but has no mobility, it is just a matter of time before an 
enemy attack is able to penetrate a vehicle’s armour. For this reason, it is important to ensure/predict 
vehicle mobility of military vehicles on various terrain conditions. 

For the case of wheeled land-based vehicles, the tyre is the only component that communicates with 
the terrain. All forces and moments that are transferred to the vehicle originate at the tyre contact 
patch. Therefore, it is important to accurately predict the forces and moments transferred from the tyre 
contact patch to the rest of the vehicle, in order to predict how the vehicle will behave.   

Computational modelling in multi-body dynamics software plays an important role in predicting 
vehicle dynamics due to it being safer than physical testing of prototypes; enabling savings in time and 
money; and it has proven to be acceptably accurate for research and design purposes [4, 5]. A number 
of vehicle dynamics studies can be performed in the computational environment before a single 
prototype is constructed. For this reason, LS makes use of MSC ADAMS and similar multi-body 
dynamics software to support the defence force. In order to model vehicle dynamics, accurate tyre 
models are required.  

The need of this study was to evaluate the quality of the lateral dynamics Pacejka MF computational 
tyre models that could be generated by using the medium tyre test rig, in order to learn whether 
accurate tyre models can be generated. It was also of interest to evaluate how the Pacejka 2002 and 
Pacejka 89 computational tyre models perform in the vertical direction compared to the physical 
performance. The instrumented tyre test rig was towed across the Belgian Paving track at Gerotek. 
The same Belgian Paving, which was scanned by VDG [6], was imported into MSC ADAMS and the 
computational tyre test rig traversed the scanned Belgian Paving. The forces measured experimentally 
were compared to the computationally measured forces. 

1.3 Objectives 

In order to validate a computational Pacejka tyre model generated from data obtained from the 
medium tyre test rig, the objectives of the investigation were to:  

1) Compare the computational tyre behaviour with the physical tyre behaviour as measured
during the “static” characterisation tests. “Static” characterisation, in this context, refers to the
tyre test rig moving at a constant velocity at different tyre orientations. That is, each of the
characterisation tests was performed at a single unique combination of slip angle, camber
angle, tyre pressure and payload. None of these parameters were modified during the “static”
tests (although the rig was travelling at constant velocity). By replicating the “static”
characterisation sweep tests in computational simulation, it was hoped to obtain the same tyre
forces (computationally) that were measured during the physical characterisation sweep tests.

2) Compare the dynamic performance of the computational tyre, while mounted on the medium
tyre test rig, with a physical dynamic test – a modified SAE Lane Change.

3) Evaluate whether the Pacejka 89 and Pacejka 2002 models perform satisfactorily, for LS
purposes, in the vertical direction.
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2 METHODOLOGY 
 
2.1 Static tyre characterisation tests 
 
A Dunlop GranTrek AT1 235/85 R 16 tyre was used for the investigation. Various tests were 
conducted at various payloads (based on the tyre load index) and camber angles (by using a specially 
designed adjustable hub). Lateral slip angle was varied from zero slip, in increments, in the toe-in 
direction, via a slip linkage mechanism and a linear actuator. That is, each test was conducted at a 
constant velocity and a single slip angle. Tyre pressures were monitored and maintained during the 
tests. The tests were conducted on a straight flat track (zero degree inclination) at the Gerotek Testing 
Facilities, in dry conditions. Lateral and vertical load cells were used to monitor the tyre forces 
transferred to the main-frame of the test rig. An HBM eDAQ (electronic data acquisition system) was 
used to capture the load cell data. The rig was towed by a large South African Army Military 
(SAAMIL) vehicle. Tyre deflection and tread wear was also recorded during the characterisation tests. 
Figure 2 describes this setup.  
 

 
Figure 2: Test setup(with actuators and adjustable hub) for the tyre characterisation of the Dunlop GranTrek 

AT1 tyre 
 
These static characterisation tests were replicated within MSC ADAMS with the Pacejka MF 89 and 
2002 curve-fitted tyres (which were derived from the tests). The MSC ADAMS/CAR Tire Data Fitting 
Tool was used to fit the Pacejka 2002 curves to the measured data. The Pacejka 89 curves were 
generated by determining the coefficients of the MF curve fit, by using an in-house developed Matlab 
script. Figure 3 shows the MSC ADAMS replication of the characterisation tests.  
 

 
Figure 3: ADAMS replication of tyre characterisation tests 
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2.2 Lane change dynamic validation tests 

Subsequently, modified SAE Lane Changes [7] were conducted, with the tyre test rig, in order to 
compare how the computational rig compares to the physical rig in a dynamic event. The test rig was 
towed through the lane change path with the SAAMIL vehicle. The tow hitch path was traced with a 
VBOXIII which also recorded the speed of the event. The same tow path was replicated within MSC 
ADAMS. Figure 3A and Figure 3B shows the physical and simulated lane change setup, respectively.  

Figure 4: Physical and simulated lane change 

Accelerometers, which were mounted at the Centre of Gravity (CG) of the tyre test rig, were used to 
measure the lateral acceleration of the rig. A measure was created at the CG of the ADAMS model in 
order to measure the lateral acceleration of the model.   

The SAE J2179 single lane change standard specifies that the test vehicle travels at a speed of 88 km/h 
along a straight path, for 100 m. Thereafter, the vehicle is to perform the lane change within a 
manoeuvring section (longitudinal distance) of 61 m with a lateral displacement of 1.46 m. These 
dimensions were designed to provide a steer axle lateral acceleration of approximately 0.15 g (g = 9.81 
m/s2), for a medium sized passenger car [7]. However, in the validation tests, the manoeuvring section 
was reduced to 16 m, since the SAAMIL-test-rig setup could only be tested at lower speeds. The best 
reduced test speed was found to be 65 km/h, since the tyre test rig does not have a suspension. This 
test speed generated tyre test rig lateral accelerations of up to 0.12 g, at the CG.  

2.3 Belgian paving tests 

To investigate the vertical dynamics performance of the computational Pacejka 89 and 2002 tyre 
models, the physical and computational tyre test rigs were towed over the physical and computational 
Gerotek Belgian Paving tracks. The vertical load cells on the physical test rig recorded the forces 
experienced by the tyre. The accelerometer at the CG of the rig measured the vertical dynamics of the 
rig. The vertical forces could be measured on the tyre component of the computational model. To 
measure the vertical acceleration, a measure was created at the CG of the computational test rig.   

3 RESULTS 

3.1 Static characterisation tests 

The tyre slip angle was changed, incrementally, from zero-toe toward the toe-in direction, in-between 
each test. The lateral force data measured at each slip angle (for various tyre payloads and camber 
angles) were used to generate the Pacejka 89 and Pacejka 2002 MF curves (representations of the 
physical tyre behaviour). It is important to note that the same data was used in two independent 
methods to obtain the Pacejka 89 and Pacejka 2002 characteristic curves. An in-house Matlab code 

A B 
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was used for the Pacejka 89 curves and the ADAMS TDFT tool was used for the Pacejka 2002 curves. 
Two ADAMS tyre input files were created based on these regression analyses (one for each model).  
 
To validate whether the physical tyre and the computational ADAMS tyre behaved the same, the 
characterisation tests were replicated in ADAMS (at the same speeds and slip angles) and the lateral 
force vs. slip angle curves were obtained. Since the physical static results and the computational static 
results were in reasonable agreement (as shown in Figure 5), one can conclude that the computational 
tyre and physical tyre behave approximately the same, in the lateral direction. Figure 5 represents one 
of 12 tests which were conducted, which all showed similar agreement. However, the dynamic 
performance of the physical and computational tyres differs significantly, as will be shown in the next 
section.  
 

 
Figure 5: Computational and physical static characterisation lateral force results 

 
 
3.2 Dynamic lane change validation tests 
 
The reason behind generating Pacejka 89 and Pacejka 2002 MF tyre models for ADAMS is to be able 
to model dynamic manoeuvres of military vehicles, for LS purposes. For this reason, the tyre models 
generated, as described in previous sections, had to be validated. To do this, dynamic lane change 
manoeuvres (as described previously and at various conditions) were conducted at the Gerotek Test 
Facilities.  
 
The results from the dynamics lane change simulations show that, although the two tyre models were 
generated in two completely different and independent methods (Pacejka 89 via in-house processing 
script; Pacejka 2002 via automatic ADAMS TDFT tool), they were in good agreement. This indicates 
that the curve fitting / tyre model generation process (the regression analyses) was performed correctly 
and accurately based on the static characterisation data. However, the two agreeable computational 
results differed significantly from the measured dynamic lane change validation tests. This is shown in 
Figures 6 – 8, which show the lateral acceleration of the tyre test rig during the lane change 
manoeuvres from the computational simulations and the physical measurements. Figure 6 – 8 also 
show the standard deviations (SD) of the physical tests (based on three tests for each case). The tyre 
pressure, camber angle, road surface fiction and test speed have been intentionally excluded from the 
results shown. 
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Figure 6: Lateral acceleration of tyre test rig CG for payload 1 and tyre pressure 1, test speed 1 

 

 
Figure 7: Lateral acceleration of tyre test rig CG for payload 1 and tyre pressure 1, test speed 2 

 

 
Figure 8: Lateral acceleration of tyre test rig CG for payload 1 and tyre pressure 1, test speed 3 
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From Figures 6 – 8, it can be seen that the computational results differ from the validation test results 
in amplitude and time response. The results indicate that further investigation is required to determine 
the reason for the difference between the simulation results and the dynamic lane change validation 
tests. A sensitivity study on the various parameters that could effect the test rig measurements is to be 
carried out. It is also proposed that the traditional static method of characterisation, as done in the past 
(by the original developers of the tyre test rig), may not be correct. That is, it is hypothesised that the 
error may be because the tyres should be characterised in a continuous dynamic sweep through the 
various slip angles and should not be characterised by incrementally increasing the slip angle of the 
tyres before each test run.  
 
3.3 Belgian paving vertical dynamics tests 
 
Although more complex, high frequency, tyre models (such as the FTire model and the CDTire 
model) are better suited for rough terrain or obstacle profiles, it was of interest to determine how the 
Pacejka 89 and 2002 tyre models compared to physically measured tests on a Belgian paving track.  
 
The tyre loads that were measured during the physical tests were compared to the computational 
model results using the Pacejka 89 and Pacejka 2002 tyre models mounted on to the test rig. Figures 9 
and 10 show, respectively, the measured vertical tyre forces and accelerations (of the CG of the test 
rig) from tests and simulations.  
 

 
Figure 9: Belgian paving vertical tyre loads (simulation vs. physical measurement)  

 

 
Figure 10: Belgian paving test rig vertical accelerations (simulation vs. physical measurement) 
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RMS Pac 2002: 3.2 m/s2 
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Figures 9 and 10 indicate that the Pacejka 2002 tyre model is in closer agreement with the physical test 
measurements compared to the Pacejka 89 tyre model, although it, sometimes, over-predicts vertical 
force and vertical acceleration.    

Table 1 summarises the root-mean-square (RMS) values of the test rig CG vertical accelerations and 
vertical tyre forces for the Belgian paving physical tests and computational simulations with Pacejka 
2002 tyre models and Pacejka 89 tyre models.  

Table 1: RMS values for test rig CG vertical acceleration and vertical tyre load 
5 km/h test speed, 1800 kg payload, tyre pressure 1 

Physical test Pacejka 2002 Pacejka 89 
RMS vertical acceleration [m/s2] 1.1 3.2 5.2 
RMS tyre vertical load [N] 13269 12283 15333 

5 km/h test speed, 0 kg payload, tyre pressure 1 
Physical test Pacejka 2002 Pacejka 89 

RMS vertical acceleration [m/s2] 4.8 6.6 7.3 
RMS tyre vertical load [N] 4379 4301 4863 

It can be seen, in Table 1, that the Pacejka 2002 tyre model is better in predicting vertical force and 
acceleration than the Pacejka 89 tyre model, although the vertical acceleration results are not in close 
agreement with the measured values. 

4 DISCUSSION 

The comparison of the static tyre characterisation tests conducted in order to generate the Pacejka 89 
and 2002 MF models and the computational simulations were in reasonable agreement. This indicated 
that the tyre computational model was generating the same forces that were used to create the model.  

In order to validate the computational tyre models, computational and physical lane change tests were 
conducted with the tyre test rig. Although the Pacejka 89 and Pacejka 2002 models were generated 
from the characterisation test data by using two independent methods, the resulting dynamics of the 
simulated lane changes with each tyre model were in good agreement with each other. However, they 
differed from the physical lane change test data. This indicated that the generated tyre models were not 
a good representation of the real physical tyre.  

Since the Pacejka 89 computational tyre (generated via an in-house script) and the Pacejka 2002 
computational tyre (generated using the MSC ADAMS TDFT) behaved the same in the simulations, it 
was deduced that the method for generating the tyre models from the characterisation test data was not 
the fault. It was also deduced that, since the static physical and simulation test results were in 
agreement, that the tyre models represent the physical tyre for static, gradual, slip increments. 
However, the purpose of a tyre model is to behave the same as the physical tyre in dynamic 
conditions. This implies that the method of characterising the tyres (by incrementally, and not 
continuously, increasing the lateral slip angle) may not be correct even though this was the method 
used in the past.  

Based on 14 dynamic lane change validation tests, it is hypothesized that the better method for 
characterising physical tyres, to generate Pacejka MF computational representations, is to 
continuously (i.e. dynamically) change the lateral slip angle while the test rig is being towed at a 
constant velocity. The dynamic forces should improve the models generated by the medium tyre test 
rig.  
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The Pacejka 2002 model was a better representation of the physical tyre in the vertical direction than 
the Pacejka 89 model was, during the Belgian paving physical tests and simulations. Thus, there is 
potential for using the Pacejka 2002 tyre model for CSIR LS vehicle modelling, within limit.  

5 CONCLUSIONS 

 The Pacejka 89 and Pacejka 2002 computational tyre models generated with the use of the 
medium tyre test rig represented the physical tyre only in “static” conditions. That is, where 
the computational tyre lateral slip angle was changed incrementally, at a constant velocity.  

 The Pacejka 89 and Pacejka 2002 computational tyre models did not represent the physical 
tyre in dynamic conditions, such as a lane change manoeuvre. This is probably due to the 
“static” characterisation method. The method of tyre characterisation should be changed to 
continuously vary the slip angle.  

 The Pacejka 2002 tyre model is better in representing vertical tyre dynamics than the Pacejka 
89 model. 

6 RECOMMENDATIONS 

It is recommended that tyre characterisation tests, which were conducted with the medium tyre test rig, 
be re-conducted with the tyre slip angle being varied continuously. Thereafter, the validation tests 
should be re-conducted to evaluate whether the tyre models are more accurate.  
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Abstract – This paper introduces the truck tyres selection optimization problem, which is to 
be solved in a research project, the overall goal of which is to identify—for each vehicle 
and each operating environment specification—an optimal tyre configuration.
The paper focuses on the joint vehicle, tyres, and operating environment model developed 
within the project. The tyres are modelled using regression models of lateral and vertical 
stiffness of the tyre and a computationally efficient model of the rolling resistance 
coefficient (RRC) based on a radial basis function interpolation of sample points, which are 
evaluated by a finite element model of the tyre. The interpolation is combined with existing 
expert knowledge about the true RRC function. The joint model developed is validated 
through investigations of how certain functional properties, such as the fuel consumption,
vary with the tyre design variables as well as with some operating parameters. The
validation results show that the model developed approximates the tyre-related functions
well enough and can be used in the truck tyres selection optimization problem.

1 INTRODUCTION
To support the truck tyres selection process at a vehicle equipment manufacturer, an optimization 
model has been developed with the aim of determining an optimal set of tyres for each vehicle and 
operation specification. This research is motivated by TyreOpt—Fuel consumption reduction by tyre 
drag optimization research project, conducted by Volvo Group Trucks Technology (GTT) and 
financially supported by the Swedish Energy Agency (see [1]), with the overall purpose to reduce the 
cost of operation, which is in this case measured by fuel consumption and tyre wear summed into one 
objective function to optimize, while preserving the levels of other tyre dependent features such as 
startability, handling, and ride comfort thought of as constraints to satisfy.

The joint vehicle, tyres, and operation model with the aim to compute the objective and constraints 
functions listed in a computationally efficient way is developed in this paper. The joint model is based 
on simple models for the vehicle and for the operating environment. For the tyre, a more complex 
model is proposed. The joint model is then verified using comparisons with other existing models used 
in Volvo GTT and other references.

The current status of the truck tyres selection is described in Section 2. The goals of the TyreOpt 
project are summarized in Section 3. The optimization model stemming from the research project is 
stated in Section 4. The methodology for developing the joint model is suggested in Section 5.
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The joint model proposed is described in Section 6. The main part of the model is a tyre model based 
on models of the RRC, the lateral stiffness, and the vertical stiffness of the tyre. The tyre model is 
described in Section 7. The joint model is then demonstrated and verified in Section 8. Finally, 
Section 9 concludes the paper.

2 CURRENT STATUS OF TYRES SELECTION
At Volvo GTT, a gradually developed sales system with an associated organization is used to select 
tyres. This system enables the customer to specify the required vehicle and the intended usage of the 
vehicle in a systematic way. The output from the sales system, among many other outputs allowing 
production of vehicles tailored to its specific purpose, is a set of feasible tyres for different positions 
and different seasons to be used for the specified vehicle. The current practice for selecting the tyres' 
configuration is usually based on experience and customer input that can be further improved by 
means of scientific methodologies. 

3 GOAL
The current status of truck tyres selection process is to be improved using the results from the research 
presented in this paper. We want to find an optimal tyres combination, i.e., suggest which from the 
feasible tyres should preferably be used for a particular truck in a particular operating environment in 
order to optimize the fuel consumption and the tyre wear while balancing the other tyre-related 
constraints. We may also wish to find the optimal set of tyres for each customer, regardless of whether 
the optimal tyres exist, hence, subsequently being able to put requirement on and/or provide 
recommendations to the tyre suppliers. Therefore, two optimization problems need to be solved.

• Tyre design problem—For a specific vehicle and operating environment, find the optimal
values of tyre design variables (such as radius, width, and inflation pressure),

• Tyres selection problem—For a specific vehicle and operating environment, select the optimal
tyres from the existing tyre database with a limited number of tyres. The design variables are
given for the tyres in the database (e.g., radius and width).

The second optimization problem cannot be solved by complete enumeration for each vehicle and 
operating environment, not even for the vehicles that are actually sold, even if the number of the tyres 
is relatively limited. This is due to the fact that

• the number of possible vehicle configurations offered by Volvo GTT is huge (~ ),
resulting in that an a priori optimization for all possible vehicle and operating environments is 
practically impossible, and

• high-fidelity vehicle simulations to find the optimal tyres configurations are computationally
costly, disallowing a real-time optimization for the optimal tyres configuration when a vehicle 
is sold.

Therefore, in the on-going research we are developing a combinatorial optimization algorithm 
allowing finding a priori an optimal tyres' configuration for a limited number of strategic vehicle
specifications operating in the most common operating environments. Then, an approximately optimal 
solution for many other customers is constructed in a computationally efficient way based on available
information about the optimization model.

4 OPTIMIZATION MODEL
The optimization model for both the tyre design problem and the tyres selection problem, is to 
minimize the fuel cost and the tyre cost subject to constraints, i.e., startability, ride comfort, and 
handling. 
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where x are the tyre design variables and p represents the operating parameters and the parameters 
characterizing the vehicle. The variables x are continuous for the tyre design problem and categorical 
for the tyres selection problem which makes the optimization much more challenging (categorical 
variables are defined, e.g., in [2]). Although the most important constraints were selected, there are 
many other tyre-related objectives and constraints (e.g., durability, noise, and low speed path), which 
are omitted in the optimization model due to the requirement to keep the optimization problems
solvable by the existing optimization solvers and due to unavailability of suitable models of the 
omitted constraints.

5 METHODOLOGY
In order to model the objective and the constraints functions in the optimization model described we 
have developed a joint model of vehicle, tyres, and operation. The model is based on vehicle dynamics 
equations describing the vehicle and is implemented in Matlab and Simulink. The tyre model, which is 
a part of the joint model, has to be able to distinguish between different tyres available in the tyre 
database. Therefore, the tyre model has to be able to describe the influence from tyre design variables
better than, e.g., the commonly used Pacejka's model (see [3]). Hence, a distinct truck tyre model has
been developed and inserted into the joint model. The model is kept computationally efficient which is 
highly desirable from the optimization point of view. For the model of the operating environment 
a parameterized road description is used; see Section 6.

The structure of the optimization model is reflected in the structure of the joint model. The model of 
the objective function, i.e., of the fuel and tyre cost, has to be simulated through the whole driving 
cycle and is implemented in Simulink. The models of the constraints are event based and are therefore
implemented in individual Matlab scripts independent of the driving cycle. The joint model is then 
operated as a top level script allowing for evaluation of the objective and constraints functions for any
setting of tyre design variables x and the operating and vehicle parameters p. See [4] for details.

6 JOINT VEHICLE, TYRES, AND OPERATION MODEL
A rigid truck has been modelled as an example of a vehicle configuration in order to determine the 
objective and constraints functions of the optimization model described in Section 4. The tyres are
modelled using a surrogate model of the RRC and regression models of lateral and vertical stiffness.
The tyre models are introduced in Section 7. The tyre design is determined by values of the tyre 
variables x:

• inflation pressure,
• tyre width,
• tyre diameter, and
• groove depth.

These variables can be used directly in the tyre design problem but need to be gathered together in the 
tyres selection problem to form categorical variables characterizing the tyres available in the tyre 
database. The model for the operating environment consists of sample roads available in Volvo GTT. 
The roads are specified with the road height and the speed limit as functions of the longitudinal 
position on the road. 

To populate the joint model, values of forty parameters are needed for the vehicle model, values of ten 
parameters specifying the material and the groove pattern for the tyre model and the discretized speed 
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and height profile of the road, and values of five road parameters for the operating environment model. 
Below, we shortly describe the principle behind the models for the selected objectives and the 
constraints of the optimization model developed in the TyreOpt project. 

Figure 1: A schematic illustration of the joint model of vehicle, tyres, and operation. Dashed arrows 
show parameters and variables propagation prior to each simulation and solid arrows show dynamic 
interaction during each simulation.

6.1 Fuel consumption

The fuel consumption forms the biggest part of the cost of operation at least for many transport 
applications; see [5]. A basic inverse dynamic vehicle model was used to calculate fuel consumption. 
The concept assumes that the vehicle meets a driving cycle exactly, which means that both required 
wheel speed and required wheel torque can be calculated for each time instant. Then, via a propulsion 
and brake system model, the corresponding fuel consumption in the engine can also be found for each 
time instant. Inverse dynamic analysis is computationally efficient but does not model any phenomena 
that can be modelled by a driver model in the propulsion and brake system. Inverse dynamics is 
sometimes referred to as backward-facing approach, see [6]. The model consists of a vehicle block, 
a gearbox block, an engine block, and a fuel tank block created with the aid of Simulink (see [7]),
using the QSS toolbox (see [8]). The model developed allows computing the fuel consumption, which 
is then recalculated to the fuel cost per distance unit. The fuel consumption is influenced by all of 
the considered tyre variables, i.e., by the inflation pressure, the tyre diameter, the tyre width, and 
the groove depth.

6.2 Tyre wear

The wear of the tyres has a direct impact on the running cost of the vehicle. A simple tyre wear model
from [9] was adapted in [4] to provide an estimation of the overall tyre wear, subsequently recomputed 
to tyre cost per distance unit. The wear is influenced by the rolling resistance and includes a tyre 
surface temperature calculation. It was identified that the inflation pressure, the tyre diameter, and the 
tyre width influence the tyre wear.

6.3 Startability

Startability is one of the most critical longitudinal performances, which indicates the ability to start 
from standstill and maintain forward motion on a specified grade when operating at maximum laden 
mass. The startability model imposes equilibrium equations in terms of the total resistive force and 
total tractive force to calculate the maximum slope angle that the truck can handle. The total resistive
force contains the rolling resistance force but the influence of the tyre variables is not significant as 
can be seen in Section 8.
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6.4 Handling

The understeer gradient is calculated in order to predict the handling performance, i.e., how the 
vehicle will behave in steering situations. It is modelled as the difference between the slip gradients of 
the front and back wheels, respectively, determining whether or not the vehicle is handled within the 
required limits. The handling model in [4] has been extended by a regression model of the lateral 
stiffness of the tyre to include the influence of the tyre inflation pressure and the payload. The 
handling model then changes only with one of the tyre design variables—the inflation pressure.

6.5 Ride comfort

Ride comfort is a very important dynamics factor. The selection of the tyres can completely change 
the comfort characteristics of a truck from harsh to smooth and vice versa. The ride comfort is 
modelled using a half vehicle model of vertical dynamics (see [10]). The half vehicle model is a 
simple model, which can be seen as an extension of the quarter car model with more degrees of 
freedom. The ride comfort model in [4] has been extended by a regression model of the vertical 
stiffness of the tyre to include the influence of the tyre width, the tyre inflation pressure, and the 
spindle load. Therefore, the inflation pressure and the tyre width influence the resulting ride comfort 
model.

7 ROLLING RESISTANCE COEFFICIENT
The rolling resistance force is defined as the loss of longitudinal force on the vehicle body, as 
compared to the longitudinal force, which would have been transferred with an ideal wheel. The RRC
is the rolling resistance force divided by the normal force, .

denotes the longitudinal force on the wheel, denotes the applied torque and denotes the tyre 
radius. For a free rolling tyre, where , RRC becomes simply . In the next section we 
describe a model of the RRC for a free rolling tyre that was developed with the aim to be
computationally efficient.

7.1 Surrogate tyre model for RRC

We utilized a 3-dimensional finite element (FE) truck tyre model (see a detailed description of the 
model in [11]), developed in a cooperation between University of Ontario Institute of Technology 
(UOIT) and Volvo GTT, to determine the forces and for a tyre with zero torque. This tyre model 
was created to investigate the influence of the tyre design variables (tyre inflation pressure, tyre width, 
tyre diameter, and groove depth) and the operating and vehicle parameters (vehicle speed and normal 
load) on the RRC and to predict the tyre ground interactions; see [12]. Investigations done by UOIT 
show how the RRC is influenced by the tyre design variables and operating parameters one by one. 
However, a composite function for the RRC has not yet been constructed. The FE model is detailed 
enough to distinguish between different tyre parameters' settings, although it has many limitations, 
e.g., no torque is applied and the influence of material and tread pattern is not considered.

Since the evaluation of the FE model requires a long computation time, for our future research
(running an optimization algorithm to solve the tyres selection optimization problem) we need to 
create a model of the RRC function based on the design and operating parameters which can be 
evaluated in a reasonably short time. The FE model is used to generate a set of sampled points and this
set is then used to generate a computationally efficient surrogate model obtained using a radial basis 
function (RBF) interpolation. The resulting model is then a linear combination of radial functions. The
first straight-forward application of RBF interpolation for a given set of sample points showed 
however that the surrogate model of the RRC contained inaccuracies and even physically absurd 
values (negative RRC values and being not as smooth as expected), which led to a poor 
correspondence with the expert's expectations. Therefore, within this research project we have 
developed a method in which various types of expert knowledge can be integrated with traditional 
RBF interpolation; see [13] for details. The resulting RRC surrogate model can then be incorporated 
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into the joint vehicle, tyres, and operation model.

7.2 Regression models of lateral and vertical stiffness

The constraint models developed in [4] have been extended with regression models for the lateral and 
vertical stiffness of the tyre in order to improve the influence of the tyre design variables. The tyre 
influence on the understeer gradient can be modelled by a simple model of lateral stiffness . The 
data reported in [14] about the influence of the inflation pressure p and the vertical force Fz on the 
lateral stiffness and regression analysis have been used to create the model. A set of regression 
functions has been fitted to the data and the one that minimizes the distance between the predicted and 
the measured function values has been selected. The resulting function after having applied regression 
of quadratic order in both the inflation pressure and the vertical force to the data is

where c1 is obtained from a given value of the lateral stiffness for nominal values of the inflation 
pressure and the vertical force available in the tyre database for each tyre.

To reflect the influence of the tyre design variables on the ride comfort we have decided to create 
a model of the vertical stiffness . The regression model of the vertical stiffness is based on test data 
for a real tyre measured by Volvo GTT investigating the influence of the tyre width w, the tyre 
inflation pressure p, and the vertical force Fz on the vertical stiffness. The resulting function after 
having applied regression of quadratic order to the data is:

where c2 is found from a given value of the vertical stiffness for nominal values of the inflation 
pressure and the vertical force applied on the tyre with a given width available in the tyre database. 
When we utilize the regression models in the joint model the handling (lateral stiffness) is influenced 
by the inflation pressure and the tyre vertical force and the ride comfort (vertical stiffness) is 
influenced by the tyre width , the tyre vertical force , and the inflation pressure . The influence of 
the rest of tyre design variables is neglected.

8 MODEL VERIFICATION/DEMONSTRATION
In the present section, it will be demonstrated how selected objective and constraints functions, such 
as the fuel consumption and ride comfort, vary with some tyre design parameters, such as the tyre 
diameter and the inflation pressure, as well as with some operating parameters, such as the tyre 
vertical force and the truck speed.

The Volvo GTT in-house developed analytical tool PERF can be used to evaluate some, but not all, 
objective and constraints functions. This tool has the aim to evaluate in detail the capacity of the 
truck's driveline and to determine the criteria for low fuel consumption for each transport assignment.
The main purpose of PERF is not detailed tyre studies.

Figures 2-7 present the objective and constraints functions as functions of the tyre design variables x
and the operating parameters p as solid lines. The quantity computed within the tyre model (the RRC, 
the lateral stiffness, or the vertical stiffness) enabling to detect the influence of some tyre design 
variables on the respective objective or constraint function (e.g., fuel consumption) is plotted in each 
of Figures 2-7 by the dashed or the dash-dotted line. If the corresponding quantity of the tyre model 
changes over the driving cycle the range between the minimal and the maximal values of this 
component over the cycle is plotted.

Investigations in PERF verified that the fuel consumption decreases with increasing tyre diameter and 
slightly increases with increasing tyre width as illustrated in Figure 2. Our model overestimates the 
amount of the fuel burned by the truck, which is not a critical problem for the optimization aiming to 
minimize the fuel consumption.
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Figure 2: Influence of tyre diameter and tyre width on the vehicle fuel consumption

Figure 3: Influence of inflation pressure and groove depth on the vehicle fuel consumption

The influence of both the inflation pressure and the groove depth on the fuel consumption, illustrated 
in Figure 3, corresponds with the changes in the RRC reported in [11]. The influence of the inflation 
pressure also corresponds to the results reported in [15] and the influence of the groove depth 
corresponds to the results reported in [16].

The influence of the payload on the fuel consumption illustrated in Figure 4 reflects what we get from 
PERF. The fuel consumption increases because of the increasing rolling resistance . The 
rolling resistance force increases with the increasing payload, which forms part of , even though the 
RRC decreases. The influence of the average truck speed over the driving cycle on the fuel 
consumption reflects how the RRC is changing with the speed; see [11].
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Figure 4: Influence of payload and truck speed on the truck fuel consumption

Figure 5: Influence of payload and inflation pressure on understeer coefficient

The handling modelled using the understeer coefficient is plotted as a function of the payload in 
Figure 5. While changing the payload the centre of gravity position is not changing in our model.
Therefore, the handling model has to be improved to better reflect the reality. The understeer 
coefficient is almost constant when changing the inflation pressure since the difference between the 
rear and the front lateral stiffness is almost constant and the centre of gravity is placed in 
the middle of the vehicle for the nominal payload. The increase in the understeer coefficient with 
increasing inflation pressure observed in Figure 5 is reported also in [15].

The influence of the payload on startability illustrated in Figure 6 is reasonable because of the 
increasing rolling resistance force. There is presently no significant influence from the tyre design 
variables on the startability. A development towards calculating the road friction coefficient is desired. 
The road friction is typically varying with road conditions and the tyre design. The vertical stiffness 
increases with the increasing payload as the Volvo GTT testing data indicates. Therefore, the weighted 
RMS increases resulting in a worse ride comfort as can be seen in Figure 6.
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Figure 6: Influence of payload on startability and ride comfort

Figure 7: Influence of inflation pressure and tyre width on ride comfort

The influence of the inflation pressure on the ride comfort measured by the weighted RMS plotted in 
Figure 7 is reasonable since the tyre is getting stiffer in the vertical direction with increasing inflation 
pressure resulting in a less comfortable ride. The influence of the tyre width on the ride comfort 
reflects the Volvo GTT testing data implying that wider tyres are stiffer in the vertical direction and 
therefore the ride comfort is lower when using wider tyres.

9 CONCLUSIONS
We have developed a joint model of vehicle, tyres, and operation to evaluate the objective function
and the constraints needed for solving the tyre design and the tyres selection optimization problem
described. The model had to be developed because the existing models of tyre-related function are 
either too complex or do not allow to differentiate among different tyre designs.  

The main contribution is the tyre model based on the surrogate model of the rolling resistance 
coefficient and the regression models of lateral and vertical stiffness. The tyre model was then 
combined with suitable vehicle and operating environment models. The model developed reflects the 
influence of the tyre design variables and the operating parameters on the selected tyre-related 
functions well enough even though the fuel consumption is overestimated. Therefore, the model can 
be used for the purposes of the TyreOpt research project. However, the research project will lead to 
more accurate results if the joint model is improved wrt. accuracy by partly replacing it with more 
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detailed models or/and by introducing additional variables or/and constraints and costs. For example, 
for the tyre model we assume that the material properties of the tyre and the groove pattern properties 
are fixed. The influence of Mooney Rivlin coefficient of the thread material is intended to be added 
into the model to better describe the available tyres. The tyre model considers free rolling tyre, i.e.,
there is no torque applied on the tyres. The applied torque will be added to the tyre model as a part of 
future research. The specification of the operating environment needs to be extended to consider the 
influence of road conditions on the tyres selection problem.
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ABSTRACT: This paper shows an overview of a continuous research project between Volvo Group Trucks 
Technology and its associated research partners involving computerized finite element analysis (FEA) tire models 
and their possible applications towards tire-ground interaction research. With recent advancements in 
computerized modelling and solving techniques, it has become easier and less expensive to virtually investigate 
many tire-road and tire-soil interaction properties. This has led to many research and development tasks being 
completed in virtual environments instead of the physical counterpart in an effort to reduce time, capital and use 
of physical laboratories. The various phases of this research project have led to the development of multiple tire 
and soil models using finite element analysis (FEA) and smoothed particle hydrodynamics (SPH) techniques.  

1 INTRODUCTION 
The most important aspect of a land vehicle is the way it is able to transfer power to the road surface in 
an effort to move. The majority of vehicles achieve this through pneumatic tires, which have developed 
significantly since their patented introduction in 1888 by Scottish veterinarian John Boyd Dunlop [1]. 
They must not only support the vehicle mass and transfer energy from the engine to the road surface, 
but do so while experiencing extreme loads, maintaining control, and behaving in a predictable manner. 
In order to achieve all of these tremendous tasks, the construction of these tires has evolved from simple 
rubber inner tubes to a carefully crafted recipe of synthetic and natural viscoelastic rubbers woven 
around steel belts in a harmonious and precise manner. Due to the significantly complex nature of their 
construction, it presents an issue when attempting to represent their highly non-linear behaviour in a 
mathematical or computer-generated tire model. The interaction between all the individual components, 
such as the rubber compounds, steel belts, nylon fibres, and woven layers make the static and dynamic 
characteristics very difficult to predict. 

While the physical research will always be necessary for validation of tires, the majority of research can 
be conducted in computer generated experiments in order to keep experimentation costs low and 
efficient. The challenge of converting a physical tire into a tire model is a daunting task as one would 
aim to construct it in a way such that all of the characteristics are not compromised. Since the 1970’s, 
computer generated tire models have widely grown in popularity as the computational requirements for 
such models have decreased. Finite element analysis (FEA) is an extremely useful representation for 
entities within virtual environments. This technique has been widely adopted in analysing stress, strain 
and elastic/plastic deformation of very complicated structural models [2]. External factors such as 
temperature or aerodynamic resistances can be implemented and forces in all directions and planes can 
be analysed simultaneously. Due to the significant increase in the amount of calculations and the amount 
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of data for analysis, the more detailed FEA tire models drastically increase the computational intensity 
of the solver networks. With an ever improving technology base, the physical time to run and solve these 
simulations has dramatically decreased in recent years. However, there is still a significant amount of 
preparation that must be done in order to properly represent these tire models in a FEA framework. FEA 
tire models must not only incorporate the physical geometry and construction methods, but also detailed 
material properties for all parts involved. When it comes to full tire models, there could be at least 25 
different parts with as many individual materials needed for the proper construction. 
 
Over the course of this research project, there have been multiple FEA tire models that have been 
constructed. The FEA technique has also been implemented in several phases of this research to model 
soil for various research topics. For computational efficiency, FEA is used for relatively accurate tire-
soil interaction research. In other cases, more advanced modelling techniques were investigated for more 
accurate representation of soils. The most accepted technique is using smoothed particle hydrodynamics 
(SPH) to replace the traditional FEA framework of soil models. FEA soils behave acceptable in 
compression or displacement tests, but fail to have the correct shearing properties for completely 
accurate representation of a tire-soil interface. For shear capabilities, SPH is commonly used as the 
traditional FEA latticework of elements do not exist and particles can only effect other soil particles 
within their defined zone of influence. This characteristic allows the particles to move in a free 
environment without the need to stay connected to neighbouring elements. Ploughing and other 
displacement behaviours of traditional soils can be replicated properly using this modelling technique.  

2 FEA TIRE CONSTRUCTION AND VALIDATION 
For the majority of the research completed thus far, the modelling and simulation work is completed 
using a commercial software package developed by ESI Studios. This package contains multiple 
programs which are used in various portions of the research including PAM-Crash, PAM-Mesh, PAM-
Shock, and PAM-Opt. This package provides proper programs for the modelling, material design, 
environment construction, and validation of the vast amount of simulations and experiments. For 
analytical tire models, MATLAB is a common choice for the ability to quickly compute complex 
relationships which involve multiple equations of motion.  
 
For research involving complex tire-soil interaction relationships, highly non-linear tire models are 
created, such as for research completed by Slade et al in 2009 [1]. This amount of detail is imperative 
to research of this type due to the complex nature of the interactions taking place. Other research, 
however, focuses on improving the efficiency of the models to reduce the computational demands 
required for solving these intricate models. As seen in research completed in 2007, Allen et al [3] 
investigate the feasibility of using half-FEA tire models for the prediction of rolling resistance in soft 
soils. A comparison of these two different types of tire models can be seen in Figure 1. 

 
The models that are used in this research do reflect a high amount of complexity in terms of the number 
of parts, elements and construction nodes. For some of these FEA tire models there can contain more 

Figure 1 - Comparison in Complexity of Used FEA Tire Models, Allen et al. (Left) and Slade et al. (Right) 
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than 27,000 nodes, 25 parts, and 47,000 individual elements used. Including the simulation environment 
and the introduction of soft soils, the virtual experiments that are conducted can be considered 
significantly intricate. A collection of the various tire models used throughout this research project can 
be seen in Figure 2. 

A vigorous virtual validation process is implemented for the tire models to ensure the overall accuracy 
of the experiments and eliminate invalid results. An excellent example of this is carried out by Chae et 
al [4] in 2006 for the validation of a 4-groove tire model. The validation of this FEA tire model was one 
aspect of a much larger project, which showcased a comparison of a FEA quarter vehicle model (QVM) 
and an analytical rigid ring model QVM. Both virtual models were developed to predict vertical 
accelerations as a truck tire moved over a drainage ditch of known size. The experimental QVM results 
were then compared to physical recorded data of the same event in an effort to prove the feasibility of 
these prediction models. More detail as to the specifics of this project will appear later in this paper.  

Referring back to the validation of this FEA tire, multiple simulations were conducted in order to 
compare the performance of the FEA tire model to its physical counterpart. Once the geometry and 
material data are inserted into the new model, the tire’s static vertical stiffness, contact patch area, first 
mode of vertical free vibration and yaw oscillation frequency response were tested in order to ensure 
the accuracy of the model[2]. The limiting factor to the accuracy of many of the models is simply the 
information that was available for the construction process. 

2.1 Static Vertical Stiffness and Contact Patch Area Validation  
For the static vertical stiffness, the tire model is introduced into a virtual environment in which it is 
inflated to its rated inflation pressure. A load is then applied to the tire centre in a ramped fashion to 
induce deflection on the tire. The ratio of applied load to resultant deflection, or the static vertical 
stiffness, is recorded and compared to physical results. Similar to the procedure mentioned previously, 
the tire model is introduced into a virtual environment in which it experiences a ramped vertical load 
applied to the tire centre. The area of the contact patch is measured at various points of the load 
application and compared to the physical measurements. An example of the simulated results compared 
to the physical measurements can also be seen in Figure 3. 

Figure 2 - FEA Tire Models Used During Various Research Topics, 3-Groove Tire (Top Left), 4-Groove 
Tire (Top Middle), 5-Groove Tire (Top Right), RHD Tire (Bottom Left), Dual RHD Tire (Bottom Middle), 

Wide-Base Tire (Bottom Right) 
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2.2 First Mode of Vertical Free Vibration Validation 
In order to validate the dynamic behaviour of the FEA tire model a drum-cleat test is conducted, in 
which the tire is lowered onto a rigid drum of known size after the tire model is inflated to the rated 
inflation pressure. The drum is assigned to be rigid and features a cleat which, when rolled under the 
tire, produces vertical excitement. The tire model is locked vertically upon settling from vertical loading 
to prevent the tire from bouncing or jumping off of the drum when it makes contact with the drum. The 
vertical tire spindle force is recorded and the first in-plane free vibration mode is obtained by applying 
a FFT algorithm to the vertical force output [4], as shown in Figure 4. This is of course compared to the 
physical measurements of the same experiment in order to ensure its validity. 

2.3 Cornering Force Validation 
The lateral behaviour of the tire model is equally important as the longitudinal, thus validation is also 
carried out to accurately model the cornering characteristics of the tire models. More work by Chae in 
2006 featured cornering simulations at various induced slip angles to validate the generated cornering 
force. A 3-groove tire was compared to measurement data from the University of Michigan 
Transportation Research Institute (UMTRI) of a similar physical tire [5]. The predicted steering 
properties (Figure 5) showed favourable results at higher vertical loads and at low induced slip angle. 

Figure 4 - Drum-Cleat Test for First Mode of Vertical Free Vibration Validation 

Figure 3 - Simulated vs. Measured Results for Static Vertical Stiffness (Left) and Contact Patch Area 

Figure 5 - Cornering Characteristics Comparison [5] 
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3 SOIL MODEL CONSTRUCTION AND VALIDATION 
3.1 Soil Characterization 
The classification of various soils are difficult due to the varying range of possible properties and from 
a lack of consistent methods of obtaining the material parameters of each soil model. In reality, soils 
offer very little in terms of uniform distribution and homogeneous properties. Bekker’s Equation, which 
is used to predict pressure-sinkage characteristics of soils, is one which has been widely accepted as a 
technique for many disciplines. The relationship is able to predict displacement within a soil sample 
from a plate being applied downward into the soil. Along with a few material properties, one can then 
predict pressure-sinkage relationships for a single soil type. An example of this is shown in a FEA soil 
model in Figure 6. 

Bekker’s Equation:   Ф  

Another common technique for classifying soils is to determine their direct shear properties. To do so, 
a soil sample is placed into a shear box which consists of a box that has been cut in half. The top of this 
box is able to move as well. The box is filled with the specified soil and the top of the box has a force 
applied to it, compressing the soil. With the particular force applied, the two halves of the box are moved 
away from each other, resulting in the shearing of the soil under investigation. Forces are then measured 
in the shearing direction. A FEA representation of this contraption filled with SPH particles can be seen 
in Figure 7. For comparison, the internal shear angle is most commonly used as it is a representative of 
the shear properties over a large range of pressures [6]. This is also due to the inconsistency in most 
soils, in which soil samples taken a few metres apart can show variation in material properties from its 
non-homogeneous nature. In most cases, the pressure-sinkage relationship and the shear characteristics 
are the main validation criteria for virtual soil models.  

Figure 6 - FEA Soil Experiencing a Pressure Plate Application [6] 

Figure 7 - FEA Shear Box Filled With SPH Particles [6] 
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3.2 Soft Soil Modelling 
The representation of soft soils in a virtual environment has a limited history, due to the relatively recent 
emergence and advancement in simulation programs and hardware [6]. Most soft soils have been 
developed using a traditional FEA framework, which presents a relatively quick and accurate model 
type for simulation use. However, its fundamental structure, the element framework, is also its greatest 
limitation when trying to accurately reflect soil displacement or ploughing effects. The framework holds 
the particles together and any element can influence the entire FEA model. FEA also cannot represent 
the shear properties of soft soils and penetration when loaded [6]. Soft soils are best represented as 
separate particle entities which are non-homogeneous and thus discourage uniform soil distribution. One 
efficient way of proper soil representation is by moving away from a traditional FEA model and by 
using smoothed particle hydrodynamics (SPH) instead. This technique models materials as particles 
rather than solid blocks and more accurately represents the behaviour of soft soils [6]. These particles 
interact with neighbouring particles different than traditional FEA in that they are not connect to 
neighbours but can influence other particles that are within their ‘sphere of influence’. Objects outside 
this area cannot be influenced by that particular particle. These particles not only interact with particles 
of the same material type, but all other entities in the simulation as well. An example of the ‘sphere of 
influence’ can be seen in Figure 8 (Left), where particle ‘P’ has another particle ‘N’ within its sphere. 
For the fundamental ability to model shear within the soil model, this SPH technique has been adopted 
into recent tire-soil interaction research for added accuracy of the models. A sensitivity analysis for the 
construction of SPH models was conducted by Lescoe et al [7] in 2010. The SPH technique has replaced 
the FEA pressure-sinkage soil model shown earlier in Figure 8 (Right) for visual comparison.  

3.3 Soft Soil Validation 
In order to validate the SPH soft soil models, the aforementioned characterization techniques of 
pressure-sinkage and direct shear experiments are recreated in a virtual environment consisting of the 
soil to be validated. By using experimental data or prediction techniques such as Bekker’s equation, the 
virtual measurements are compared to the predicted outcome of the simulations in order to ensure the 
accuracy of the models. Comparisons are made over a wide range of applied loads in order to better 
validate the soils for a wide range of operating conditions. For the pressure-sinkage, the displacement 
of the selected soil from the pressure plate is recorded over this range of applied force and compared to 
its physical or predicted measurements. For the validation of the shear properties, the SPH shear box 
shown above is used to measure the forces generated due to shear. The measured and predicted shear 
properties are then compared via the shearing angle in order to compensate for the non-homogenous 
nature of soft soils and to express the relationship over a large applied pressure range. An example of 
this validation for a particular clayey soil from Thailand is shown in Figure 9. 
 

Figure 8 - Smoothed Particle and its Interaction Radius [6] (Left), SPH Pressure-Sinkage Model with 
Pressure Contour Shown (Right) [8] 
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4 TIRE-ROAD INTERACTION RESEARCH 
Over the course of the ongoing research project, there have been numerous topics that have been 
investigated regarding tire-road interaction. Topics such as rolling resistance prediction, steering 
characteristics, dynamic tire responses to vertical excitement, the effect of tire geometry on performance, 
and the construction of quarter vehicle models (QVM) as well as rigid ring models have all been 
investigated.  

4.1 Rolling Resistance Prediction 
There have been many tire models that have been constructed for the purpose of rolling resistance 
prediction and the various factors that affect the rolling resistance coefficient (RRC). In work by Dhillon 
et al [8] in 2013, the rolling resistance coefficient was investigated as to its sensitivity with respect to 
inflation pressure, vertical load, speed, and road coefficient of friction for a particular tire model. 
Additional experiments were also carried out with focus on the change in RRC with respect to tire width, 
tire diameter, number of grooves, and camber (Figure 10) of the tire model. To decrease the rolling 
resistance coefficient in this particular tire model, research found that increases in inflation pressure and 
vertical load would have the desired effect. The RRC could also be reduced with a decrease in speed, 
road coefficient of friction, tire width, groove depth, and camber (while steered).  

4.2 Steering Characteristics 
In 2012, Ali et al [9] conducted virtual experiments into the effect of tire camber on the steering 
characteristics of a 3-groove tire model. The generated cornering force, self-aligning moment and 
overturning moment were analysed as the camber was varied over a range of 6 degrees. It was found 
from this research that the cornering force, overturning moment and rolling resistance of the tire model 
was only slightly effected by the change in wheel camber from -3 to +3 degrees. This variation however 
had a much more significant impact on the self-aligning moment of the tire model. The addition of 
camber in the steering characteristic simulations resulted in a phase change in the magnitude of the self-
aligning moment. As seen in Figure 11, as wheel camber is varied from +3 degrees to -3 degrees, the 

Figure 9 - Validation Results for a Clayey Soil from Thailand [6] 

Figure 10 - Effect of Wheel Camber on RRC [8] 
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curve for aligning moment shifts upward allowing for higher amplitudes of aligning moment when the 
slip angle is also negative. This of course has the opposite effect in the positive slip angle region, in 
which the largest amplitude also occurs when the camber is positive.  
   
 
 
 
 
 
 
 
 
 
 

4.3 Construction of Rigid Ring Models on Hard Surfaces 
A rigid ring tire model is an analytical model in which the various in-plane and out-of-plane parameters 
for a specific tire can be condensed to. The parameters that a rigid ring model contain include various 
stiffness and damping constants in the vertical, translational, and rotational directions. By conducting a 
specific set of experiments, be they physical or virtual, one can isolate certain rigid ring parameters of 
the tire. Once fully populated, the analytical rigid ring model has many uses, as do all analytical models. 
They a represented by a governing set of equations of motion, which can be used to quickly predict the 
performance of the physical tire. Analytical models require magnitudes less computational power and 
thus can be solved much quicker than a FEA model. The various rigid ring model parameters can be 
seen in Figure 12. 

 
Numerous rigid ring models have been developed in order to better characterize tire models, in terms of 
stiffness and damping properties, as well as to aid in reducing the computational efficiency of large FEA 
full vehicle models (FVM). Once populated, a rigid ring model can be used in parallel with a complicated 
FVM’s to replace highly complex and non-linear FEA tire models. This technique shortens the overall 
solve time and can thus shorten the research and development time period for items not related to the 
tires themselves. For more accurate prediction, the full FEA tire models would be used as well, but for 
components in which the exact tire performance is not necessary these rigid ring models have proven to 
be incredibly valuable.  
 
For more detail into the rigid ring model process, works by Chae [5], Slade [2] and Reid [10] are all 
recommended.  
 

Figure 11 - 3-Groove Tire Used For Experiment (Left), Effect of Wheel Camber of Self-Aligning Moment (Right) [9] 

Figure 12 - The In-Plane and Out-of-Plane Rigid Ring Model [11] 
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4.4 Construction of Quarter Vehicle Models 
Another useful technique for the research and development of tire dynamics is the construction of a 
quarter vehicle model. Since the tire model must interact with various components of the suspension, a 
more accurate tire model would incorporate some of the sprung mass characteristics. In a virtual 
environment this is achieved by adding artificial suspension to the tire centre which is connected to a 
large mass above the tire. During dynamic simulations, the various accelerations of the sprung mass will 
influence some of the tire model’s behaviour. This combination of models will produce a more accurate 
representation of dynamic behaviour than a tire model on its own in a virtual environment. The same 
addition can be used in the analytical rigid ring model to predict the FEA QVM’s behaviour in a quicker 
but less accurate method. As a proof of concept, Chae et al [4] in 2006 created a quarter vehicle model 
in a FEA environment for both a 3- and 4-groove tire model. A rigid ring QVM of the 3-groove tire 
model was also created in an effort to compare the analytical, FEA and physical measurements from an 
experiment in which the physical tire ran over a drainage ditch of known size.  

After conducting the study, it was found that both the 3-groove FEA QVM and the analytical QVM 
showed considerable accuracy to the measured data. The results were best at faster closing speeds, the 
best of which was at 21.2 km/h (Figure 14). The overall purpose of the research project was to show the 
validity of the virtual and analytical models to the physical counterpart. It can be seen that multiple 
models could be used for the representation of the physical event. The ability to represent a driving event 
such as this was significant as it allows for this analytical model to be used in an exploration phase of 
further research and development process to quickly narrow the design scope before implementing a 
more accurate FEA QVM model during an exploitation phase. The slower but more accurate FEA model 
could be for more precise parameter tuning of suspension characteristics where the design scope has 
already been narrowed by the quicker but less accurate analytical model. This concurrent design 
approach allows for the research time and computational resources to be minimized. Due to the success 
of this particular research, multiple methods of continuing the research could be taken.   

Figure 13 - Comparison of the FEA QVM and the Analytical Rigid Ring QVM [4] 

Figure 14 - Comparison of FEA, Analytical and Physical Measurements for the Drainage Ditch Experiment [4] 
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5 DISCUSSION 
There has been a considerable amount of imperative research that has been completed as part of an 
ongoing research project between Volvo Group Trucks Technology and its associated research partners. 
This project, which mainly focuses on the modelling and interpretation of highly non-linear FEA truck 
tire models, has allowed for a broad range of research applications to tire-road interaction properties. In 
recent phases of the research project, the addition of soft soil models using a modelling technique known 
as SPH has allowed for extensive research into the tire-soil interaction properties as well. Tire models 
which cover the full spectrum of modelling techniques, from analytical math tire models, to FEA quarter 
vehicle models to full FEA vehicle models have been covered in this paper to show the research range 
available. Due to the limitations of this specific paper, only a portion of the completed research topics 
have been included in an effort to give an overview to the capabilities of the research collaboration 
between Volvo Group Trucks Technology and the research partners. Additional topics include steering 
characteristics in soft soils, rolling resistance in soft soils, and the construction of wide base tire models 
with their validation using advanced optimization parameter tuning techniques. The extensive amount 
of research has resulted in approximately 15 academic papers being published in various international 
engineering journals.  
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The relationship between the longitudinal and lateral tyre-road contact forces and the 
available racecar telemetry input parameters is assessed. Through input-input and input-
output MIMO correlation analysis, redundancies between available variables are identified. 
A third order polynomial model is then used to correlate inputs and outputs. 
For validation purposes, the developed polynomial model has been compared with a 
polynomial approximation of MF-tyre model determined through multivariate Taylor series 
expansion stopping the expansion at cubic terms. It can be seen that the obtained terms are 
those highlighted by the relevance analysis.  

1 INTRODUCTION 
The mathematical modelling of any phenomenon primarily requires to assess the existence of a 
correlation or ‘similarity’ between two or more variables. Such an assessment can be made not only 
between input and output variables, but also between inputs themselves. In this way, if a correlation is 
found, it will be possible to reduce the number of the considered inputs, and consequently the 
complexity of the model. 
Assuming that the involved variables are observable and measured, there are many different types of 
correlation/similarity measures that can be used. These range from simple formulas to complex 
algorithms and can be grouped into four categories: 

 Euclidean geometry-based measures 
 statistical-based measures 
 energy-based measures 
 data mining derived algorithms. 

The most common correlation measures are based on Euclidean geometry, obtaining their correlation 
values from the Cartesian coordinate differences of the time-series. This is the case of the correlation 
coefficients of Pearson and Spearman ([1], [2]): easy to evaluate and meaningful, nevertheless they are 
suitable only for a single-input single-output dataset. Moreover they are very sensitive to small 
distortions in time axis, thus the DTW (Dynamic Time Warping) is a technique used to align the time-
series, improving their detection capability ([3],[4]). There are also others similarity measures based 
on more complex concepts of “distance”, as those one reported in [5] and [6]. Another category is 
composed by the statistical-based measures. Some examples are the NCIE (Nonlinear Correlation 
Information Entropy, [7]) or the PMI (Partial Mutual Information, [8]) that use the mutual information 
carried by the ranked time-series as a measure of multi-input single-output nonlinear correlation. 
Energy-based measures, instead, treat time-series as analogous to energy states and apply energy 
transformations or functions developed in an energy context, as the SimilB coefficient ([9]). Recently, 
several algorithms were adapted to time-series analysis deriving them from the Data Mining, that is a 
set of methods use to discover patterns in large data sets, involving the artificial intelligence, machine 
learning and statistics ([10], [11]). 
That one proposed in this paper is an all-comprehensive approach for the correlation analysis, both 
input-input and input-output, based on several correlation coefficients belonging to the aforementioned 
categories. Firstly, these tools allow the identification of the redundant inputs and thus the reduction of 
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the variables considered in the model. Secondly it is possible to evaluate the output quota related with 
each input. 
The presented mathematical tools are applied to the modelling of the tyre dynamic behaviour. The tyre 
modelling is fundamental for the study of the vehicle dynamics and nowadays there are various tyre 
models (from [12] to [15]), each one aimed to a specific application. Since the invention of the 
pneumatic tyre, the scientific research has built up knowledge, partly theoretical and partly empirical, 
about the parameters affecting the tyre-road contact forces: during 1921, for the first time in an IAE 
paper, Kersey laid emphasis on the lateral velocity component of the vehicle and on the camber as 
parameters affecting the tyre side force; In 1930, Bradley and Allen, investigating the friction 
properties of road surfaces, published the first graph of a tire side force versus an angle, although it 
wasn’t yet the slip angle as known today; In 1934, Olley exposed the basic relationship between the 
tire forces and the slip and also described the inflation pressure effect. 
By the late 30s, all the fundamental ingredients for the tyre modelling, as the slip ratio, slip angle, 
camber, inflation pressure and of course the forces have been identified and these became some of the 
key parameters of the most modern tyre models ([16]). However, the influence of some factors, as the 
tyre and road temperatures or the road surface roughness, is still not well understood. The aim of this 
application case is to assess the relationship between the longitudinal/lateral forces and all the 
available input parameters, starting from the telemetry data recorded on a racecar. Indeed this dataset 
is one of the most comprehensive amount of information recorded on a ground vehicle. 
 

Telemetry channels 

Absolute velocity of the hub Longitudinal force (for each wheel) 

Brake pressure Longitudinal velocity of CG 

Camber angle (for each wheel) Longitudinal velocity of the hub 

Car velocity Rotational velocity (for each wheel) 

Distance path Slip angle (for each wheel) 

Front left groundsteer Slip ratio (for each wheel) 

Front right groundsteer Steer angle 

Gear Throttle pedal 

Inflation pressure Torque 

Lateral force (for each wheel) Tread temperature (8 sensors for wheel) 

Lateral velocity of CG Vertical force (for each wheel) 

Lateral velocity of the hub Yaw rate 

 
Table 1: Channel list of the telemetry data. 

2 THE IDENTIFICATION STRATEGY 
Telemetry data recorded on racecars are characterized by a very large amount of information. More 
than 100 channels are sampled, typically with a sampling frequency of 200 Hz. In Table 1 a list of the 
typical sampled channels is reported. Some channels are actually measured, while others are estimated 
in the post-processing of the data, as shown in Figure 1. This generates an information redundancy. 
The recognition of redundancy allows to simplify the model, considering a lower number of input 
variables. Moreover, not all of the remaining variables are useful for the tyre-road contact forces 
modelling, and therefore it is necessary to assess the relevance of the information contained in these 
quantities. The identification of the optimal parameter set for the model synthesis is based on two 
features of the information contained in each variable: 

 the redundancy 
 the relevance 

3 IDENTIFICATION OF REDUNDANT INFORMATION (INPUT-INPUT 
CORRELATION ANALYSIS) 

Some of the variables affecting the tyre-road contact forces are not directly measured, as the slip angle 
or the slip ratio, but are estimated in the post-processing pahe, combining other channels. As an 
example, the slip ratio is defined by the equation: 
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cos
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where Ω is the angular velocity of the hub, Re is the effective rolling radius of the wheel, V is the 
linear velocity of the hub and α is the slip angle. The angular velocity Ω is the only variable among 
those listed which is directly measured, with an angular encoder on the hub.  The effective rolling 
radius Re is evaluated in post-processing on the basis of the vertical load, the inflation pressure and the 
angular velocity. The linear velocity of the hub V and the slip angle α are estimated combining the 
linear velocity of the CG and the yaw rate, jointly measured with a 2-axis optical sensor and a gyro. 
Thus, the variables κ, α, Ω, Re and V do not carry everyone original information. The identification of 
the redundant inputs is aimed at reducing as far as possible the complexity of the model, neglecting 
those inputs carrying the same information. This identification step is performed with an input-input 
correlation analysis. Two coefficients identify linear and nonlinear correlations ([1], [2]): 

 Pearson correlation coefficient; 
 Spearman’s rank correlation coefficient. 

 

 
Figure 1: Examples of measured and estimated data. 

 
Correlated inputs are clustered in information families, from which a single variable can be taken as 
representative of the whole. The input-input correlation analysis is based on six steps: 

1. Calculation of linear correlation among all inputs (Pearson); 
2. Clustering of linearly correlated variables (absolute value of Pearson coefficient ≥ 90%); 
3. Selection of one variable per cluster; 
4. Calculation of nonlinear correlation among remaining variables (Spearman); 
5. Clustering of correlated variables (absolute value of Spearman’s rank correlation 

coefficient ≥ 80%); 
6. Selection of one variable per cluster. 

3.1 Linear correlation (Pearson) 
Linear correlations are easily identified by Pearson correlation coefficient. Given two n-samples 
vectors x and y, the Pearson correlation coefficient is defined as: 

 

1

2 2

1 1
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i i
i i

x x y y

x x y y
 

(2) 

where the bar represents the mean value. Pearson coefficient is bounded between -1 and 1: high/low 
absolute values indicate high/low correlations between the two variables, whereas the sign identifies 
the mutual decreasing/increasing relationship between the variables. 

3.2 Nonlinear correlation (Spearman) 
Spearman’s rank correlation coefficient is used for the nonlinear correlation and is based on the 
definition of the ranked variables. The ranking process of each n-samples vector consists of: 

1. Sort in ascending order the vector 
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2. Assign a “Rank” to each value based on its position after sorting: 1 to the minimum value, n to
the maximum value, same rank to multiple values calculated as the average of their position.

Thus Spearman correlation coefficient is defined as the Pearson correlation coefficient calculated on 
ranked variables instead of raw variables. Spearman’s rank extends the correlation assessment to 
nonlinear dependencies, although from a theoretical point of view it is pertinent only to monotonic 
laws (e.g. square root). In practice, correlations driven by non-monotonic laws (e.g. parabolic) may 
show a moderate Spearman’s rank correlation coefficient. Finally, in the case some correlation were 
not identified, it will not result in a loss of information, but only in a redundancy in the input variables. 

4 IDENTIFICATION OF RELEVANT INFORMATION (INPUT-OUTPUT 
CORRELATION ANALYSIS) 

Once identified non-redundant variables in terms of information, such variables may not be useful for 
the model synthesis, because their information may not be correlated with the specific output 
considered (e.g. the distance path may not be correlated with the lateral force). Correlation analysis 
between the selected inputs and output is aimed to determine the output quota dependent on each 
input. This allows both identifying non-relevant inputs, to be excluded from the model, and verifying 
if all significant inputs have been considered. Energy Source Identification, as described in [1] and 
[17], the coherent power indexes,  and , and the key considerations further described for the 
extension to the nonlinear MIMO case, are used for this purpose. 

4.1 Energy Source identification 
Energy Source Identification is an approach allowing the estimation of the output quota due to each 
input for a linear MISO model. It is based on different types of coherence functions. 
The ordinary coherence function  is a real quantity, defined in the frequency domain, limited to 
the values [0;1] (even if estimation errors can generate values out of this range) and evaluated 
considering a single input-output couple. The function is equivalent to the linear correlation coefficient 
between two signals, evaluated separately for each frequency. The cumulative coherence function 

 has the same characteristics of the ordinary coherence, but corresponds to the correlation 
coefficient between the output and all the inputs together. The assessment of  and  is 
carried out in different way if the inputs are entirely uncorrelated or if there is a correlation between 
them, even partial. Actually, the first is an ideal case and it will be treated below as an introductory 
case. 
Consider the case of uncorrelated inputs. In order to evaluate the coherence functions, firstly it is 
necessary to assess the inputs and output spectra, splitting the records of the generic input  and 
output  with duration T into N sub-records and obtaining the i-th discrete Fourier transform (DFT) 
of each:  

(3) 

The two-side cross-spectrum  and autospectra  and are defined as: 

(4) 

The one-side cross-spectrum  is defined as: 

(5) 
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and the same procedure is applied to obtain  and . Thus, the ordinary coherence function 
between the output y and input x is obtained by: 

  

(6) 

Considering a linear model with three inputs ,  and  and one output  (Figure 2), the coherence 
functions ,  and  give the fraction of the output depending on each input. 
The cumulative coherence function  is defined as: 

  

(7) 

and describes the total amount of the output information due to all selected inputs. M represents the 
neglected inputs or the noise and its contribution is given by: 

  

(8) 

If these formulas were used despite a partial correlation among the inputs, the value of the ordinary 
coherence overestimates the output quota related to the input and the cumulative coherence could 
exceed 100%. The highest the value of partial correlation among inputs, the highest is the error in the 
estimation.  
In real cases, there is nearly always a partial correlation between inputs. The input-input correlation 
analysis described before, reduces the present overestimation problem. If the correlation coefficient of 
two variables reaches an arbitrary threshold, they are clustered in information families and a single 
variable is taken. Nevertheless, hardly the coefficient of the remaining variables that cannot be 
grouped is exactly null and thus there is a partial correlation. Additionally note that this residual 
similarity doesn’t necessarily have a physical sense. 
Consider the case represented in Figure 3, where ,  and  are the measured inputs.  
Firstly, note that the inputs are always considered correlated in cascade because, as clarified before, 
their correlation coefficient is seldom zero. Not knowing a priori the transfer functions of the systems 
(i.e. the H blocks), the assessment of the output quota related to the inputs requires to: 

1. Determine the energy flow direction (input ordering) 
2. Make the variables independent (variable conditioning) 

 
 

  
Figure 2: Linear model with uncorrelated inputs. Figure 3: Linear model with correlated inputs. 

 
The energy flow direction is estimated with an empiric procedure, defined “input ordering”. Such a 
procedure consists in evaluating the ordinary coherence function, with equations from (3) to (6), for 
each input-output couple and sorting the inputs in descending order. Since coherences are frequency 
dependent functions, the input order may vary along the frequency axis. For instance, assuming that 
the model inputs of Figure 3 are the vertical load, the angular velocity of the hub and the slip angle 
and the output is the longitudinal force, Figure 4 reports the input-output ordinary coherences and 
Table 2 reassumes the input order. Being an empiric method, sometimes it can provide an incorrect 
result, however it rarely happens. 



 6 

 

Frequency [Hz] 0.0 – 0.4 0.4 – 1.5 
 Vertical load Angular velocity 
 Angular velocity Vertical load 
 Slip angle Slip angle  

Figure 4: Example of frequency dependent ordering. Table 2: Input order referred to Figure 4. 
 

Once the energy flow direction is determined and the inputs are ordered, it is necessary to make them 
independent of each other. A variable that is made independent is defined “conditioned”. A 
conditioned input is estimated by subtracting the incoming energy from all the previous inputs, being 
them correlated in cascade. Therefore, referring to the model of Figure 3: 

  hasn’t to be conditioned 
  has to be conditioned on  
  has to be conditioned on  and , itself conditioned on   

The variable conditioning is made directly in the frequency domain and the conditioned cross-spectra 
and autospectra are defined as: 

  

(9) 

  

(10) 

where  is the cross-spectrum between the variables  and , conditioned on the 
inputs from  to . Therefore, it is possible to evaluate the partial coherence function between the 
output and the i-th input, defined as: 

  

(11) 

and then the equivalent ordinary coherence function : 

  

(12) 

As for the case of uncorrelated inputs, the equivalent ordinary coherence functions  give the 
fraction of the output depending on each input. Finally, the cumulative coherence function is defined 
as: 

  

(13) 

and describes the total amount of the output information due to all selected inputs. 

4.2 Transition from the coherence function to the coherent power index 
Generally speaking, the coherence function is a powerful correlation tool. However, it has two critical 
issues: 
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 its information isn’t comprehensive, because it represents, for each frequency, the output 
fraction related to the input, but it doesn’t say anything about the absolute output magnitude. 

 not being constant, it isn’t a synthetic index as Pearson or Spearman coefficients 
Because of these issues, it may be useful to consider the coherent power indexes, described below. 
The ordinary coherent power index  is defined as: 

  

(14) 

It corresponds to the ratio between the coherent (i.e. related with the input) output power and the 
overall output power and it is the index used to determine the relevance of the single input.  ranges 
in [0;1] and the threshold value below which the input is not relevant depends on the specific 
application case. 
The cumulative coherent power index  is defined as: 

  

(15) 

It represents the joint contribution of all inputs and it is evaluated by either adding the single coherent 
power index  or substituting  to  in equation (14). Also  ranges in [0;1]. 
Finally, the non-coherent or “lost” power evaluated in the frequency domain  is defined as: 

  

(16) 

4.3 Extension to nonlinear models 
Energy Source Identification is valid for a linear MISO model, i.e. a model that can be represented as 
a linear combination of several terms, but it can be generalized to many nonlinear cases applying a 
variable substitution. As instance, consider a nonlinear model described by the following equation, in 
the time domain: 

  

(17) 

where , ,  and  are constant coefficients. Applying the substitutions: 

  

(18) 

It becomes an equivalent linear model, defined as: 

  

(19) 

and the Energy Source Identification is performed considering the spectral quantities of the inputs  
to . Thus, the variable substitution extends the Energy Source Identification to input nonlinear 
combinations. 
However, being the correlation analysis a preliminary stage of the mathematical modelling, during this 
phase the mathematical formula that links inputs and output is unknown and we have to suppose it to 
apply the variable substitution. As a first attempt, a 3rd order algebraic polynomial can be investigated, 
because it is the simplest mathematical function able to reproduce both symmetric and anti-symmetric 
shapes. An example of a 3rd order algebraic polynomial in two variables is: 

  

(20) 

Note that the proposed relevance analysis doesn’t require the assessment of the constant coefficients 
. 
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4.4 Extension to MIMO models 
All the aforementioned ideas and formulas refer to a multi-input single-output (MISO) system, but 
these can be extended to a multi-input multi-output (MIMO) case. Consider a model with three inputs 

,  and  and two outputs  and  (Figure 5).  
 

 

     
  

Figure 5: Example of a 
MIMO model. 

Figure 6. Replacing MIMO model with MISO models: (a) in series; (b) 
in parallel. 

 
 
Assuming  as an additional input for  and a 3rd order polynomial model (as described in paragraph 
4.3), if some term involving  has an ordinary coherent power index  higher than the threshold 
value, its contribution is relevant and then two MISO models in series replace the MIMO model 
(Figure 6a). Otherwise, if any ordinary coherent power index doesn’t reach the relevance threshold, 
the MIMO model can be replaced by two parallel MISO model (Figure 6b). 

Variable Symbol 
Slip ratio  
Slip angle  
Vertical load  
Tread temperature  
Inflation pressure  
Distance path  
BetaGp (derivative of vehicle slip angle at C.G.)  

 

 
Table 3: non-redundant inputs. Figure 7: Correlation between slip angle and 

camber angle. 

5 TYRE MODELLING 
In the following paragraph the results obtained applying the exposed theory to a real case are shown. 
The aim of this application case is to assess the relationship between the longitudinal/lateral forces (  
and ) and all the available input parameters, starting from the telemetry data recorded on a racecar. 
The experimental data was recorded during full-vehicle experimental tests on several circuits, using 
high performance tyres. The available parameters are listed in Table 1. According to paragraph 3, the 
redundancies identification is performed, excluding the outputs by the considered variables for this 
procedure. The inputs identified as non-redundant are listed in Table 3. 
The camber angle, introduced in paragraph 1 as a well-known relevant parameter since the early 
studies on the tyre behaviour, is not present in the previous table, because it has a very high linear 
correlation (92%) with the slip angle, as shown in Figure 7.  

(a) 

(b) 
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The previous set of inputs is then subjected to the relevance analysis, described in paragraph 4. As 
evidenced in Table 4, in real cases there is frequently a partial correlation among the remaining inputs, 
thus it is not possible to consider them uncorrelated. 

100% 

18% 100% 

2% 56% 100% 

57% 8% 7% 100% 

0% 0% 2% 15% 100% 

6% 0% 8% 19% 2% 100% 

15% 0% 25% 40% 13% 5% 100% 

Table 4: Residual correlation between selected inputs (Spearman Coefficient). 
Because of computational reasons, from here on the input variables are normalized, dividing them by 
their maximum absolute values, and the friction coefficients  and  are considered as the model 
outputs, defined as: 

  

(21) 

The relevance analysis is applied to a MIMO model. The first step is to determine if it will be replaced 
by two MISO models in series or in parallel. The assumed model has the following characteristics: 

 the output is 
 the inputs are the seven non-redundant variables and the additional input 
 the mathematical expression is a 3rd order polynomial, where all the terms without the variable 

 (slip ratio) are neglected (  has to be zero if  is null) 
The model is described by the equation: 

(22) 

  

(23) 

The ordinary coherent output index  is evaluated for each one of the 46 polynomial terms. There are 
eight terms involving  ( , , , , etc.) and none of them has a  value greater than 
0.5%, assumed as the relevance threshold. Thus, two parallel MISO models will be considered for the 
outputs  and . 
Concerning the output , the assumed model has the following characteristics: 

 the output is 
 the inputs are the seven non-redundant variables 
 the mathematical expression is a 3rd order polynomial, where all the terms without the variable 

 (slip ratio) are neglected (  has to be zero if  is null). 
Again,  is evaluated for each term and all terms with  are neglected. The  values of the 
relevant terms are reported in Table 5. Only eight of the 37 polynomial terms reach the relevance 
threshold and none of them involves  or . Thus, the relevant inputs are , , ,  and . 
Moreover, the polynomial term  is the most important for , accounting for more than 70% of the 
output power. The cumulative coherent power index  is 95,5% and the lost power  is 4,5%. 
Being the relevance analysis fully developed in frequency domain, a first validation of the results is 
achieved by investigating the found model in time domain: 
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(24) 

where , , … ,  are the polynomial coefficients. Note that these coefficients were not determined 
until now. Evaluating them with the Moore-Penrose pseudoinverse, it is possible to estimate the lost 
power in the time domain  that is equal to 5,2%, i.e. close to the lost power in the frequency domain 

, obtained with the relevance analysis, confirming the goodness of the results. 

Term Ordinary coherent power index  [%] 
71,78 
14,10 
4,55 
2,27 
0,93 
0,73 
0,65 
0,53 

Term Ordinary coherent power index  [%] 
95,47 
1,64 
0,65 
0,50 

Table 5: Results of the relevance analysis for . Table 6: Results of the relevance analysis for . 

A second validation is achieved by comparing the found model with MF-tyre model, described in [10]. 
Unfortunately, MF-tyre model doesn’t consider the tread temperature  as an input, but it is still valid 
to check the terms not involving . The MF-tyre model formulas are based on trigonometric functions. 
Therefore, a polynomial approximation of the MF-tyre model with multivariate Taylor series 
expansion is carried out. The resulting polynomial shape for the MF-Tyre model is: 

 

(26) 

It can be clearly seen that the first seven terms are exactly those highlighted by the relevance analysis 
and reported in Table 5. 
Concerning the output , the assumed model has the following characteristics: 

 the output is 
 the inputs are the seven non-redundant variables 
 the mathematical expression is a 3rd order polynomial, where all the terms without the variable 

 (slip angle) are neglected (  has to be zero if  is null). 
As for the previous case,  is evaluated for each term and all terms with  are neglected. 
The  values of the relevant terms are reported in Table 6. In this case, only four of the 37 
polynomial terms reach the relevance threshold and the relevant inputs are just ,  and . Moreover, 
the polynomial term  accounts for more than 95% of the output power. 
The cumulative coherent power index  is 98,3%, lost power in frequency domain  is 1,7% and 
the lost power in time domain  is 2,0%. Therefore, also in this case the investigation in time domain 
confirms the results of the relevance analysis. 
Also for , the found model is compared with the MF-tyre model approximated with the multivariate 
Taylor series expansion and the resulting polynomial shape is: 

  

(27)

The first three terms are exactly those highlighted by the relevance analysis and reported in Table 6. 
The other terms of the MF-tyre model polynomial approximation have a coherent power index 

. Therefore, they were neglected in the relevance analysis. That’s probably because, for the 
tested tyres and for the tested operating conditions, the lateral friction coefficient  is not very 
sensitive to the pressure  and the vertical load , as instead is the longitudinal friction coefficient . 
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6 CONCLUSIONS 
In this paper, a comprehensive approach for the nonlinear MIMO correlation analysis is proposed, 
based on several mathematical tools. In the first part the input-input correlation analysis is described, 
which is aimed at identifying redundant inputs (i.e. inputs carrying the same information of other 
inputs). In the second part the input-output correlation analysis is described, that allows to identify the 
relevant inputs (i.e. inputs actually affecting the output). The proposed approach is then applied to the 
tyre dynamic modelling, considering also inputs generally neglected as the tread temperature, and the 
results are compared with the MF-tyre model. 
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Abstract - This paper shows some advantages of the new polynomial tyre model developed by the authors.  
Accuracy, simplicity and fast computing, good analytical properties, fast convergence during the optimization 
process. As it is a polynomial, it allows the use of a reduced set of data points to calculate its basic parameters with 
a good accuracy; they can be used as a good initial point during the optimization process; the paper shows in detail 
this procedure of interpolation. The combined forces model is also presented. It uses the same formula for single 
and combined slip conditions, in longitudinal and lateral directions. 

INTRODUCTION 

The authors proposed a new polynomial tyre model. Using theory of approximation (see [1],[2],[3] and 
[4]), they proposed a new formula to calculate longitudinal and lateral forces in the tyre-road contact 
patch, see [5], [6] and [7]. 
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It is a simple polynomial of degree 3, in an easy rational function x/(x+b), where the generic variable x
can be longitudinal slip (k) or slip angle ( ), F can be longitudinal force (Fx) or lateral force (Fy), Ai and 
b are the basic coefficients of the formula. 
The main advantages of this model are accuracy, simplicity and fast computing, good analytical 
properties, fast convergence during the optimization process, it is easy to use a very reduced set of data 
points to calculate the parameters with a good accuracy and finally we can built more complex models 
including Normal load (Fz) and Camber ( ) influence in an easy manner, always using polynomials. 

This paper shows those advantages and presents by the first time the combined forces polynomial model 
and a very simplified method to calculate in an approximate manner the main parameters based only on 
three points. 

2.- ACCURACY AND SIMPLICITY. 

In [6] the authors compared the equation (1) with the Magic Formula tyre model (MF) (see [8], [9] and 
[10]) and it was shown that the differences where always lower than 1% in longitudinal and lateral 
forces. In fact, the equation (1) was obtained expanding the Magic Formula in series of orthogonal 
polynomials, (see [4], [3] and [1]). The curves of the two models almost overlap, both in longitudinal 
and lateral force. Self-aligning torque requires a degree 4 polynomial for the same difference of 1% 
compared with the MF. Next Figures 1 and 2 show this reduced difference between them. This is only 
an example. More detailed information with numeric values and different vertical loads can be found in 
[6]. 
In [7], the authors obtained the nonlinear optimization of the equation (1) from real test data and 
compared it with the MF-tyre model optimization results.  The equation (1) was at least as accurate as 
the MF-tyre. A review of the nonlinear optimization methods applied to calculate tyre models 
parameters was also presented. Gauss-Newton, Marquardt-Levenberg, Nelder-Mead and Genetic 
Algorithms (see [11]) were used in the optimization process with different combinations of normal loads 
and camber angles. 



During that optimization process, it could be shown the fast convergence of the polynomial model to 
obtain the values of the coefficients from test data. The number of steps in the iterative optimization 
algorithm is reduced due to the simplicity of the model and the computing times during every step are 
also very reduced because the partial derivatives of the equation (1) in function of its parameters are 
very simple as well ). Additionally, it is easy to obtain constrained optimizations, (forcing the curve to 
pass a given point, to have a given slope at the origin, to reach its maximum in a given point, to reach 
the maximum slip in a given force etc.). See [7] for further details. 

As it is just a polynomial, the processing times required to evaluate the model are very reduced. Tests 
performed in a C-Compiler showed a computing 20 times faster than the usual MF, see [6]. The model 
is very suitable for applications requiring fast processing, real time situations, accident avoidance in 
active safety systems, video games applications etc. 

Good analytical properties. For the same previous reason, it is very easy to obtain the maximum points, 
the abscissa at the maximum points, inflection points, asymptotes, roots, derivatives, integrals…and also 
partial derivatives of the function (1) which helps a lot in the iterative optimization algorithms and 
facilitates the mathematical analysis and interpretation, see [7] for a more detailed description of the 
mathematical analysis. In [7], it was also presented the model in pure longitudinal and pure lateral slip 
conditions including the influence of vertical load and camber angle. 

In this paper it is presented by the first time: 
- The full model in combined slip conditions.  
- A straightforward method to obtain the coefficients by interpolation of only 3 points. 

3         THE 3 POINTS INTERPOLATION 

In order to obtain the values of the model parameters in a tyre model, a nonlinear least-squares problem 
must be solved. To do that, there are several iterative methods, explained in detail in [7]: 

- Newton’s methods 
o Newton’s method
o Gauss-Newton  method and the Marquardt-Levenberg variant
o Quasi-Newton methods
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- SQP methods 
- Iterative methods from the simplex method (Nelder-Mead) 
- Genetic algorithms 

All of them require usually hundreds of iterations to converge to the optimal point in terms of summation 
of the squared residuals. 
A common problem for almost all of them, is finding a good initial set of values. This is a not well 
solved problem and little variations in the initial point can lead to different local minima in the values 
of the parameters. 
As the basic model has 5 parameters, (A0, A1, A2, A3 and b) and it is a polynomial, we can obtain a first 
optimization (a first set of the 5 parameters) with a good accuracy forcing the equation (1) to fulfill the 
following 5 constraints: 

- C1: The function at the origin takes a given value y0 

- C2: The slope at the origin takes a given value f’0=d0

- C3: The maximum of the curve is reached in a given abscissa xm 

- C4: The maximum of the curve takes a given value ym.
- C5: The function at the maximum slip (or slip angle) takes a given value yfin. 

With only this 6 data (xm, ym, y0, d0, xfin and yfin) corresponding only to 3 data points, we can obtain a 
very good approximation of the optimal curve. The result is not optimal in terms of the sum of quadratic 
deviations, but it is very close. This can avoid the iterative optimization process and the use of the rest 
of test data points. Additionally, we can use it as an excellent initial point to start the iterations in the 
optimization process. We can see this in the Figure 3. 

Now, we are going to obtain the coefficients from the equation (1). 

C1: If we apply the first constraint, knowing the value of y0, the terms containing  x are null and we 
can get the value:   

A0=y0  (2) 

C2: Analogously, applying the value of the slope at the origin we can easily get: 
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 (3) 

 (4) 

The following constraint imposes the function to reach its maximum at the point  ( . This 
constraint can be split in two:  

C3.- The local maximum must be reached at xmax  
C4.- The function at that point takes the value ymax

C3.- The first derivative, and the numerator of the equation (3), will be null at xmax . We should 
calculate the roots of (3) in terms of A2 . Applying (3) and (4), we can easily get: 

 (5) 

C4: If we force the curve to pass by  (xmax, ymax), we can obtain: 

And from this one:

 (6) 

If we apply the solutions of the equations (2), (4), (5) and (6) to the main equation (1), we obtain: 

C5: The last constraint, forces F to pass by ( . Entering those values in the previous equation, 
we get: 

From the previous equation we can obtain the value of b solving the following cube equation: 

 (7)
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To solve it, we apply the Cardano method, see [12]. For the sake of clarity, we will call: 

 (8) 
 (9)

Being the coefficients of (7): 

 (10) 
 (11)

 (12) 
 (13)

To apply the Cardano’s method we must divide the coefficients of (7) by r3.  We will call: 

;    ;    (14) 

And finally, following the Cardano’s solution, we get: 

;  (15) 

     ;    (16) 

Being the 3 roots of b (b1, b2 and b3) the following: 

    ;       ;

 (17) 

Finally the solution for the 5 parameters is the following: 
A0=y0;  b is obtained from the sequence (8)…(17); A1 =b.d0  ; A2 and A3 are obtained from (5) and (6) 
respectively. The right value bi in (17) depends on the numerical values of  xm, ym, y0, d0, xfin and yfin, the 
three roots must be tested. The next figures 4 and 5 show two examples of approximation using this 
simplified 3 points model, both in longitudinal and lateral force.  
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If within the x axis range the test points grow after a local maximum (this atypical behavior is 
observed sometimes in tests) this 3 point approximation cannot be used; the maximum value must be 
higher than the last value. 

4         THE COMBINED FORCES MODEL 

Starting from the base of the basic equation (1), the authors propose the following model. 

Pure longitudinal slip 
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Fx0 = Longitudinal force in pure longitudinal slip conditions Fz= Vertical load 

D*
x = Peak factor. B*

x = Shape factor 

Dxz = Longitudinal peak factor due to vertical load variation Bxz = Shape factor due to Fz variation 

Dx  = Longitudinal peak factor due to camber variation Bx  = Shape factor due to camber variation 

dx2, dx3, ex1, ex2, bx0, bx1, bx2, bx3, gx1, gx2, Ax00, Ax10, Ax20, Ax30 = Model parameters 

Pure lateral slip 
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Fy0 = Lateral force in pure lateral slip conditions B*
y = Shape factor in lateral force 

D*
y = Peak factor in lateral force Byz = lateral shape factor due to Fz variation 

Dyz = Lateral peak factor due to vertical load variation By  = Sateral Shape factor due to camber variation 

Dy  = Lateral peak factor due to camber variation 

dy2, dy3, ey1, ey2, by0, by1, by2, by3, gy1, gy2, Ay00, Ay10, Ay20, Ay30 = Model parameters 

Combined Slip. Longitudinal 
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Ax0=Ax00+(Ax0z1+Ax0z2.Fz).   ; Ax1=Ax10+(Ax1z1+Ax1z2.Fz).
Ax2=Ax20+(Ax2z1+Ax2z2.Fz).   ; Ax3=Ax30+(Ax3z1+Ax3z2.Fz).
Fxc =  Longitudinal force in combined  slip conditions B*

xc = Shape factor 
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D*
xc = Peak factor By  = Shape factor due to lateral slip variation 

Dy  = Longitudinal peak factor due to vertical load variation in combined slip conditions 

fx1, fxz1, fx2, fx3, hx1, hxz1, hx2, hx3, Ax0,Ax1,Ax2,Ax3,Ax0z1, Ax0z2, Ax10, Ax1z1,Ax1z2, Ax20, 

Ax2z1, Ax2z2, Ax30, Ax3z1,Ax3z2 = Model parameters 

The model in pure longitudinal slip conditions is a particular case of the most general combined slip 

longitudinal model. 

The model in pure lateral slip conditions is a particular case of the most general combined slip lateral 
model. As it can be seen, the same equations are used for both combined slip longitudinal and lateral 
(with different coefficients). 

Combined Slip. Lateral 
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Ay0=Ay00+(Ay0z1+Ay0z2.Fz).k  ; Ay1=Ay10+(Ay1z1+Ay1z2.Fz).k 
Ay2=Ay20+(Ay2z1+Ay2z2.Fz).k  ; Ay3=Ay30+(Ay3z1+Ay3z2.Fz).k 

Fyc =  Lateral force in combined  slip conditions B*
yc = Shape factor 

D*
yc = Peak factor Byk = Shape factor due to longitudinal slip variation 

Dyk = Lateral peak factor due to vertical load variation in combined slip conditions 

fy1, fyz1, fy2, fy3, hy1, hyz1, hy2, hy3, Ay0,Ay1,Ay2,Ay3,Ay0z1, Ay0z2, Ay10, Ay1z1,Ay1z2, 

Ay20,Ay2z1, Ay2z2, Ay30, Ay3z1,Ay3z2= Model parameters 
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The Figure 6 shows an example of approximation of Fx in pure longitudinal slip conditions under 
vertical loads of 2 kN, 3 kN and 4 kN with cero camber.  Real data, obtained from tests, belong to a 
205/65R15 90 H tyre. Figures 7, 8 and 9 show approximations of the longitudinal force Fxc calculated 
in combined slip conditions with slip angles of  2o, 4o and 8o respectively, under vertical loads of 2 kN, 
3 kN and 4 kN and cero camber. 

The Figure 10 shows an example of lateral force Fyc  as a function of k,  in combined lateral 
conditions. In the Figure 11 we can see the typical curves of Fyc in function of Fxc in combined slip 
conditions. 
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5  BEHAVIOUR OF THE MODEL NEAR THE ORIGIN 

The use of polynomials in rational functions is suitable for approximations of curves with a “step” shape 
as those of tyre models, because they show zones of rapid change; but for this same reason, the position 
of these points of rapid change has to be controlled. The Figure 12 shows the general aspect of the 
function (1). It has a maximum point, and two inflection points within the area of interest. The function 
also has a minimum point near the origin, and a fast variation of the slope from the minimum point to 
the right. A free uncontrolled optimization process (to calculate the values of the parameters) in only 
one side, could result in negative or very low positive values of the slope at the origin, see Figure 13, 
(even with an excellent fit of the curve in all the data points, including the two first). To avoid it and 
control that value of the slope at the origin, it can be forced a constrained optimization process, see [7] 
for more details. As the slope at the origin  in  the  equation (1)  is  F’0=A1/b,  this  problem  can  be 
easily  solved  by forcing the coefficient A1 = b.F’0, where the value F’0  can be obtained by simple 
regression from the first 2 or 3 data points. If the normal load Fz is variable, then a simple function 
F’0=C.Fz can be used, being C a constant value. This will fix the value of that slope at the origin as 
desired and it also helps to handle the symmetry in both sides. The influence in the rest of the curve 
during the optimization is very reduced. In the most complicated case of Fz and  variable in combined 
slip analysis, it will be suitable a function like F’0=C1.(1-C2. ).Fz. Again the influence in the 
optimization process and the final shape of the curves is very low. Nevertheless, the optimization process 
of both sides at the same time, solves this problem as we explain afterwards, (see the method B, below). 

If we want to obtain a symmetric set of curves, for negative values of k or , we can use the following 
methods: 

A.- The procedure described in [6] for a single curve, but in the combined slip model this time. For 
example in combined longitudinal slip conditions we can use:  

;).3.2.1(.*)..(0.* 32
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xc

xc
Bk

k
v

+

=  (18) 

Being   signum(k)=k/|k| . Thus, we can use the same set of parameters. If the real test data points 
in the left side are not symmetric, this method will not fit correctly those points at that left side. 

B.- In that case, we can optimize the parameters from the whole set of data points (of both sides) 
using (18) getting a unique set of parameters resulting from that optimization. This method has the 
advantage that it also solves in an automatic way, the problem of the slope at the origin shown in 
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figure 13. The final bilateral optimization yields a soft and continuous union of both sides at the 
origin with low variations in the slope. The authors tested this method with excellent results, low 
errors, a unique set of parameters for both sides and without need of constrained optimizations, 
using a free Ax1 coefficient. It is the recommended procedure. 

C.- If the asymmetry is very high, and the curves in both sides are very different, then we can use 
two curves with independent optimization processes, obtaining excellent fit in both sides but using 
two sets of parameters, one for every side. We can apply a constrained optimization process to fix 
the common values of the curves, in both sides, when k=0 and the same values of the derivatives at 
k=0 too. In [7] the authors analyzed in detail the optimization processes with constraints in tyre 
modelling for the pure slip case. 

CONCLUSION. 

The main advantages of the polynomial tyre model presented by the authors have been shown in this 
article. It has been presented by the first time the combined forces model and the method to obtain good 
initial points to start the optimization process using only three data points; this can be also used as an 
approximated model.  The model shows an accurate fit with test data, both in pure and combined slip 
conditions with variable vertical load, slip angle and camber angle. The simplicity of the polynomial 
formulation allows an easy and fast computation and an easy mathematical analysis, getting derivatives, 
integrals, extrema points, asymptotes etc. in a very easy manner. It is also easy to obtain constrained 
optimizations, (forcing the curve to pass a given point, to have a given slope or to reach its maximum in 
a given point). 
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Abstract – Stresses in the tyre - road contact patch have major role in vehicle dynamics and 
safety. The paper presents the original measuring equipment for tri-axial stress distribution 
in different rolling conditions. The finite element model of the truck tyre for road contact 
simulation is also shown. Two sets of stress distributions obtained through experiment and 
simulation, in free rolling and in braking conditions, are compared. The modelled contact 
stress distributions show similarities to the experimental results. The paper also presents the 
distributions of ratios between shear and normal stress, in the same conditions. 

1 INTRODUCTION  
Stresses in the tyre-road contact patch have major role in vehicle dynamics and safety, rolling tyre 
vibration and noise, tyre wear and road damage. Also, measurements of tyre-road stress distributions 
are used for evaluation and verification of tyre models. Real time measurement of contact patch 
phenomena and automatic communication of this information towards the vehicle can have decisive 
contribution to vehicle safety systems performance. Comprehensive research is currently performed 
for the development of “intelligent tyre” that will determine the improvement of road safety. 
Experimental research on tyre-road contact is currently developed using measuring systems positioned 
either in the road surface, in most cases, or between the tire and the road surface, or even inside the 
tire. Measuring systems mounted in the road surface have been presented in [1], [2], [3], [4]. The 
systems placed between the tire and the road surface include pressure sensing films [5], capacitive 
devices [6], optical method with glass plate [7] or ultrasonic principle [8]. Measuring systems mounted 
inside the tyre have been developed by [9], [10], [11], [12].  
Tyre theoretical research includes complex analytical models [13], [14], [15] and numerous finite 
element simulations of tyre-road contact, but few finite element models have been developed for truck 
tyres, because of difficulties related to input parameters and structure complexity [16], [17]. 
The current research paper presents stress distributions on tri-orthogonal directions measured in the 
contact patch of a truck tyre in real rolling conditions, and results of finite element modelling of 
contact between rolling truck tyre and road. 

2 MEASURING SYSTEM
The original equipment developed at the Automotive Engineering Department of the University 
POLITEHNICA of Bucharest, shown in Figure 1, was designed to measure tri-axial tyre-road stresses, 
covering the entire contact patch width, in real rolling conditions. A detailed presentation of the 
measuring system is made in [18]. The equipment is designed primarily for truck tyres, but is also 
usable for other tyre types (airplane, van, SUV, passenger car, etc). It is able to measure stresses in 
various conditions, including free rolling, braking, traction, and rolling with slip angle. The sensing 
elements are placed in a row-type arrangement, embedded in a transducer which can be temporary 
inserted in the road surface. The upper surface of each sensing element is co-planar with the road 
surface. The complex transducer can also be placed indoor, for more accurate and repeatable 
measurement, but only at very low speeds. The stress distribution can be measured in real rolling 
conditions for extended speed range, as the upper limit is actually imposed by the data acquisition 
equipment, not by the sensing elements.
The upper surface of each sensing element (included in the road surface) has a square shape with 
10 mm edge. It is strain-gauge instrumented for measuring tri-orthogonal components of force applied 
on the upper surface. The sensing element was designed to have very small tri-orthogonal 
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displacements, especially the vertical one, but to ensure enough sensibility of measurement on each 
direction. The transversal array contains 30 sensing elements, placed one near the other with a very 
little gap (tenths of mm), thus allowing the small deformation of each sensing element. In this way, the 
road surface is kept almost unaltered and the measurement of stress distribution covers the entire tyre 
contact patch. 

Figure 1: The complex transducer for stress measurement [19] 

The stress distribution can be measured with a resolution of 10 mm on transversal direction, but with a 
considerably higher resolution on longitudinal direction, which is only limited by the data acquisition 
sampling frequency and by the longitudinal vehicle speed. 
The measuring system with 30 sensing elements includes 90 strain-gauge channels for data 
acquisition, conditioning modules, data acquisition boards, computer module and power supply. This 
system can measure distributed forces Fx, Fy, and Fz as a function of time. In addition to the “fixed” 
measuring system, the equipment contains a “mobile” measuring system, placed in the vehicle, for 
accurate sensing of vehicle speed and distance. The “fixed” and “mobile” components of the 
measuring equipment must be simultaneously started by an optical trigger device, Figure 2, so that 
distributed forces as a function of contact patch length can be obtained. The vehicle trajectory towards 
the road transducer can be controlled by the driver, by following the live video from a camera fixed on 
the vehicle in front of the tested wheel. 

Figure 2: Modular setup of measurement 

The measurement programme concerned the stress distribution in the contact patch of a front truck 
tyre. Consequently, only free rolling and braking conditions were applied for this tyre. Because the 
stress distributions are measured in real rolling conditions, the results also take into consideration the 
camber and toe angles. 
Stress distributions measured for a truck tyre in free rolling conditions at 3.2 km/h have been 
presented in [20]. The current paper presents experimental results obtained both in free rolling 
conditions at 14.5 km/h and in braking conditions at 7.8 km/h. 

3 FINITE ELEMENT MODEL OF THE TRUCK TYRE  
The finite element model of the truck tyre has been developed using finite element software Abaqus 
[21]. The model geometry has been obtained from point coordinates measured on an 11R22.5 tyre, 
shown in Figure 3. The outer coordinates have been measured on the tyre used for experimental 
investigations of contact stress, and the inner coordinates have been obtained using a section cut from 
a tyre of the same type [22]. The section also allowed determining the location of different types of 
rubber components, as well as the position and structure of tyre plies and bead wires, Figure 4. 
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Figure 3: Real tyre used for finite element model Figure 4: The orientation of tyre plies 

The tread pattern of the modelled tyre consists mainly of circumferential grooves and ribs. The tread 
pattern model has been simplified by neglecting the thin transversal sipes existing in two of the five 
ribs and by considering that the grooves have constant width along tyre circumference, although the 
real tyre grooves have jagged edges. Therefore, the tri-dimensional tyre model has been obtained by 
rotating the bi-dimensional model of the tyre section shown in Figure 5. 
The tyre model contains solid elements for the rubber components and surface elements in which the 
reinforcement layers are defined, taking into account the section area, spacing and angle of steel wires. 
The properties of rubber components have been defined according to [23], [24], [25], taking into 
account the hyperelastic behaviour. The steel wire components have been modelled with linear elastic 
isotropic properties. The mesh is finer in the contact region, as it can be seen in Figure 5, so that the 
resolution in the contact patch is improved, without increasing the number of nodes and elements [26], 
[27]. 

Figure 5: The mesh of tyre model  

The rim has been modelled only as a rigid body, to which the corresponding nodes of the tyre model 
have been constrained. The road has been modelled as a rigid surface with one translational degree of 
freedom. Contact has been defined between the road surface and the tyre tread elements, with friction 
coefficient equal to 1.0 according to [28], [29], [30], and normal force has been applied between road 
surface and tyre model. 
Tyre rolling analyses have been performed for different values of tyre inflation pressure, normal force, 
and camber angle. Angular velocity and translational velocity have been applied simultaneously on the 
tyre model to simulate free rolling, traction and braking conditions. The distributions of normal, 
longitudinal and lateral stress, representing the action of the tyre on the road, have been determined. 
The distributions of normal stress are represented in Figure 6 for the tyre model with 1° camber angle, 
inflated at 780 kPa, loaded with 20445 N normal force, in free rolling, traction and braking conditions 
at 3.2 km/h. The distributions of longitudinal and lateral stress for the tyre model in the 
abovementioned conditions are shown in Figure 7 and Figure 8. In these figures, all values are given 
in [N/m2] and only the elements of the tyre model close to the contact region are displayed. 
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Figure 6: Normal stress distributions [N/m2]
in the contact patch of the tyre model at 3.2 km/h in free rolling, traction and braking conditions 

Figure 7: Longitudinal stress distributions [N/m2]
in the contact patch of the tyre model at 3.2 km/h in free rolling, traction and braking conditions 
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Figure 8: Lateral stress distributions [N/m2]
in the contact patch of the tyre model at 3.2 km/h in free rolling, traction and braking conditions 

For traction and braking conditions, the shape of contact patch, seen in Figure 6, is slightly different 
from the free rolling conditions, with different radius towards the leading, respectively trailing edge. 
The effect of camber angle on the contact patch shape and normal stress distribution can be seen in all 
cases in Figure 6, but it is relatively small. In traction conditions, the highest values of normal stress 
are slightly displaced in the rolling direction, while in braking conditions, they are slightly displaced in 
the opposite direction. The maximum values of normal stress are similar in all three cases.  
The values of longitudinal stress, presented in Figure 7, are much lower in free rolling conditions than 
in traction and respectively braking conditions. In traction conditions, the highest values of 
longitudinal stress are located near the trailing edge of contact patch. In braking conditions, the values 
of longitudinal stress gradually increase in the rear half of the contact patch towards the trailing edge. 
These distributions of longitudinal stress are comparable to results presented in [24]. 
The highest values of lateral stress are located on the edges of ribs. On each rib edge the orientation of 
lateral stress is towards the nearest groove, with small exceptions at the trailing edge, which are more 
visible in the case of traction and less noticeable in the case of braking. With respect to the rolling 
direction, in the right half of the contact patch the predominant orientation of lateral stress is towards 
left, while in the left half of the contact patch the predominant orientation of lateral stress is towards 
right. This orientation appears in all three rolling conditions. In traction and braking conditions, the 
values of lateral stress are much lower than those of longitudinal stress. 

4 COMPARISON BETWEEN MEASURED CONTACT STRESS AND 
SIMULATION RESULTS 

Figure 9 shows the comparison between the distributions of normal, longitudinal and lateral stress 
obtained experimentally and those determined using the finite element tyre model, with 1° camber 
angle, inflated at 780 kPa, loaded with 20445 N normal force, in free rolling conditions at 14.5 km/h. 
Figure 10 shows the comparison between the distributions of normal, longitudinal and lateral stress 
obtained experimentally and those determined using the finite element tyre model, with 1° camber 
angle, inflated at 780 kPa, loaded with 20445 N normal force, in braking conditions at 7.8 km/h. 
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Figure 9: Normal, longitudinal and lateral stress distributions [N/m2]
in the tyre contact patch in free rolling conditions at 14.5 km/h 
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Figure 10: Normal, longitudinal and lateral stress distributions [N/m2]
in the tyre contact patch in braking conditions at 7.8 km/h  
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The experimental results shown in Figure 9 and Figure 10 are somewhat affected by the transversal 
resolution of measuring equipment. Because the position of tyre tread grooves does not match exactly 
the sensing element pitch, some separation zones in distribution patterns are not shown sharply. The 
contact patch shape is more ellipsoidal in simulation results, mainly due to differences between finite 
element tyre model and real tyre construction. The effect of camber angle is visible both in 
experimental and simulation results. Some differences appear because the simulation does not take 
into account the wheel toe angle. The values of normal stress determined using the tyre model are 
close to those obtained experimentally. 
For free rolling conditions, the distributions of longitudinal and lateral stress of the tyre model have 
somewhat different shapes and lower values than those measured. This effect can be noticed especially 
at the level of second and fourth tread rib, where the thin transversal sipes have been not included in 
the finite element model, thus influencing the longitudinal and lateral stress results. 
It can be observed that, for both experimental and simulation results, the lateral stress on each rib edge 
is oriented towards the nearest groove. 
The braking conditions have a negligible effect on normal stress distribution and values. For 
experimental and simulation results, the longitudinal stress distributions show many similarities and 
almost the same maximum values.  In braking conditions, the values of longitudinal stress gradually 
increase towards the trailing edge. The longitudinal stress values are significantly higher than in free 
rolling conditions. 
In braking conditions, the distributions of lateral stress of the tyre model have somewhat different 
shapes and lower values than those measured. A possible explanation could reside in the appearance of 
a slip angle during the experimental braking process. 

5 STRESS RATIO MEASURED IN THE TRUCK TYRE CONTACT PATCH 
The friction coefficient between tyre and road is strongly connected to the distributions of ratios 
between shear and normal stress [20]. A comparison of stress ratios measured in the contact patch of 
the truck tyre in free rolling conditions at 14.5 km/h and respectively in braking conditions at 7.8 km/h 
is shown in Figure 11. 

Figure 11: The distributions of stress ratio in the tyre contact patch 
in free rolling conditions (left) and in braking conditions (right)  

In both cases, the values of stress ratio are higher towards the trailing edge of the contact patch. A very 
strong increase of this ratio occurs in braking conditions, meaning that in this region the shear stresses 
are almost double with respect to normal stresses. In free rolling conditions, the stress ratio has values 
below 0.4 in most of the contact patch area. 
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6 CONCLUSIONS 
The original measuring system can be used to measure tri-axial truck tyre-road stresses, 
simultaneously covering the entire contact patch width. The measurements can be performed in free 
rolling, traction and braking conditions, however the current paper presents experimental results 
obtained for the free rolling and braking tyre. 
The finite element model of the truck tyre allows determining distributions of normal, longitudinal and 
lateral stress in free rolling, traction and braking conditions. The model includes the structure of tyre 
plies and different types of rubber components, but the material properties from the tyre manufacturer 
have not been available. The model also takes into account the circumferential ribs of tyre tread. Finite 
element analyses have shown small differences of tyre contact patch shape in free rolling, traction and 
braking conditions. The effect of camber angle on the contact patch shape and normal stress 
distribution can also be seen from the simulation results. In traction conditions, the highest values of 
normal stress in the contact patch of the finite element model are slightly displaced in the rolling 
direction, while in braking conditions they are slightly displaced in the opposite direction. In traction 
and braking conditions, the highest values of longitudinal stress are located near the trailing edge of 
contact patch of the finite element model. The lateral stress distribution has opposite orientation on 
each tread rib, but the resultant stress is oriented predominantly towards the longitudinal plane. 
The distributions of normal stress determined using the tyre model show good similarity to those 
obtained experimentally. The values of longitudinal stress are lower for the tyre model in free rolling 
conditions. The distribution of longitudinal stress in braking conditions is very similar to the measured 
results. The values of lateral stress are lower for the tyre model than the experimental ones. 
The ratios between shear and normal stress measured in the contact patch are strongly connected to the 
tyre-road friction coefficient. The comparison of free rolling and braking conditions shows that the 
values of stress ratio are in both cases higher towards the trailing edge of the truck tyre contact patch, 
however in braking conditions the shear stresses in this region are almost double with respect to 
normal stresses. 
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An advanced model of sliding friction and dynamic contact of elastomers on rough, self-
affine surfaces is used for the prediction of rubber friction behaviour on dry granite. It 
describes the frictional force via the dissipated energy, resulting from sliding stochastic 
excitations of the rubber by surface asperities on various length scales [1, 2]. The effect of 
surface roughness is considered by three surface descriptors, which are derived from a 
fractal analysis of the surface profile obtained via white light interferometry. The hysteresis 
response of the rubber enters through viscoelastic master curves of the complex modulus up 
to high frequencies. Based on this concept, stationary friction curves have been estimated 
numerically on a broad velocity scale, in dependence of load and temperature. They have 
been compared to experimental friction data found for unfilled and filled elastomers under 
dry and wet conditions [3-13]. The obtained results allow for a deeper insight into the role 
of adhesion in dry friction of elastomers under different contact conditions [7-13]. In this 
work, the temperature and load dependence of the friction coefficient is analysed. We 
describe a relation between the required friction force and the applied load, as a function of 
temperature and velocity, whereby the extended friction theory of Klüppel and Heinrich [1] 
is included in the evaluation. It is found that the theory describes the experimental data 
fairly well. In addition, a closer look at the physical mechanisms that occur during sliding 
process is given. 

1. INTRODUCTION 
The progress in physical understanding and modelling of the friction behaviour of elastomers at rough, 
self-affine interfaces provides a basic tool for describing the traction mechanisms of tires with road 
tracks during cornering and braking, especially in the case of cars equipped with Anti-Blocking 
Systems (ABS) [14-16]. Deeper insights into the traction mechanism of tires allows for the 
development of tailor made tread compounds for specific applications, e. g. for dry-, wet- or ice 
traction. Furthermore, it can offer useful hints for understanding the various wear mechanisms of tire 
treads under different service conditions, since these mechanisms depend strongly on the sliding 
conditions [17, 18]. 
 

 
Figure 1: Illustration of tread deformation during contact with rough roads. Upon sliding this produces 

hysteresis friction responsible for wet traction of tires operating on wet roads. 



 2 

The wet traction behaviour of tires is of major importance for the safety of cars operating on wet 
roads. It is mainly related to hysteresis friction as illustrated in Figure 1. For getting optimum wet 
traction properties, tire tread compounds are filled with a high amount of reinforcing nano-particles 
which increases the viscous material behaviour and delivers high hysteresis friction contributions. A 
further important factor is the glass-transition temperature of the rubber which must be adjusted to the 
ambient temperature to obtain an excellent performance e.g. for winter and summer tires. A question 
of high interest is the microscopic mechanism governing the improvement of wet traction (and rolling 
resistance) properties of so called green tires, where the standard filler carbon black is replaced by 
nano-scale silica particles. Recently, it has been argued that the improvement is due to differences in 
the morphology of the filler network, as quantified by the lower activation energy in the case of silica 
[4]. This can be related to "dynamically softer" filler-filler bonds of the silica network, which are 
assumed to be responsible for a deeper penetration of the rubber into the track roughness. Another task 
is to clarify the friction behaviour of tire tread compounds under variation of load. Due to the non-
linear material behaviour at higher deformations the rolling resistance as well as the wet traction will 
change significantly. 

2. THEORETICAL 

2.1. Klüppel & Heinrich model of hysteretic rubber friction 

The hysteresis friction appears when local asperities deform the rubber sample and cause internal 
energy losses. According to the theory of Klüppel & Heinrich [1], the hysteresis friction coefficient is 
integrated over a range of excitation frequency corresponding to a multi-scale indentation mechanism 
during the sliding process and is dependent on velocity v and normal force FN, which is applied on a 
rubber specimen perpendicular to the contact area between the two bodies. 
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The roughness of the substrate is considered by the power spectrum density S( ).These can be 
calculated by the height-difference correlation function. E'' is the loss modulus of the elastomer and 
considers the viscoelastic behaviour of the material during the sliding process. 0 is the applied load 
relative to the nominal contact area A0 and is considered to be constant. pzbAV 0/  is the 
layer thickness of the excited volume V and is assumed to increase linear with the mean penetration 
depth zp of the asperities into the elastomer sample, scaled with a free parameter b. 

2.2. Modelling of the adhesion contribution 

To determine the total coefficient of friction for dry systems, adhesion friction is considered in 
addition to hysteresis friction due to molecular interactions with the force Fadh, leading to the adhesion 
friction coefficient [9] 
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The static shear stress s,0 and the critical velocity vc, where the s converges to a plateau value, are 
free fit parameters. E∞/E0 and n are material parameters.  
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Here, the exponent 
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is gained from the power law behaviour of the relaxation time spectra H( ) in the glass transition range  
mH ~ with exponent 0 < m < 1. This spectrum can be obtained from viscoelastic master curves of 

the storage modulus G' by applying the iteration procedure of Williams & Ferry [19]: 

3. EXPERIMENTAL 

3.1. Substrate and material characterization  

To derive the individual contributions μhys and μadh it is necessary to characterize the surface roughness 
of used granite substrate and to determine the viscoelastic properties of the tire tread compound. Both 
are used as input parameter to prepare the simulations. 
The rough granite surface was measured for its height profile obtained via white light interferometry 
to find the surface descriptors of fractal surface. A two-scaling-range approach was used to 
characterize the granite surface. The height-difference-correlation with found fractal parameters is 
shown in Figure 2. It allows for an estimation of the power spectral density used in equation (1) [1]. 
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Figure 2: Height difference correlation functions Cz(λ) of  

the used granite substrate with two scaling regimes. 
 
Viscoelastic properties were measured by Rheometric Scientific ARES mechanical spectrometer to 
perform a dynamic mechanical analysis (DMA) with 3% amplitude. The applied strain amplitude was 
chosen so as to simulate the non-linear behaviour of mechanical properties of a filled rubber 
compound. Horizontal shifting factors aT, to construct viscoelastic master curves [20], as well as 
relaxation time spectra were extracted from the data. For used compound, additional vertical shifting 
of the viscoelastic curves was necessary to compensate the occurring filler effect [7]. Two different 
reference temperatures 20°C and 70°C were adjusted for master curves. In Figure 3 the full dynamic 
mechanical data for 70°C as a reference temperature and 3% as strain amplitude are shown. 

3.2. Friction measurements 

The friction experiments were carried out on a tribometer prototype constructed at IMKT of the 
University of Hannover. As a specimen we used a sample with the geometry of 20mm x 20mm x 
8.5mm prepared from a racing tire tread. The coefficient of friction was measured at dry condition. To 
construct friction master curves by applying the same horizontal shifting factors like for dynamic 
mechanical measurements six different temperatures between 2°C and 100°C were adjusted during 
friction measurements. The velocity was varied between 0.1mm/s and 300mm/s and the load was 
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adjusted to typical values for racing tires between 1 bar and 7 bars. According to the low sliding 
velocities, friction force parallel to sliding direction was detected at constant load and speed under 
isothermal conditions. Before each measurement, the specimen was preconditioned until the 
coefficient of friction reached a steady value to avoid unstable behaviour during the experiment. 
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Figure 3: Dynamic mechanical master curves of the complex modulus and loss tangent at a reference 

temperature of 70°C. 
 

4. RESULTS AND DISCUSSIONS 
The experimental results of friction measurements – shown in Figure 4 – reveal strong dependency of 
the coefficient of friction for different load settings. In general, the friction force increases with speed 
up to a maximum value, after which a slight plateau forms and eventually decreases. Note the 
logarithmic velocity scale. By varying the load from 1 bar to 7 bars the friction force is increasing, but 
the coefficient of friction decreases partly rapidly, i.e. the friction force increases not so strong 
compare to normal load. It should also be noted that for the construction of friction master curves only 
a horizontal shifting of the individual branches is necessary. There is no vertical modification needed. 
The values of the individual friction curves fit with a negligible variation quit well with each other and 
a combination gives us more information about the friction behaviour of the rubber material. 
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Figure 4: Load dependent friction master curves for racing tire compound on dry granite at a reference 
temperature of 70°C. 



5 

Looking at the simulations (Figure 5), it is noted that the results gained from experiment are extended 
up to the range of higher velocities by using the combination of hysteresis and adhesion friction 
contributions. The simulation describes the experimental data in measured range fairly well. Only at 
small velocities up to 1 mm/s (Tref = 70°C) a systematic deviation between the theory and experiment 
is seen. The reason is found in the composition of the used racing tire tread compound with resins 
acting as tackier. So the effective interfacial shear strength is changing with come out resin, which 
diffuses to the specimen surface during sliding at higher temperatures. Higher temperatures 
correspond to lower velocities in the friction master curve.  
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Figure 5: Comparison of experimental data with simulations on rough granite with fitting parameter b, vc and 
s,0 listed in Table 1. 

As shown in Table 1 the fitting parameters demonstrate weak load dependence for the used granite 
substrate. Especially, at higher loads there is no difference for the free parameter b and the critical 
velocity vc, though the static interfacial shear strength s,0 seems to show a slight systematic increase 
with load due to the increasing contact area. Nevertheless, it should be mentioned that the 
experimental results are fairly well reproduced by the presented theory considering the slight load 
dependence of the static interfacial shear strength and the present of resins. Further studies on model 
compounds will show whether the assumptions that were made agree with theoretical expectations. 

Table 1: Fitting parameter for used granite at a reference temperature of 70°C. 

70°C granite 

load 
[bar] 

b 
[-] [mm/s] 

s,0 
[kPa] 

1 11,6 12,1 28,3 

2,5 13,8 51,2 40,7 

4 13,6 75,4 56,0 

5,5 14,0 74,5 58,6 

7 12,0 75,4 61,9 
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5. CONCLUSION 
This work presents a study of dry friction of a racing tire tread compound on rough self-affine surface 
under variation of velocity, temperature and load. It is shown that it is possible to construct friction 
master curves for tire tread compounds by using the time – temperature – superposition principle and 
applying the same shift factors as already known from the construction of viscoelastic master curves. 
The combination of measured friction branches for different temperatures results in continuous friction 
master curve over a larger speed range. The dry friction master curves can be described by two 
contributions, which come from hysteresis and adhesion. Simulations obtained with the extended 
theory of Klüppel & Heinrich show fair agreement with experimental results and confirm the 
measured load dependence of the friction coefficient. It is shown that the theoretical description of 
elastic contact between rubber and self-affine, rough substrates, which is based on the Greenwood-
Williamson approach, describes the load dependence of the dry friction behaviour of rubber 
reasonably well. 
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Relevant rubber-road friction mechanisms can include adhesion, rubber hysteresis and various 
kinds of viscous friction. In this paper we shed a light on this complicated physical problem by 
means of a combined experimental and theoretical approach. Friction of selected tyre tread 
compounds on a rough surface is measured in the laboratory by means of a linear friction tester for 
several contact pressures and sliding velocities for several rubber compounds with a priori 
designed distinctive compositions. Experimental results are analyzed and discussed from chemical 
and physical points of view by the aid of extensive theoretical modeling of rubber friction. We 
conclude with a comparison of lab-experiments and simulation results to the actually measured 
tyre braking performances for the tested tread compounds.  

 

1 INTRODUCTION AND MOTIVATION 
Tires, being the only part of a vehicle in contact with road surface, determine a number of vehicle 

performances, like, handling, braking, fuel consumption and noise. This fact is reflected in legal tire 
labels used in EU and in some other countries. Automobile manufacturers push for tires performing 
best according to all possible criteria. This is, however, typically not possible because of performance 
conflicts, when two tire performances, in best case, cannot be improved simultaneously and, in worst 
case, improvement of one performance results in drastic reduction of another one. Such a tight and 
somewhat contradictive coupling of various aspects of tire behavior turns development of high 
performance tires into a complicated and expensive process. These difficulties significantly increase 
value and importance of the basic and applied research aimed to describe and simulate tire 
performances. Clear understanding of tire-related phenomena, translated into well-developed and 
verified models fed with high quality test data, can significantly simplify development; can reduce its 
time and costs. Simulation of longitudinal and lateral tire characteristics and maximum transmittable 
forces require knowledge of the frictional properties of the tyre tread rubber.  

In this paper we present research in area of lab-based ABS-braking performance prediction. Our 
goal is to deduce the ABS-braking performance of different rubber compounds from the rubber-block 
friction measurements done in lab and, possibly, from a rubber friction theory. Our research can be 
divided into several consequent parts. First, friction of a single block is measured at a-priori defined 
set of environmental parameters, like, sliding velocities, pressures, temperatures, which should 
represent tire application conditions. The next research step is to test real tires, whose treads are 
extruded with rubber compounds used in lab friction tests. Comparison of lab friction and tire tests 
results will give us first hints on prediction of ABS performance. Another prediction strategy can be 
developed using theoretical investigation of rubber friction. Theory is a third part of our research and 
it includes several points: (i) qualitative understanding of rubber friction on rough surfaces; (ii) 
quantitative description of rubber contact and friction. Theory allows not only to support the lab based 
ABS prediction strategy, but also to shed a light on a question, why some rubber compounds perform 
better than others. 

2 EXPERIMENTAL INVESTIGATION OF RUBBER FRICTION 
Rubber friction depends on external load, sliding velocity, temperature, surface and rubber 

compound [1][2][3][4]. It makes, thus, insufficient (or even impossible) straightforward application of 
empirical Amonton and Coulomb friction laws and experimental friction investigations become a 
mandatory part of any research activity in the area of tire development. Below we review tribometric 
test rigs usually used and then present our own experimental setup. 
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2.1 Measuring rubber friction in the lab – Test rigs and evaluation methods 
There is a vast variety of different tribometric devices developed for measuring rubber friction on 

arbitrary surfaces. They all can be divided into two classes – rotational [5][6] and linear tribometers – 
according to the type of mutual motion of a rubber sample and a surface. The focus in this publication 
is set on linear test rigs because this type of machine is used to perform the friction measurements 
presented in this paper. Linear friction testers can be further classified based on a driven part of 
device: a rubber sample can be moved along the surface [7][8][9] or a surface can be slid with respect 
to fixed sample. Finally, each friction tester has certain ranges of operating loads and sliding 
velocities. Test rigs used in tire-related research usually support loads up to several kN.  Sliding 
velocities generally fall into a broad interval from several micrometers up to several meters per 
second. Note that range of sliding velocities, available for each particular test rig, is narrower and 
depends on its construction features.  

2.2 The high speed linear friction tester (HSLFT) 
Laboratory results presented in this paper were obtained by means of the high speed linear friction 

tester (HSLFT). The linear design of test rig construction was chosen because linear motion is much 
closer to the dynamics of real tread blocks and the sample doesn’t meet surface already touched during 
the same run, as it can happen in case of rotational design of the test rig. The rubber block sample is 
mounted under the measuring head, which is moved along the surface by means of a linear drive. The 
measuring head carries piezoelectric force sensors for probing the applied force vector. A bellow 
cylinder is used to apply the normal load on the rubber sample.  

Operating parameters of HSLFT – i.e. loads p , sliding velocities v , rubber temperatures T  –  are 
deduced from parameter ranges typical for pass car and light truck (PLT) and commercial vehicle tires 
(CVT) applications. Sliding velocity v  can be varied within the range from 0.1 up to 10 m/s. A 
normal load up to 3500 N can be applied. The corresponding contact pressure p , of course, depends 
on sample’s geometry. Exchangeable test surfaces are mounted on a support table. 

Measurement and evaluation procedure can be described as the following. The rubber block is 
loaded with a certain normal load and then is accelerated to a predefined constant sliding velocity. 
Actual values of normal load and friction force acting on sample are measured and recorded over time. 
Ratio of friction force to normal load gives a time-dependent friction coefficient μ(t). Steady state 
kinetic friction coefficient μs is then calculated by averaging of μ(t) over time interval on which 
sliding velocity is constant. This procedure, repeated for different loads p, steady state sliding 
velocities v, and rubber temperatures T, yields friction coefficient μs(v, p, T). The measurements on 
wet surface are done in a special bath allowing of creating water film of a certain prescribed height. 
The bath guarantees that film height is kept constant during the test.   

2.3 Tire testing  
Tires, used for tests in the presented study, were produced by Continental. Construction and pattern 

of a normal tire model were taken as a basis for test tires. Tire treads were extruded with experimental 
rubber compounds specially developed for this study. Tests were performed in the newly developed 
Automated Indoor Braking Analyzer (AIBA)[10] on Continental proving ground “Contidrom” located 
nearby Hannover. Tire braking performance was tested on dry and wet surfaces. The latter is sprinkled 
with the aid of a special system allowing creating a defined water film height. Braking performance is 
calculated from the distance needed for vehicle deceleration from 100 to 3 km/h on dry road and from 
80 to 20 km/h on wet surface.  

3 THEORETICAL DESCRIPTION OF RUBBER FRICTION 
3.1 Qualitative understanding of rubber friction 

Complex behavior of rubber friction on rough surfaces (FIG. 1) can be comprehended by 
decomposing it into elementary friction mechanisms explained below.   
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FIGURE 1 – Sketch of a rubber block sliding on a rough surface. Friction mechanisms illustrated are: (i) 
hysteresis energy loss due to rubber deformation, (ii) adhesion; (iii) viscous friction in media confined in 
between surface and rubber; (iv) interlocking of rubber block edge with surface asperities. Contact between 
rubber and surface appear only on asperities. Contact and friction depend on normal pressure p and sliding 
velocity v [3]. 

(i) Hysteresis energy loss due to intrinsic damping of surface-induced vibrations inside the rubber 
material. Excitation spectrum is directly related to surface roughness in a broad range of length 
scales, from micrometers up to millimeters [1][2][7]. Hysteresis energy loss is one of the most 
important rubber friction mechanisms on rough surfaces.  

(ii) Adhesion-driven friction is the second most important mechanism. Adhesion can be generally 
described as a rise of physical bonding between two bodies, when they are brought in a close 
contact.  Rearrangement or braking of these bonds during rubber sliding requires certain energy 
[11]. In terms of surface length-scales, adhesion appears at the lowest considered scale. 

(iii) The viscous friction in a medium confined between rubber and road surfaces. The most 
prominent example of this mechanism is a friction of rubber block on wet surface, when rubber 
sliding over a water film generates viscous friction. This mechanism, however, is believed to 
have minor importance at small velocities around 1 m/s.  

(iv) Mechanical interlocking of tire tread block edges with the surface asperities causes an additional 
resistive force. We assume that this force is not prominent on relatively “smooth” rough 
surfaces. 

(v) Cohesion is a counterpart of adhesion as applied to bond breaking and fracture of rubber itself 
due to tensions induced by interactions with road asperities. Cohesion is directly related to 
rubber wear and is associated with surface length scales from several to tenth of micrometers. 

All these friction mechanisms coexist and their composition results in really complicated dependency 
of friction on sliding velocity, normal load, surface, rubber dynamical properties and temperature. It is 
difficult to account for all mechanisms in the same theory, so we restrict our consideration to 
hysteresis energy loss and adhesion.   

3.2 Contact with rough surface as a friction driver 
Let us imagine a contact between rubber and a surface comprised by asperities (or summits) of 
different sizes randomly distributed over a surface area. Under loading rubber gets in contact with 
asperities, deforms and partly penetrates into the surface between asperities. This scenario means that 
there can be parts of surface in complete contact with rubber and parts of surface separated from 
rubber with gaps, like it is sketched in FIG. 1. Contact appears on the top of asperities, gaps remain in 
between them.  The real area of contact CA  projected on contact plane is smaller than the apparent 
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contact area 0A  [1][2][12].  An example of such a patchy contact measured for a real tire is shown in 
FIG. 2 for smooth and rough asphalt surfaces. Formation of this kind of contacts is a result of a 
balance between global external stress applied to rubber and elastic stress raised in rubber due to its 
deformation in contact points. Real area of such a contact depends on pressure: the higher the external 
pressure is, the higher is rubber deformation and the larger is real contact area. If we recall, that rubber 
material modulus governing rubber deformation is a quantity dependent on time scale and 
temperature, then rubber contact properties should depend on normal load, surface roughness, rubber 
dynamic modulus, and also on sliding velocity and temperature. 

FIGURE 2 – Real contact of a tire with smooth (left) and rough (right) asphalts. 

Rubber friction on rough surface is directly connected to description of rubber contact. Let us write 
friction coefficient as a sum of hysteresis and adhesion contributions [11]. 

AH . (1)

Adhesion-driven friction coefficient A can be expressed by means of interfacial shear stress A , 
required to rearrange and break bonds, external apparent stress 0 , and real and apparent contact areas 

CA  and 0A  [11] 
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Hysteresis energy loss is a bulk phenomenon; it takes place inside rubber deformed volume V . If 
we assume, that rubber is sliding over rough surface, then it will be strained atop of asperities and 
unstrained in between them. Energy dissipated during time interval  T  can, then, be formulated in 
terms of stress tx, and time derivative of strain tx, : 

V T

txtxtxE dddiss ,, . (3)

In the same time, such kind of loading-unloading process can be considered as a quasi-periodic one. 
Periodicity implies mapping of the problem (3) on reciprocal (or spatial frequency) space by means of 
Fourier transform [3]. In a simple assumption, that rubber deformations follow surface profile, rubber 
excitations in reciprocal frequency space will be characterized by means of the spectral power density 
qC  of surface profile xz  [2][1][12].  The corresponding energy dissipation is described by means 

of rubber loss modulus qvE . Note, that q and qv  are spatial and time frequencies with units of 
[1/m] and [1/s], respectively. Hysteresis friction coefficient then reads [1] 
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Term 0AV  has meaning of average depth of excited rubber layer. It is important to note, that 
excited volume V depends on solution of the contact problem. 

Both friction coefficients A  and H  contain parameters, which are supposed to be results of 
solution of contact problem. Adhesion-driven friction (2) depends on real contact area and hysteresis 
term (4) includes volume of excited rubber. There are several theories available to describe contact. 
The oldest (and the most famous one) is the Greenwood-Williamson theory used by Klueppel and 
Heinrich with slight modifications for description of friction [1]. In the following we apply another 
theory – Persson’s rubber contact and friction theory [2]. It was introduced in 2001 and then 
extensively developed by the author during the last decade. 

4 RUBBER COMPOUNDS USED IN THIS STUDY 
A specially designed set of rubber compounds (see TABLE 1) was used in this study. The 

following compound parameters were varied: filler amount on phr-level, glass transition temperature 
and the hardness of the compound.  

Increasing the silica amount on phr level leads to increased damping and increased hardness. The 
variation of filler amount was achieved by altering a silica concentration at equal hardness level. The 
hardness was kept constant by appropriate compensation measures. Compound pairs C1/C2, C3/C6, 
and C4/C5 have different amount of silica with a difference of 35 phr at nearly same hardness levels.  

Variation of compound glass transition temperature GT  can significantly alter its dynamic modulus 

and therefore affect contact and friction properties. All compounds except a pair C4/C5 have G0T . The 

pair C4/C5 was designed with G0T - 20°C. Reduction of GT  was achieved by switching from high- to 
low-Tg Polymer. In addition, compounds in pairs C1/C4 and C2/C5 have the same filler amount and 
nearly the same hardness level.  

 

Compound filler amount Hardness Glass transition 
(phr) (ShA) (°C) 

C1 f0+35 H0+10 TG0 
C2 f0 H0+10 TG0 
C3 f0+35 H0 TG0 
C4 f0+35 H0+10 TG0 - 20 
C5 f0 H0+10 TG0 - 20 
C6 f0 H0 TG0  

TABLE 1 – Characteristics of rubber compounds used in measurements. 

Compound hardness has impact on contact of rubber with rough surfaces. Compound C6 is a 
replica of C2 with increased hardness of 10 ShA.  Compound C3 is a replica of C1 with hardness 
reduced to reference hardness H0, while keeping the filler amount at f0+35 and the Tg at G0T . An 
overview of used compounds is given in Table 1.  

Measurements of visco-elastic compounds properties depending on temperature, frequency and 
mechanical load are performed with the aid of a dynamical mechanical analysis (DMA) device. 
Obtained storage and loss moduli TE ,  and TE ,  depend on both frequency and 
temperature. Temperature is eliminated as variable by means of time-temperature superposition 
principle. 
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5 RESULTS AND DISCUSSION 
5.1 Correlation between Lab Data and Tire ABS Braking Performance 

The main goal of our paper is to compare friction of rubber block measured in lab with ABS 
braking performance of tires built using the same compounds. It is not meaningful to compare absolute 
values of these quantities, because dynamics of HSLFT rubber block and tire tread are different and it 
is not possible to use in both cases exactly the same surface and boundary conditions.  We are going to 
compare relative friction coefficients measured in lab with relative tire braking performances. 
Compound C1 is chosen as a reference in all our studies. Such a comparison is based on the 
assumption that, if both lab and real road surfaces have comparable tractions, then interaction of 
rubber with surface occurs in a similar way.  Sliding velocity of 0.5 m/s, apparent pressure of 0.3 MPa 
and temperature of 20 °C were applied in lab measurements.  

 

 
 
FIGURE 3 – Correlation between relative ABS braking performance on wet (a) and dry (b) roads and the 
corresponding lab friction measurements s  at 50.v [m/s] and 30.p  MPa. Points represent measured 
data with error bars. Numbers nearby denote compounds described in Table. 1. Solid line is a linear correlation 
law baxy   found by means of the regression model. Dashed lined are the corresponding confidence 
bounds.  

 

Comparison of ABS braking performance with relative friction coefficient measured in lab on wet 
and dry surfaces is presented in FIG. 3.  Correlation between both datasets is quantified with the aid of  
Pearson 2R coefficient. Additionally, data were fitted with the linear regression model baxy
and confidence bounds were calculated. Linear model with the offset b  (as opposed to a proportional 
one axy ) was chosen to account for differences rising due to different dynamics of lab sample 
rubber block and tire tread. 

ABS braking and relative friction coefficients data obtained on wet surface are highly correlated 
with 9602 .R , as it is presented in FIG. 3(a) . Most of the points, taken with error bars, fall on the 
linear  model 326261 .. xy .   Compound C6 exhibits maximal deviation from the linear model.  
Compounds with different glass transition temperatures form two detached groups of points: 
performances of compounds C1, C2, C3 and C6 with  higher G0T  are located in the vicinity of 100%, 

while two compounds C4 and C5 with lower C20G0T  demonstrate lower performances scattered 

around 80%. Decrease of friction due to GT  shift to lower temperatures is caused by significant 
reduction of hysteresis energy loss in compounds. The impact of filler can be revealed by comparison 
performances of compounds in the pairs C1/C2, C3/C6, C4/C5 with nearly the same hardness and GT
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but different filler amount of f0+35phr and f0, respectively. In all these pairs additional filler increases 
friction both in tire and lab tests. Comparison of performance within compound pairs C2/C6 and 
C1/C3 reveals that softer compounds C6 and C3 perform better as their harder counterparts. This 
effect can be explained by higher contact area of softer compounds. 

Data acquired on dry surfaces are shown in FIG. 3(b). Datasets demonstrate no correlation with 
2802 .R . Linear model 122291 .. xy  is similar to the wet case but it has very broad 

confidence bounds. This error originates from much higher friction performance of compounds C3 and 
C6 in lab test.  Low GT  compounds C4, C5 and high GT  compounds C1, C2, as well as low/high filler 
concentration compound pairs C1/C2 and C3/C6 cannot be rated correctly by means of dry friction lab 
results.  

Summarizing this part we can conclude that it is possible to use lab friction test for prediction of 
wet ABS tire tests results with satisfying accuracy. 

 

5.2 Theoretical description of rubber friction 
To reveal contributions of different friction mechanisms in overall friction performance, we applied 

analytical theories mentioned in the previous section. Surface spectral power densities and compound 
moduli were taken from the corresponding measurements and evaluations. Pressure of 0.3 MPa and 
sliding velocity of 0.5 m/s applied in lab measurements were used as the theory input. The smallest 
asperity length scale minλ  was the only fitting parameter of hysteresis model. Its rather high value of 
70 μm conforms with smooth visual appearance of the surface used. Adhesion was accounted in with 
the aid of equation (2). It was assumed, that interfacial shear stress A  depends only on surface 
conditions – wet or dry – but not on compound.   

 

FIGURE 4 – Comparison between lab friction measurements and theoretical simulations at 50.v [m/s] and 
3p  [bar]. (a) Theory described by the hysteresis friction only is plotted vs .LFT  measurements on wet 

surface  (b) Theory accounting both for hysteresis and adhesion friction mechanisms is compared with LFT 
measurements performed on wet (circles) and dry (diamonds) surfaces. Dashed line is an eye guide-line for the 
perfect match LFTTHEORY  . 
 

 

Results of rubber friction simulation are presented in FIG. 4 as a correlation plot between measured 
and calculated absolute values of friction coefficients LFT  and THEORY . To get better insight into the 
phenomenon studied, we plotted in FIG. 4(a) values of theoretical hysteresis friction coefficient 

THEORY vs. measured values LFT .  There is a very good correlation with 9502 .R . The 
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corresponding linear correlation model 440281 .. xy  has a constant negative intercept of -0.44. It 
can be rationalized as a friction created by another friction mechanism, for example, adhesion.  

Adhesion on wet and dry surfaces differs in our model only by interfacial shear stress
A

. Data 
shown in FIG. 4(b) were calculated with A values equal to 2.6 and 6.5 MPa for wet and dry surfaces, 
respectively. Ratio of real and apparent contact areas CA  and 0A  used in equation (3) was calculated 
by means of the Persson’s contact model. This ratio depends on compound modulus and flash 
temperature qT  emergent due to hysteresis friction [13]. 

Adhesion increases absolute values of theoretical friction coefficient, so they fall close to the 
“perfect match” line LFTTheory  sketched in FIG.4(b) with dashes. Pearson 2R coefficients of 0.83 
for wet and 0.88 for dry surfaces indicate that theory and measured data are correlated. Closer look at 
wet and dry linear correlation models 13021 LFT

WET
Theory .. and 730731 LFT

DRY
Theory ..  reveals 

deviations from the perfect match   
LFTTheory

. Comparing slopes and intercepts, we can conclude, 
that the theory used can adequately describe absolute values of friction of rubber block on wet surface. 
Theory, being applied to dry surface, delivers realistic values of friction coefficient, but slope of dry-
correlation law and its large intercept imply worse quality of theoretical description. Theory 
shortcomings originate from too simple description of adhesion, which is defined by means a constant 
interfacial shear stress and contact area. This approach can work better for wet surfaces; because its 
mixed contact interface, comprised on the smallest length-scales of “wet” and “dry” micro-areas, 
should depend weaker on adhesive properties of each particular rubber compound. On the contrary, 
dry interface should exhibit compound-dependent adhesion leading, for example, to different values of 
interfacial shear stress A for each compound. This gap can be closed by development of better 
theory for adhesive friction. 

6 CONCLUSIONS 
In summary, we have presented the approach for prediction of ABS braking results with the aid of 

lab-based friction measurements and analytical theory of rubber friction. Main idea of the approach is 
that tire braking performance can correlate with a friction of a rubber sample at a certain pressure and 
sliding velocity on a specially adapted surface. This concept has been tested using six specially 
designed rubber compounds with a-priori different moduli and, consequently, different friction 
performances. Our studies have revealed different predictive power of the correlation approach for dry 
and wet surfaces. It has been demonstrated, that friction coefficient measured in lab on dry surface has 
no correlation with tire test results, while friction coefficients measured in lab on wet surfaces show 
good correlation with tire ABS braking performance. Our study has demonstrated that lab friction test 
procedures and rubber friction theory are promising tools in tire development for prediction of ABS 
wet braking performance. 
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It is well known that no laboratory based method exists that accurately predicts tyre tread 
wear.  Assessment of worn surfaces from laboratory and on-the-road tests, using light 
microscopy (LM) and transition electron microscopy (TEM), showed key differences in the 
microstructure of tread compounds that may indicate how particles of rubber compound 
become detached from the tread surface.  These techniques are providing a mechanistic 
insight into the mode of tread removal and degradation, which should assist in developing 
and validating a laboratory based method (an improved physical test or computer model) to 
predict tyre wear accurately during the compound development process. 

1 INTRODUCTION  
Tyre manufacturers adopt technology which will improve the key performance attributes of tyres; 
rolling resistance, wet grip, wear and environmental/sustainability. Over the past 25 years the focus 
has been on improvement of rolling resistance and wet grip with the main change occurring in 1992 
and the advent of the ‘green tyre’ or ‘energy tyre’ for the passenger market1. Carbon-black 
reinforcement was replaced with silica and silica/silane technology for non-polar synthetic solution 
styrene-butadiene rubber/butadiene rubber (s-SBR) in passenger tyres.  This provided a significant 
reduction in rolling resistance and improvement in wet grip (without significant loss in wear 
performance).  For truck tyres however more conventional technology of well established carbon-
black filled natural rubber (NR) blends with BR or styrene-butadiene rubber (SBR) are still used.  This 
is largely due to the claims/perception that coupling of silica to NR using conventional silane coupling 
agents is ineffective.  It is possible that the poor coupling may arise from either a reduced ability of the 
silanes to form covalent bonds with NR during cure2,3 or from competing side reactions to the desired 
coupling reactions to the silica surface.  NR contains non-rubbers, proteins, fatty acids, phospholipids 
and other ester-like substances and/or emulsifiers for reaction with silica during mixing and thus affect 
the final properties of the compound4,5.  These non-rubbers are also easily absorbed onto the silica 
surface6.  Recently new silane products have been emerging on the market specifically targeted at use 
of silica as filler in NR7. 

Governments have introduced legislations regarding carbon dioxide emissions and maximum rolling 
resistance levels for tyres new to the market which came into effect simultaneously with mandatory 
tyre labelling in the EU (November 2012), with tyres graded according to fuel efficiency, wet grip and 
rolling noise which empower the consumer to choose the best rated tyre for their needs, in turn causing 
tyre manufacturers to race to the top; targeting A grade fuel efficiency class.  

Ekoprena™ is the trade name of epoxidised natural rubber which is produced by the epoxidation of 
natural rubber latex and it is manufactured commercially in Malaysia.  Its origin is from a renewable 
resource, not petroleum based. Rubber trees efficiently sequester carbon dioxide so Ekoprena has a 
large negative carbon footprint8. The by-products from the process are minimal and non-toxic and can 
be discharged and treated as normal effluent from the rubber industry.  Ekoprena-25 (containing 
25 mole % epoxide) has a glass transition temperature of -48 °C, similar to that of modern day s-SBR 
polymers and could replace the synthetic rubbers used in passenger tyre tread compounds.  It is also 
suitable for truck tread applications.  It is chemically more polar than any other tyre rubber and thus 
has an inherently has good interaction with silica even in the absence of a silane coupling agent.  It can 
give low rolling resistance and good wet grip in tyre tread compounds.  

Wear is important for longevity of a tyre and, because particulate matter shed from tyre treads, will 
also contribute to airborne pollution.  
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2 RESULTS AND DISCUSSION 
Two truck and bus tread compounds have been investigated at TARRC with the formulations shown 
in Table 1.  One is a conventional premium retread black-filled NR/BR truck tread formulation and the 
other is an experimental truck tread formulation using silica-filled Ekoprena, which has been 
developed at TARRC.  Both formulations include activators and antidegradants although these are not 
shown in Table 1.  The Ekoprena tread formulation contains a small amount of N234 black for colour 
and UV protection.  It also has a low level of silane coupling agent X50S (2.2 phr of TESPT), because 
of the high service temperatures of 70-90 °C in temperate ambient conditions experienced by bus/truck 
treads.  For both formulations a semi-EV cure system was used9.  In the case of the Ekoprena 
formulation TESPT is added as a sulfur donor, while additional accelerator is used because some is 
consumed in reaction with epoxide and silica, thus it appears to be more EV.  The hardness, modulus 
and tensile strength physical properties of the Ekoprena truck tread compound were matched with 
those of the NR/BR compound (Table 2). 
Table 1: Tyre tread compound formulations key ingredients (phr) 

Compound NR/BR Ekoprena 
First stage 
Ekoprena - 100 
SMR-10 70 - 
cis-BR 30 - 
Silica (Zeosil 1165MP) - 55 
Carbon black (N234) 53 3 
X50S* - 4.4 

* 1:1 wt:wt ratio blend of N330 carbon black and bis(triethoxysilylpropyl)tetrasulfide
Table 2: Hardness and tensile properties of NR/BR and Ekoprena bus/truck tyre tread compounds. 

Compound NR/BR 
70/30 

53 phr black 

Ekoprena 

55 phr silica 
Hardness, IRHD 69 67 
Tensile properties  
M100, MPa 2.81 2.68 
M300, MPa 13.3 14.3 
Tensile strength, MPa 25.2 26.0 
Elongation at break, % 515 465 

The physical property data in the table is based on a 90 minute cure time. 

Silica-filled Ekoprena tyre tread compounds have been shown to give up to 27% reduction in rolling 
resistance and up to 27% improved wet grip properties; the latter has been shown to be sustained at 
lower temperatures compared to the benchmark with a 31% better ice grip10.  For the truck tread 
compound the improvement compared to the benchmark black-filled NR/BR compound are two-fold; 
benefiting from the switch to silica and from the use of Ekoprena. 

In addition to these properties, wear is an important characteristic to assess in order to improve 
performance and help to understand the processes taking place at the road-rubber interface.  The 
techniques used here for assessing the wear performance of the two compounds are a Standard 
laboratory Akron abrasion test11 and in-service road wear trials where retreaded tyres were fitted to the 
rear drive axle of 50 seater coaches (Figure 1).  The laboratory Akron abrasion test uses solid moulded 
discs, 12.5 mm thick x 64 mm diameter weighing approximately 50 g. This compares with a tyre tread 
which is 20 times wider (250 mm) and 52 times the diameter (3330 mm).  As well as using less 
compound and less mixing energy the Akron test takes less than an hour to complete (with the rubber 
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test piece experiencing approximately 13000 cycles) rotating at the equivalent of about 3 km/h, 
whereas on-road trials can take a year or more (for this test it was 5.5 million revolutions) and of 
course the speed of the coach was variable (0-112 km/h).  The laboratory test is a significantly 
accelerated process and as such the conditions of the abrasion test are very severe with a fixed 15° slip 
angle.  The test piece is pressed with a 45 N force providing a contact patch of about 90 mm2 and a 
nominal contact pressure of 500 kPa, which compared to the truck tyre, which was estimated to have a 
contact patch of 52,500 mm2, has a corresponding contact pressure range between 300-600 kPa. 
Carborundum and fuller’s earth dust (2:1) are introduced into the gap between the rubber wheel and 
the abrasive wheel to remove abraded rubber debris and prevent production of a sticky build up of 
degraded rubber on the abrasive wheel12.  The value of abrasion volume loss is reported and the 
Abrasion Resistance Index calculated from the relative volume loss against the Standard rubber (S2)11 
which is based on 50 phr black-filled NR (Table 3).  The Ekoprena compound outperforms the black-
filled NR/BR benchmark by a factor of almost two. 

A real transport situation has much more variability introduced throughout the life of the tyre such as 
changes in climatic conditions, speed, load, tyre inflation, road surface texture and material, tread 
compound ageing properties and oxidation all of which, and more, will influence the rate of wear.  In 
this study the retreaded tyres were fitted to the rear drive axle of 50 seater coaches.  TARRC had no 
control over the type of usage the coaches experienced and had tread depth measurements and samples 
taken as and when access to the vehicle could be gained.  The Ekoprena tyre was on the offside and 
the NR/BR was fitted nearside so some difference in wear rate due to road camber may be present. 
The first 18,000 km usage could be classified as urban; journeys involving short runs with a lot of 
manoeuvring at lower speeds on narrow roads with vehicles parked on either side.  The abrasion 
results from in-service coach tread wear trials of the two truck tread compounds is calculated as 
nanometres worn per revolution and are reported in Table 4.  This confirms that the laboratory test is a 
poor representation of road wear because a reversal in ranking is apparent between the laboratory test 
and the road test, although the losses are of the same order of magnitude.   

Figure 1: On the left a retreaded truck tyre on road surface and on the right an Akron test piece in contact with 
the abrasive wheel used in the test. 

Table 3: Laboratory wear: Akron Abrasion 

Tyre compound 
Abrasion  

Resistance 
Index, % 

Volume loss, 
mm3 

Calculated loss 
per cycle, nm 

Calculated loss 
per revolution of 
rubber disc, nm 

Black-filled NR/BR tread 119 17.7 1.3 0.5 
Silica-filled Ekoprena tread 220 9.6 0.7 0.3 

Table 4: In-service wear: Coach Trials 

Tyre km covered in period Average 
km/day 

Calculated depth loss 
per revolution, nm* 

Black-filled NR/BR tread 18,014 52 0.803 
Silica-filled Ekoprena tread 18,014 52 1.258 

* Calculation based on 3.3 m circumference of truck tyre.
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The worn surfaces were assessed by light microscopy (LM) which showed the Akron test pieces to 
have a pattern of ridges parallel to the rotation direction of the disc (Figure 2 top).  The pitch of the 
ridges varied across the width of the test piece with a smaller pitch at the area in less contact with the 
abrasive wheel at the 15° slip angle.  The Akron abrasion test appears to be much more severe than 
normal tyre wear on the road and it is thought these ridges formed from brutal scoring of the abrasive 
disc and the action of the carborundum and fuller’s earth scraping and becoming embedded in the 
surface of the disc as it rotates.  LM of the bus/truck coach tread conversely showed a pattern of ridges 
perpendicular to the wear direction (Figure 2 bottom left).  This distinct abrasion pattern only occurred 
for the NR/BR coach tread and not the Ekoprena treads, whose abraded surface is shown in Figure 2, 
bottom right.  This type of characteristic abrasion pattern is often referred to as ‘Schallamach waves’ 
and occurs where the sample has been subjected to sliding abrasion13.  In this coach tyre tread sample 
the perpendicular pattern is thought to occur through the forces acting on the tyre during acceleration 
and braking, because the tyre is situated on the coach at the rear drive axle and experiencing 
essentially uniaxial abrasion, as opposed to the steer axle which would see much more variation in slip 
angle and intrinsic abrasion. 

The roughness of some sample surfaces was measured using a Surtronic 3+ surface roughness 
machine which drags a stylus across the sample: where tested, the results showed as anticipated that a 
coarser surface corresponds to a higher wear rate14,15.  There is a difference in friction between the two 
sets of tyres on the coach16, the NR/BR tyre tread has a lower coefficient of friction and as such it may 
be anticipated more sliding will occur for this tyre, increasing the tendency for an abrasion pattern to 
form.  

The relatively wide pitch of the perpendicular pattern is also indicative of the severe nature of the 
coach service usage.  For less severe usage, such as on a highway route the Ekoprena tyre wear rating 
is within 6% of the control retreaded tyre, however this work is ongoing and will not be discussed 
here. 
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Figure 2: Light microscope images of the surfaces of (top left) worn Akron abrasion disc black-filled NR/BR, 
(top right) Akron abrasion disc silica-filled Ekoprena tyre tread compounds worn, (bottom left) truck tread 

black-filled NR/BR and (bottom right) truck tread silica-filled Ekoprena.  The rotation direction of the disc or 
tyre is horizontal.  Illumination came from the bottom left at a fairly low angle. 

‘Network Visualisation’17,18 via Transmission Electron Microscopy (TEM) is a useful technique for 
characterising rubber composite materials.  The rubber sample, normally vulcanized, is swollen to 
equilibrium in styrene, containing a radical initiator. The sample is then heated to initiate 
polymerization of the monomer and, once fully hardened, the result is a swollen rubber sample 
embedded in a polymer matrix, which can then be sectioned for TEM analysis.  Unstained images can 
be used to visualise the filler particles (Figure 3) and ascertain information about the micro-dispersion 
within a sample by particle size distribution19 and work to date shows silica to have exceptionally 
good micro-dispersion in Ekoprena compounds, remarkably showing some primary silica particles20. 

 
Figure 3: On the left an unstained TEM image of a silica-filled Ekoprena sample and on the right a cumulative 

frequency distribution plot of a silica-filled Ekoprena and NR samples. 
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Staining sections with electron dense osmium tetroxide enables the unsaturated rubber chains to be 
identified as bundles.  During the styrene polymerization process, a constrained phase separation 
occurs.  For vulcanized samples it is customary to see an image showing a mesh structure consisting of 
regions of the stained rubber network separated by regions of unstained polymer matrix (Figure 4). 
The dimensions of the phase separated mesh structure can be related semi-empirically to the physical 
cross-link density of the vulcanized sample. 

Figure 4: A TEM image of a swollen polystyrene embedded unfilled NR sample osmium tetroxide stained with a 
relatively low cross-link density. 

Moreover the network visualization technique can be used to characterize interfaces within composite 
materials.  Figure 5 demonstrates the lack of interaction between the rubber network of a NR sample 
and zinc oxide particles where a pocket of polystyrene (termed a vacuole or void) has formed around 
the zinc oxide particle, because the styrene, during the swelling process and the subsequent 
polymerization, has been able to penetrate between the rubber and zinc oxide where there is no 
interaction.  This method was been used by Ladouce-Stelandre et al.21 to demonstrate the effectiveness 
of coupling agents in silica-filled s-SBR by visualization of vacuoles around the filler particles where 
there is little or no rubber-filler interaction, whereas with use of a coupling silane giving a good filler-
polymer interaction, these vacuoles are not present.  Levels of coupling agent used in silica-filled tyre 
tread compounds are normally above such a threshold.  For a silica-filled Ekoprena sample without the 
use of coupling silane there is a good interaction much of which is hydrogen-bonding22 between the 
rubber and silica-filler and it is sufficiently strong that no vacuoles are observed23.  The strength of the 
hydrogen-bonding interaction is sufficient for passenger tyre tread applications and coupling agent is 
not required24,25, but the high temperatures experienced by truck tyres in service means that a coupling 
agent is required to achieve a stronger interaction which is more stable at elevated temperatures. 

Figure 5: A TEM image of a swollen polystyrene embedded unfilled NR sample osmium tetroxide stained with 
zinc oxide particles. 
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Filler morphology and its micro- and macro-dispersions are generally regarded as being important for 
abrasion resistance.  Macro-dispersion was measured optically at low magnification (DisperGrader) 
merely to ensure that it was adequate.  Rubber-filler interaction is also important for wear resistance 
and poor rubber-filler coupling will result in poor abrasion resistance. TARRC has used the network 
visualization technique as described above to examine the microstructure of the abraded surfaces of 
compounds from Akron abrasion test pieces and from samples cut from coach tyre treads after 
undergoing in-service wear testing of about 18,000 km.  Figure 6 shows TEM micrographs of stained 
cross-sections of the surface layer of black-filled NR/BR and silica-filled Ekoprena tread compound 
samples taken from Akron abrasion discs and from tyre tread samples that have been run on the road.  
The rubber surface is supported by the polystyrene at the top of the TEM micrograph.  In the NR/BR 
compounds the BR phase (minor phase) has stained darker than the NR phase, and it is here or on the 
phase boundary that most of the black appears to be located.  This observation is consistent with work 
by Hess et al. assessing carbon black distribution in NR/BR blends26, although filler distribution 
ultimately depends on the mixing procedures.  The road worn samples and Akron samples will be 
discussed in turn. 

Stained TEM micrographs of the black-filled NR/BR and silica-filled Ekoprena tyre tread compounds 
taken from tyre tread samples that have been run on the road also contain debris and detritus making 
assessment of the surface challenging.  Both road worn tyre tread samples have voids (regions of 
polystyrene) are apparent around the filler particles suggesting that the rubber-filler network was weak 
enough for polystyrene to appear between the rubber and silica.  It is plausible that the high local 
strains around these weakened parts of the network would lead to a gradual opening up of the network 
and eventual detachment of vulcanized particles.  Such particles that had been detached, either 
partially or completely, were observed; an example of this is shown in Figure 7.  The voided regions, 
surrounding filler particles, are not seen within the bulk network (a hundred microns or so deeper into 
the tread) of either the black-filled NR/BR tread compound or the silica-filled Ekoprena compound; 
both show good rubber-filler networks (Figure 8).  Silica-particle separations measured from five 
TEM micrographs of the bulk and surface for the Ekoprena sample showed greater separation at the 
surface compared to the bulk suggesting greater swelling of the surface layer.  The surface would be 
expected to swell more than the bulk because of degradation of the vulcanised rubber network, as 
indicated by network mesh measurements, as well as a reduction of the interaction between the rubber 
and the filler.  This would mean that the properties of this surface layer are likely to be significantly 
different from the bulk rubber that has not been through the strains experienced by a tyre tread sample 
surface.     

A previous study by Smith and Veith27 of black-filled (75 phr, N285) SBR tyre treads worn using a 
trailer operating at a higher severity (1.5° slip angle) also looked at a cross-section through tread 
samples which were hardened using the ebonite method28, which does not swell the sample.  Although 
the sample was unswollen, Smith and Veith27 reported that they had observed the beginning of 
porosity of a very small size within the subsurface although the article does not elude as to the origin 
of the holes.  They also observed road silt submerged below the surface of the degraded layer.  The 
surface layer differs from the bulk due to stress softening and set from repeated cyclical high level 
stresses when the wheel is in motion (Mullins effect29).  For black-filled compounds Schallamach30 
observed loss of electrical conductivity after abrasion and used this result to suggest that the surface 
deformation had broken the black structure.  The thickness of the layer observed by Schallamach was 
concluded to be a few tens of microns which is very similar to the estimation of 50-100 μm by TEM. 

For the Akron abrasion test pieces stained TEM micrographs of sections taken from the worn surfaces 
show foreign particles can be observed on or within the rubber sample; these are particles of 
carborundum and fuller’s earth, the latter having clay particles whose layered structure can be seen.  
Although it is not known if the areas examined under TEM magnification are located on the top 
surface of scored ridges or at the bottom there appears to be good interaction between the NR/BR and 
carbon-black filler with the rubber network extending right up to the filler surface.  For the silica-filled 
Ekoprena tread compound the rubber network is visible as a fine mesh, there is also good interaction 
observed between the rubber and silica surface; it does not show the same extent voiding associated 
with the filler particles close to the surface that was observed for the road-worn tyre tread samples.  
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However, measurement of the silica-particle separations do show an increase in the separation at the 
surface compared to the bulk suggesting greater swelling of the surface layer most likely caused 
entirely by the rubber mesh being degraded close to the surface.  This does not however appear to be 
to the same extent as observed at the surface of a tyre that has been run on the road.  

The above observations suggest a critical difference in the mechanisms of abrasion occurring during a 
laboratory test and road test.  These observations indicate that a possible refinement of existing 
mechanisms of tyre abrasion is the weakening of rubber-filler interactions, visualised using TEM as 
the formation of voids around filler particles.  It may be envisaged that repeated cyclical deformation 
of the tread blocks as the tyre rotates and the high local stresses seen at the surface of the tyre tread 
generated by road asperities are responsible for degradation of the rubber-filler interface.  Oxidation 
close to the surface may also be involved.  Localised high temperatures generated during service will 
weaken any rubber-filler interactions. Any breaking of this coupling or of the polymer chains 
themselves would be permanent.  NR/BR binding to carbon black is mainly, if not entirely, physical 
interactions, which will also break at high temperature31,32  Such weakened parts of the network, once 
created, could propagate as sub-surface and surface cracks/fractures in the tread when the tread is 
further deformed.  

We propose that the failure of rubber-filler interaction and of the rubber network through fatigue 
processes in a thin layer at the interface is visualised by TEM as the formation of voids around the 
filler particles.  It may be reasonable to assume that if these weakened regions are rendered more 
difficult to create, the wear process might be expected to be retarded.  This is consistent with 
observations in the laboratory that abrasion resistance is enhanced when silane levels and silanisation 
is increased in compounds.  Our observations of this breakdown of rubber-filler network at the surface 
of tyre treads are not limited to coach tyres but have also been found in a range of first life silica/silane 
passenger tyres from major manufactures.  It may be of benefit therefore to investigate the size and 
frequency of the vacuoles seen at the surface in abraded rubber compounds and to relate this to wear.  
Thus the importance of this layer and its properties including cross-link density, filler distribution, 
hardness, swelling in water and friction will have an influence on wet grip properties, adhesion, 
friction, temperature and wear. 

  

  
Figure 6: Stained ‘network visualization’ - TEM micrographs of the surfaces of (top left) a worn black-filled 

NR/BR truck tread, (top right) a worn silica-filled Ekoprena truck tread, (bottom left) a worn black-filled NR/BR 
compound Akron abrasion disc and (bottom right) a silica-filled Ekoprena compound Akron abrasion disc.  
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Figure 7: Unstained - TEM micrograph of silica-filled Ekoprena tyre tread compound taken from the worn 

surface of in-service truck tread. 

  
Figure 8: Stained ‘network visualization’ - TEM micrographs of (left) black-filled NR/BR and (right) silica-filled 

Ekoprena tyre tread compound taken from within in-service truck treads. 

3 CONCLUSIONS  
Wear tests on black-filled and silica-filled tyre tread compounds under different conditions, in both the 
laboratory (Akron abrasion test) and on the road, have been carried out which show ranking of 
performance depending upon test conditions.  There is a disagreement between laboratory accelerated 
wear testing and real tyre wear testing.  The worn surfaces have been viewed by LM and TEM 
techniques.  The wear pattern seen for worn carbon black-filled NR/BR tyre tread samples runs 
perpendicular to the circumference of the tyre tread and the pitch demonstrates the severity of the wear 
condition of the coach.  Akron test pieces have a wear pattern different to that of tyre treads which was 
parallel to the circumference of the test piece and is due to brutal scoring of the test piece surface.  At 
or near the surface of on-the-road worn tyres there is a partial loss of rubber-filler interaction observed 
extending a hundred microns or so into the tread.  It is believed that failures initiated at the rubber-
filler interface can lead to the detachment of tyre particles of the observed 1-10 μm approximate 
diameter.  The Akron test results did not demonstrate the same degree of reduced rubber-filler 
interaction at the worn surface as compared with on-the-road tyre wear and in fact was much more 
akin to the bulk of Akron test pieces and tyre treads which were found to retain good rubber-filler 
interaction.  Thus there are different mechanisms involved in the laboratory based Akron abrasion test 
and the in-service test.  Knowledge gained from assessment of the microstructure of the tyre tread 
surface may impact on important aspects of the modelling of the road rubber interface. 
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The tire plays a fundamental role in the generation of acoustically perceptible driving noise 
and vibrations inside the vehicle. An essential part of these vibrations is induced by the 
road excitation and transferred via the tire into the vehicle. 

There are two basic ways to study NVH behavior: Simulations in time and frequency 
domains. Modelling the tire transfer behavior in frequency domain requires special 
attention to the rotation of the tire. This paper shows the approach taken by the authors to 
include the transfer behavior in the frequency range up to 250 Hz from geometric road 
excitations to resulting spindle forces in frequency domain. This paper validates the derived 
NVH tire model by comparison with appropriate transient simulations of the base transient 
model. 

1 INTRODUCTION 
Drivers and passengers will perceive vibrations inside the vehicle as interference of their physical 
comfort.  An essential part of these vibrations will be induced by the road excitation and be transferred 
via the tire into the vehicle. The tire itself acts as a resonator and therefore can damp or amplify the 
vibrations. One usually distinguishes between vibrations which lead to perceptible accelerations at the 
seat (comfort) and vibrations which increase the physical perceptible and audible noise levels inside 
the car. The vibrations in the comfort domain are covering the frequency range up to 150 Hz while the 
vibrations in the NVH domain are relevant up to 350 Hz, with these boundaries becoming increasingly 
blurred. 

The tire plays a fundamental role in the generation of acoustically perceptible driving noise and also in 
the generation of vibrations inside the vehicle. Depending on the type of assessment, the tire can be 
seen either as a transmitter of the road excitations into the vehicle or as an integral part of vehicle 
subsystems (e.g. power train, braking system). In order to virtually emulate these mechanisms in the 
NVH context, different simulation techniques are being used by respectively different software tools. 
There are in principle 2 different ways to study the NVH behavior of a tire or a full vehicle including 
tire: 

• Transient simulation scenario
• Frequency based or modal simulation scenario

In the first case the tire or the full vehicle will be simulated using a full transient dynamic simulation 
method. Doing this the driving maneuver could be arbitrary. The vehicle or the tire is driving over an 
arbitrary digitized road profile. There is no need for a stationary driving state or for the necessity of a 
constant driving velocity. For the NVH assessment in this case typically one quantifies the 
acceleration level on the seat rail in time domain or in frequency domain. The advantage of the 
transient method is that one can simulate arbitrary events and driving maneuver and one can use a 
standard digitized geometric road profile. The disadvantage is that the simulation times and process 
turnaround times are relatively high which handicaps typical optimization loops in product design.  
In the second case one does a linearization around a stationary state. With such a linear system one can 
do a typical modal analysis looking for Eigen frequencies (modal frequencies), corresponding mode-
shapes, modal damping and so on. Moreover one can calculate the transfer-functions of the system 
which can be used to do a typical frequency response analysis which relates to a simulation of the 
linear system in frequency range. The advantage to simulate a linear system in frequency range is that 
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such a simulation can be reduced to matrix multiplication and factorizations of the related transfer 
functions (transfer matrices) by the fft’s of the system inputs. This leads to a very fast numerical 
scheme which is a big advantage compared to the fully transient approach.  A disadvantage is that the 
linearization of the system can be done only in a more or less stationary system state. Furthermore 
only small perturbation around this state could be observed.  For the linearization of a tire an 
additional complications is the linearization of the tire/road contact. In the framework of a typical 
frequency response analysis the system inputs  (and outputs) are time-series which will be transformed 
into frequency range using fft. This is possible without any problem if the tire will be excited by a 
global contact patch excitation like on poster test rig. But if the preloaded tire is rolling over a 
geometrically described 3D road one cannot easily transfer this situation into the standard context of a 
frequency response analysis. 

As a summary one could state that both, the transient simulation approach and the frequency based 
modal approach have their advantages and a right to exist. For both approaches the basis is an accurate 
dynamic model. The authors have developed a structural tire model [1] that is used in the vehicle 
industry for transient simulations in comfort, durability and advanced handling scenarios. For purposes 
of validating the approach taken in frequency domain calculation, this model is used here in both 
approaches. After a very brief review of the model, the mechanical interface to the vehicle and the 
road is explained shortly. 

In the second part of this paper, the linearization around a rotating steady state is explained. Together 
with the mechanical interface, the linearization gives rise to a linear state space equation that can then 
be used to construct the transfer behavior of road excitation to spindle forces. The resulting transfer 
functions are validated against transient simulations with the same structural model and a transfer to 
frequency domain. These validations include both global contact patch excitations (poster scenarios) 
as well as local road excitations (rough road). 

2 STRUCTURAL MODEL AND MECHANICAL INTERFACE 
The authors have developed a structural MBD tire model [1] used in the vehicle industry for comfort, 
durability and advanced handling scenarios. This model is based on a spatial finite difference (FD) 
formulation of the tire modeled as a shell. The functional layers of a tire (like cap ply, belt plies and 
carcass/body plies) are accumulated into the shell properties during tire initialization, but are 
accessible through their respective material parameters in the parameter file. The modeling of each 
cord-reinforced layer includes a non-linear part in the elastic component of the material description 
due to different behavior under compression and tension regimes. The geometric formulation of the 
material behavior allows for very large deformations. The dissipative parts of the material description 
combine viscous-elastic and inner friction behavior. The tread is modeled by a brush-type contact 
formulation, allowing for local stick-slip effects. Figure 1 sketches the principle functional 
components of this structural MBD tire model next to the picture of the assembled model during a 
cleat run: 

Figure 1: Left: picture of structural MBD tire model running over a cleat. 
   Right: principle functional layers included in shell based formulation. 
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The mechanical interface between a vehicle model and a tire model in a MBD context is standardized 
in the STI (standard tire interface). This original interface only includes the kinematic rigid body state 
of the wheel carrier plus tire rotation relative to the road frame. It has been enhanced to include also 
the kinematic rigid body state of both rim and ground relative to world by several MBS tire models, 
including the model used in this paper. Access to both is mandatory for applications like poster test 
rigs. From a viewpoint of the tire, it receives both these kinematical rigid body states and returns 
accumulated force and moment vectors acting on the wheel center and ideal road contact point 
accordingly. For the purpose of this paper, only the accumulated force and moment acting on the 
wheel center are investigated. The local road surface roughness is typically a road surface model and 
describes the road surface geometry relative to the kinematic rigid body state of the ground body. 
Figure 2 sketches this interface in principle. 

The authors have also expanded this interface to attach the tire to a flexible representation of the rim as 
part of the vehicle model (see [2,3]). However, for the frequency range in consideration, the effect of 
the flexible rim has been neglected here. While this is feasible for aluminum rims, eventually for steel 
rims or an even further extension of the frequency range, this must be considered eventually. With the 
suggested interface from [2,3], this is in principle possible. 

Figure 2: Principle sketch of the mechanical interface of a MBD tire model. 

For the purpose of this paper, the mechanical interface from the viewpoint of the tire can be 
summarized by: 

• Inputs:
o Rim kinematical rigid body state
o Ground kinematical rigid body state
o Local road surface heights in the contact area

• Outputs:
o Force and moment acting on wheel center

This interface scenario can in general be described by the following equation (1), where  specifies the 
input displacements,  the input velocities,  specifies the outputs and  the internal degrees of 
freedom (both displacement and velocities):  
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(1) 

Note that the system (1) does not contain an explicit time dependence in both the rhs’s of differential 
and output equation. It should also be noted that the differential equation part of (1) includes the 
reduction to first order of all second order differential equations, with M being a block diagonal matrix 
consisting of the identity and the mass matrix. 

3 LINEARIZATION AROUND STEADY STATE ROLLING 
After having setup the overall dynamic model, this model has to be linearized.  The linearization will 
be done for a stationary rolling tire. The overall state is defined by a specification of the following 
arbitrary but constant values: 

• Preload
• Velocity
• Inclination angle
• Toe angle

For the linearization, a method similar to the so called ALE (Arbitrary Lagrangian Eulerian) method 
has been used (see also [4,5] for a discussion on such methods). In this method, the stationary rolling 
tire is described in a special spatial description instead of a material description. An important result in 
this method is the rise of gyroscopic forces acting on the tire explicitly in the equation of motion (1). 
This is needed to introduce the correct velocity dependent modal behavior into the linear system. 

The tire is now driven with a stand alone tool to reach a steady state with the prescribed values of 
preload, velocity, inclination and toe angle. Once this is achieved, a special linearization routine is 
executed. This routine performs the coordinate transformation to the previously mentioned eulerian 
description and makes the resulting gyroscopic forces available. Once this is done, a finite difference 
scheme is executed to calculate the jacobians of the rhs parts of (1). As a result, the linear state space 
system is now available as ABCD matrices, as shown in equation (2): 

(2) 

For the purposes of this paper, the rotational degree of freedoms of the rigid rim around the axis of 
rotation for small rotations has been added to the system (2). As such, the moment around the 
rotational axis in y is zero. Also note that the matrix M from (1) is a diagonal matrix for this system 
and the inversion with M needed to derive (2) can be carried out easily. 

4 MODAL ANALYSIS OF THE ROTATING TIRE 
Matrix A from (2) can be used in modal analysis. The additional gyroscopic forces introduce 
additional symmetric (centrifugal) and skew-symmetric (coriolis) layers in the A matrix. Without 
quantitative comparisons, some plausibility considerations can already be made at this point. 

Figure 3 shows the frequency increase from 35 Hz to 42 Hz for the Fore-Aft mode of the standing tire 
vs. the rolling tire at 30 m/s, both for 2.5 bar and 4000 N preload. The Fore-Aft mode is prominent in 
the longitudinal force of the rotationally free, but otherwise constraint rim movement on flat surface, 
where the rim rotation is in-phase with the tire rotation (and longitudinal translation). Figure 3 also 
shows the frequency increase from 83 Hz to 91 Hz in the 1st vertical mode under the same variation. 
The 1st vertical mode is prominent in the vertical force of the rotationally free, but otherwise 
constraint rim on flat surface where the tire translates in vertical direction. The frequency increase is 
due to the symmetric part in A from (2), arising from the centrifugal forces in the additional 
gyroscopic forces. 
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Figure 3: Frequency increase in Fore-Aft and 1st  vertical modes of rotationally free rolling tire 
at 4000 N preload from 0 m/s to 30 m/s translational velocity.   

Another plausibility consideration has been published by many authors (see [4,5]), and that is a 
frequency split of the same mode (in non-rotating conditions) to a mode shape that “rotates” clock and 
counter-clockwise at different frequencies for the rotating tire. Figure 4 shows the radial R3 mode for 
the inflated, non-deflected tire rotating at an angular velocity of 100 rad/s to split in frequency of 114 
Hz clockwise and 173 Hz counter-clockwise. As discussed in [4], this frequency split is due to the 
skew-symmetric parts (Coriolis) of the added gyroscopic forces due to the (unsymmetrical) transport 
velocity in the eulerian description. 

Figure 4: Frequency split of the same R3 mode for the inflated, free hanging tire spinning with angular velocity 
of 100 rad/s. 

5 TRANSFER BEHAVIOR OF THE ROTATING TIRE 
In order to validate some of the above presented plausibility considerations, the transfer behavior of 
the transient, non-linear model has been studied. For this purpose (and as an example), the transfer 
function (amplitude) of a vertical global contact patch excitation (poster scenario) to the vertical and 
longitudinal spindle force is shown in Figure 5 and Figure 6 respectively for the standing tire and 4 
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velocities (10, 20, 30 and 40 m/s), all at 2.5 bar inflation pressure (solid lines) or 2.8 bar (dotted lines) 
and 4000 N preload. The transfer functions were calculated with a pink noise excitation with a range 
of +/- 1 mm for a duration of 100 s with a sampling rate of 10 kHz. The algorithm used was Matlab’s 
tfestimate function (Hamming window with default length, 2048 overlap and 4096 blocklength). 

Figure 5: Transfer behavior of global vertical road excitation to longitudinal spindle force. 

Obviously, the transfer for the standing tire of a global vertical road excitation to longitudinal spindle 
force is zero, as the tire is rotationally symmetrical (a prerequisite for the method described to generate 
the transfer function in frequency domain). The increase in frequency of the Fore-aft mode from 35 Hz 
to well over 40 Hz can already be validated here. It is even more apparent in the Out-of-phase fore-aft 
mode at around 100 Hz. Interestingly, even for a velocity of 40 m/s, the out-of-phase fore-aft mode is 
excited in this scenario. This can be explained by the global vertical contact patch excitation, whereas 
it is known to be difficult to excite this mode with cleat runs, as standard cleats are too short 
wavelengthed to actually excite this mode for higher velocities. The increase in inflation pressure from 
2.5 bar to 2.8 bar yields both an increase in frequency as well as amplitude for all major resonances. 
The inflation pressure variation was performed to show that the effect of velocity cannot be easily 
adapted by inflation pressure modification (as one example of parameter variation) – at least not 
within reasonable ranges. Interestingly, the amount of increase seems to depend non-linearly on 
velocity. 

Figure 6: Transfer behavior of global vertical road excitation to vertical spindle force. 

Figure 6 shows the corresponding vertical spindle force transfer. The increase in frequency of the 1st 
vertical mode from 83 Hz to 93 Hz for 30 m/s and almost 100 Hz for 40 m/s translational velocity. As 
such, Figures 5 and 6 already validate the consistency of the A matrix in (2) – including the additional 
gyroscopic forces. Here, the inflation pressure variation also yields both an increase in frequency as 
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well as amplitude for all major resonances. It may be worth mentioning that while the inflation 
pressure variation yields similar effects in both longitudinal and vertical spindle force transfer, the 
velocity variation does not. Whether this is due to the limited range of inflation pressure variation 
investigated here needs to be confirmed. 

Laplace transformation of (2) now yields the transfer function G, which can be evaluated at arbitrary 
frequencies : 

(3) 

This transfer behavior can now be validated against the original, transient dynamic model. Figure 7 
shows the same transfer behavior (from Figure 6) for the standing tire against the calculated transfer 
behavior of the linearized system (3). 

Figure 7: Transfer behavior of global vertical road excitation to vertical spindle force – 
standing tire at 2.5 bar and 4000 N preload. 

Figures 8 now shows the transfer behavior at 20 m/s (72 km/h) of both transient non-linear model and 
transfer function calculated from the linearized model (3): 

Figure 8: Transfer behavior of global vertical road excitation to vertical spindle force – 
rolling tire at 20 m/s (72 km/h) and 2.5 bar and 4000 N preload. 

For any non-zero velocity, Figure 5 shows that there is also a transfer of the global vertical road 
excitation to the longitudinal spindle force. Figure 9 now compares this transfer behavior against the 
transfer function calculated from the linearized model (3): 
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Figure 9: Transfer behavior of global vertical road excitation to longitudinal spindle force – 
Rolling tire at 20 m/s (72 km/h) and 2.5 bar and 4000 N preload. 

Location of peaks in the 0 .. 250 Hz range align perfectly between the estimated transfer behavior of 
the transient simulation of the non-linear model and the directly calculated transfer functions of the 
linearized model. 

There is a small deviation between transient non-linear and linearized model with respect to peak 
amplitude for the 3 resonances at 40 Hz and 95 Hz (FX) and 90 Hz (FZ). These peaks are less 
prominent in the non-linear transient model but show a broader base. This is still under investigation, 
but currently believed to be due to frictional effects in the non-linear model that cannot be linearized 
adequately. It should also be noted that the longitudinal force response (and the respective longitudinal 
transfer) is a consequence of the vertical global road excitation – there is no direct longitudinal road 
input. Rather, the longitudinal force is a consequence of the changes in the deflected radius due to the 
vertical road excitation for the vertically fixed spindle – and as such a pure dynamical effect, correctly 
predicted by the linearized model as well. 

The main validation of these investigations is shown in Figure 10: The correct and validated velocity 
dependence of the linearized tire on the transfer behavior (taken from Figure 7 and 8), showing a 
significant velocity dependence already between 0 m/s and 20 m/s (72 km/h): 

Figure 10: Transfer behavior of global vertical road excitation to vertical spindle force – 
velocity dependence of linearized model. 

Figure 10 also closes the analysis loop to the modal analysis results: The 1st vertical mode shift from 
83 to 90 Hz is clearly visible. 
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As a final comparison for the global road excitation, the linear system (2) – including rim rotation –
has been solved in time domain with the same pink noise excitation with a range of +/- 1 mm, but 
limited to 5 s duration. Figure 11 now compares the calculated spindle response from these transient 
simulations of both non-linear and linear model for the longitudinal spindle force at 20 m/s (72 km/h) 
for 2.5 bar and 4000 N preload. 

Figure 11: Transient response of longitudinal spindle force due to global vertical road excitation – 
Rolling tire at 20 m/s (72 km/h) and 2.5 bar and 4000 N preload. 

Figure 12 shows the same comparison for the transient response of the vertical spindle force: 

Figure 12: Transient response of vertical spindle force due to global vertical road excitation – 
Rolling tire at 20 m/s (72 km/h) and 2.5 bar and 4000 N preload. 

For both Figure 11 and 12 the more commonly used logarithmic scaling for the y axis has been used to 
show the response behavior. 

One challenging part in this linearization process remaining is the condensation of the local road 
excitation. Formally, each point on the tire surface in contact with the road surface for the linearized 
state of the tire can have an independent excitation. However, some aspects have to be taken into 
account. The road excitation of contact points are not independent in the sense of mechanical 
excitation: the road surface ‘travels’ through the contact area, contact points on the same line of travel 
will experience the same road excitation, but with a time delay. In frequency domain, this time delay 
can be modelled as a phase shift for the respective contact point. 
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6 LOCAL ROAD EXCITATION 
To be able to simulate the linearized tire rolling over a road surface with an arbitrary roughness (see 
Figure 13 for an example), it is necessary to set up a dedicated scenario to excite the contact patch of 
the tire with local dynamic input(s). 

Figure 13: Small piece of a typical rough road used for NVH 

The linearized tire is not able to roll any more – although the linearization has been done for a rolling 
tire with given velocity –because the linearization is done in spatial coordinates (similar to the well-
known ALE approach). 

Therefore the road excitation has to be realized by an (local) time-dependent z-excitation of the tire 
contact patch. In order to do this, we cover the contact patch by a rectangle of length Lcp and width 
Wcp. On this rectangle, a discrete, equidistant mesh of Nx * Ny excitation nodes is defined. Nx and 
Ny can be chosen arbitrarily. 

Figure 14: Road discretization under tire contact patch 

For each of these discrete road nodes, a time-dependent excitation can now be defined. To simulate the 
rolling of a tire with a constant velocity v, the excitation signals lying in one line in x direction (y = 
const.) cannot be independent. For a tire rolling with constant velocity v, two neighbour nodes in a line 
(same y coordinate) should have same excitation signal, but with a time delay of  

Let be the time-dependent z-excitation of the Node with index pair , where j describes 
the x-dimension and k the y-dimension of the road patch. Then the relation 
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has to be fulfilled to mimic a rolling of the tire into positive x direction. By doing this, one can 
propagate a road unevenness through the tire contact patch, which mimics the rolling over this 
unevenness.  

If the road is given as a geometrical described road-profile in the spatial coordinates x,y and 
 and we are assuming - without loss of generality- that the tire is rolling in positive x-

direction, one can set 

In frequency domain, this time delay yields a phase shift: 

with . 

With this methodology, it is now possible to apply local road excitations to the linear system, both in 
the transient (time) and in the frequency domain. As an example, Figures 15 and 16 show the transient 
response in longitudinal and vertical spindle force of the non-linear model while running over a 
trapeze cleat of 4 mm height and 200 mm length, for 2.5 bar, 4000 N preload and a velocity of 10 m/s 
(36 km/h): 

Figure 15: Transient response of longitudinal spindle force due to local vertical road excitation – 
at 10  m/s (36 km/h) and 2.5 bar and 4000 N preload rolling over an 4x200 mm cleat. 
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Figure 16: Transient response of vertical spindle force due to local vertical road excitation – 
at 10  m/s (36 km/h) and 2.5 bar and 4000 N preload rolling over an 4x200 mm cleat. 

A cleat height of 4 mm is already a scenario that goes well into the non-linear application range. This 
is reflected in the difference of the spindle forces (in both longitudinal and vertical direction) of the 
linear model compared to the non-linear one – especially while driving of off the cleat (t~0.025s). 
While there are several non-linearities to be taken into account, this example has been chosen as it 
features a prominent non-linearity in the road excitation. The next chapter is dedicated on how to 
improve this scenario. 

7 GOLDEN TIRE ENVELOPING OF ROAD EXCITATION 

The difference in results shown in Figures 15 and 16 are mainly due to the mismatch of linear 
behaviour and reality. In the linear model, the road excitation is featured locally at contact points that 
are in contact on flat surface. A cleat however, especially a higher cleat, will impact the tire 
geometrically sooner than at the point of first contact on flat surface – and leave the tire later. This 
difference can be seen best in Figure 16, where the “on-cleat” vertical force has a shorter duration for 
the linear model as the non-linear model. It is even more dramatic in the other direction: a narrow but 
deep crack will almost not be seen at all by the non-linear tire, whereas a linear tire will react even on 
the depth of such a crack. 

To further improve on these results, the authors have implemented an approach that pre-processes the 
geometrical input data before they are applied to the linear model. In this approach, the road is 
scanned by a transient tire run, outputting only the contact points that are in fact in contact. It is 
important to note that the tire used in this process does not need to reflect the properties of the original 
tire very closely. The authors dubbed this tire the “golden tire”. In this example, the golden tire used to 
envelope the road surface was a much wider tire with significantly smaller aspect ratio. The envelope 
of the golden tire for the 4x200 mm cleat is shown in Figure 17: 
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Figure 17: Enveloping of 4x200 mm cleat with golden tire 

When the enveloped data is used as input in the linear model, the resulting spindle forces are much 
more accurate. Figures 18 and 19 show the same comparison as Figures 15 and 16 – but with 
enveloped data as input for the linear model. 

Figure 18: Transient response of longitudinal spindle force due to enveloped road excitation – 
at 10  m/s (36 km/h) and 2.5 bar and 4000 N preload rolling over an 4x200 mm cleat. 
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Figure 19: Transient response of vertical spindle force due to enveloped road excitation – 
at 10  m/s (36 km/h) and 2.5 bar and 4000 N preload rolling over an 4x200 mm cleat. 

8 SUMMARY/CONCLUSIONS 
The authors have described a method to transfer their structural tire model – in many cases 
successfully used in transient simulation scenarios – into a frequency based simulation scenario very 
often used for NVH analysis because of low CPU consumption.  

The implementation of this method has been realized by setting up a tool to linearize a rolling tire 
around an arbitrary state (preload, velocity, camber, toe angle). To overcome the fact that a rolling tire 
is not in a static equilibrium, the residual gyroscopic forces have been included in the linearization 
scheme. By doing this in a proper way, the authors could show that the expected mode-split due to the 
velocity could be observed for rotating hanging tire and for the rotating deflected tire.  

A second problem to overcome in the linearization is utilization of the road excitation because the 
linearization is done in spatial coordinates like in the well-known ALE approach and therefore the 
linear tire model does not rotate any longer. While it is quite straight forward to realize a global 
contact patch excitation (e.g. in a poster scenario), a local contact patch excitation is a challenge. The 
authors described a method which solves this problem by setting up a special road surface model.  

With the overall linearized system of the rotating tire one can then do a simulation in time domain and 
one can additionally directly derive a transfer function in frequency domain from this system. Both 
approaches have been validated. For the validation, the authors used references created by respective 
simulations using the non-linear tire model in time domain. In a first step, the linearization could be 
successfully verified for the global excitation scenario by comparing on transfer function level and on 
response level in frequency domain. In a second step the local road excitation scenario could be 
successfully verified for a single cleat event. For larger cleats, a special process of enveloping the road 
excitation with a golden tire can be applied to the input data before application in the linear system to 
further improve on accuracy. 

Currently the authors are in preparation to setting up suitable interface to NVH-tools to import the 
linearized tire model in these tools to utilize the usage in full vehicle simulation scenarios.  After 
having this available, the full vehicle NVH analysis can be done extremely performant in frequency 
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domain simulations. Moreover, a modal analysis of the overall vehicle including the rolling tire could 
be performed by importing the system matrices adequately into the vehicle model. 
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Unsteady hub forces associated with variations in tyre contact-patch stresses are responsible 

for a significant component of passenger-cabin noise.  Currently, it is not possible to model 

this phenomenon accurately and efficiently.  Here we present a numerical approach that 

meets the efficiency requirement, and assess the predictions of a simplified implementation 

(restricted to normal contact-patch stresses and a rigid wheel rim) against experimental 

data.  The results show fair agreement, but with clear scope for improvement.  However, it 

is argued that such improvement is attainable via developments to the current 

implementation, and hence that the overall framework represents a promising approach for 

calculation of the hub-force contribution to car-cabin noise. 

1 INTRODUCTION 

A significant component of the noise in a car cabin arises from the unsteady interaction between the 

tyres and the road surface.  The tyre vibrations caused by this interaction radiate sound directly, and 

also generate unsteady forces at the vehicle hubs.  The latter contribute to the cabin noise via a 

structural transmission path.  Estimates of their magnitude are thus required by vehicle designers. 

Furthermore, to be of use in the design process, these estimates must be rapidly available.  This paper 

presents a candidate, numerically efficient, approach to their calculation. 

The method is based on a linear model of the tyre [1, 2] and acoustic cavity.  If the forces at 

the contact patch were known, no further analysis would be required.  Unfortunately, not only are they 

unknown, they are also not straightforwardly related to the road surface spectrum.  Contact between 

the tread and the road is not continuous, occurring instead at localised asperity peaks to a degree that 

depends on the instantaneous tyre displacements.  Hence the generation of the unsteady contact forces 

during tyre rolling must be simulated directly, in the time domain, and this complicates the problem 

considerably. 

This aspect of the method has already been presented [3], and therefore will only briefly be 

summarised.  Figure 1 shows the tyre representation and the two coordinate systems employed: the 

‘axle’ system (x,y,z) , which moves with the axle but does not rotate; and the ‘belt’ system (r, ,z) , 
which is fixed in the wheel and rotates with angular velocity .  The angular position in the axle 

coordinates is given by + t , and will subsequently be denoted as . 

Figure 1: The tyre belt representation, with axle- and belt-fixed coordinate systems. 
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The required time stepping is carried out by casting the governing equations into canonical 

form.  Here a vector of collected output variables y  is related to inputs u  via the evolution of a set of

model states x , as follows:

˙ x = f(x,u) ,

y =Cx +Du.

Both the tyre structure and the asperity contacts have states associated with them.  The tyre states can 

be obtained from the tyre-model frequency-response characteristics, using standard system-

identification techniques.  The contact-point states describe the time-dependent, visco-elastic 

indentation of the tread rubber by the asperities, which are represented as equivalent spheres of 

appropriate radius.  Both sets have linear evolution equations of the form 

˙ x = Ax + Bu,

but the previously-noted indeterminacy of the contact locations renders the overall governing equation 

non-linear.  Nonetheless, its canonical form means that it can be integrated forwards in time without 

difficulty, using a standard library routine [3].  The upshot is a record of the contact-patch forces, 

which can then be used to predict the associated hub-force spectrum. 

The theory underlying the hub-force prediction approach is set out in Sec. 2.  Sample results 

are presented, and compared with experimental data, in Sec. 3.  Section 4 then discusses the results, 

with particular emphasis on their implications for future model development.  Finally, Sec. 5 gives the 

conclusions of the paper. 

2 THEORY 

This section sets out the theoretical development required for the hub-force prediction.  It is developed 

subject to the following assumptions: coupling between the air cavity and the tyre can be ignored; the 

rim is rigid, and mounted on a fixed axle; the cavity air rotates with the tyre, but experiences 

negligible Coriolis and centripetal forces at its modal frequencies.  Also, because the rolling 

calculation is currently restricted to purely radial tyre forcing, only the vertical (y-direction) hub-force 

component will be considered.  A simplified, generic, cavity and wheel-well geometry is specified, as 

shown in Fig. 2. 

Figure 2: The simplified geometrical representation of the tyre cavity and wheel well. 

Once the contact-patch forces are available, the determination of the hub force is a purely 

linear problem.  In Sec. 2.1 we consider the fundamental basis of this problem: the ‘transmissibility’ 

between point belt forcing and hub force.  This quantity can be framed in terms of transfer functions 

applying to each azimuthal order component.  In Sec. 2.2, we show how these transfer functions can 

then be used to determine the hub force in rolling. 
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2.1 Transmissibility 

The transmissibility has two components, arising respectively from the forces applied by the sidewalls 

to the rim and the pressure exerted on the rim due to air-cavity vibrations.  These are dealt with in turn. 

Sidewall contribution 

The linear models of Refs. [1] and [2] provide the harmonic components 

 
1

(2 )2
ˆ u (n )(r, )ein ei t   

of the belt and sidewalls displacement response to a unit impulsive force at = 0  and z = zd .  Directly 

associated with these quantities are the forces exerted on the wheel rim by the sidewall, which can 

(since the rim is assumed rigid) be expressed as a set of line-force components at radius Rr  with 

amplitudes ˆ q r
(n )( ) , ˆ q (n )( ) , ˆ q z

(n )( ) .  We define ˆ Q r ( ) , ˆ Q ( )  and ˆ Q z ( )  as the corresponding hub-

force components in the directions er , e  and ez  at the point of application of the force.  Of these, 

only the first two are relevant to the vertical hub force in rolling.  A straightforward integration gives 

 ˆ Q r =
Rr

2
ˆ q r

( 1) + i ˆ q ( 1) + ˆ q r
(1) i ˆ q (1)[ ] , (1) 

 ˆ Q =
Rr

2
i ˆ q r

( 1) + ˆ q ( 1) + i ˆ q r
(1) + ˆ q (1)[ ] .  

Air-cavity contribution 

The cavity pressure at (radian) frequency  obeys the Helmholtz equation: 

 2 + k 2( ) ˆ p = 0 ,  

where k = /c , with c  the speed of sound.  The modes m(x)  of the cavity are orthonormal, and (by 

definition) have the property 

 2
m = km

2
m .  

They also satisfy the rigid-wall boundary condition that the component of m perpendicular to the 

cavity surface is zero.  Hence, when the Helmholtz equation is multiplied by m
*  and integrated by 

parts, we find 

 Pm =
2

km
2 k 2

 

 
 m

* (r) ˆ u (r, ) d 2r, (2) 

in which 

 Pm =
 

 
 ˆ p (r, ) m

* (r)d 3r .  

Since the modes have been specified to be orthonormal, Pm  is recognisable as a coefficient in the 

modal expansion for ˆ p (r, ) : 

 ˆ p (r, ) = Pm( )
m

m(r).  

 Due to axisymmetry, the modes are harmonic in the azimuthal direction, i.e. m(r)  can be 

replaced by m
(n )(r,z)ein , with m  now acting as the index for each order n .  Given our neglect of 

rotational inertia forces in the air cavity, m
(n )(r,z)  is real.  Hence the orthonormality condition is 

 
 

 
 m

(n )(r,z)[ ]
2
rdrdz =

1

2
,  
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with the integration taken over the cavity cross-section.  Similarly, Eq. (2) for Pm  becomes 

 Pm
(n )

=
2

kmn
2 k 2

 

 
 m

(n ) ˆ u (n ) n 1(l)dl , (3) 

in which  represents the cavity cross-section boundary, l  its arc-length measure, and n  its (outward) 

unit normal.  The variable 1  is the radial distance from the boundary to the wheel axis.  Hence, given 

knowledge of the cavity modes, the pressures associated with the belt and sidewall displacements can 

straightforwardly be obtained. 

 The cavity geometry is not far from a pure annulus, for which the modes are known 

analytically.  At the frequencies of interest they are uniform in the axial ( z ) direction.  Omitting the 

normalisation constant, they take the Bessel-function form 

 m
(n )

=  Y n (kmnRw )Jn (kmnr)  J n (kmnRw )Yn (kmnr) , (4) 

with the resonance wavenumber kmn  determined by the rigid-wall boundary condition at r = Rb, i.e. 

  J n (kmnRb )  Y n (kmn Rw )  J n (kmnRw )  Y n (kmn Rb ) = 0 . (5) 

 The analytical annulus modes were compared with numerical solutions for the exact geometry 

obtained from OpenBEM [4].  The BEM resonances were found, as suggested by Bai [5], by scanning 

the smallest singular values of the BEM matrix for minima.  With the representative parameters 

b = bw = 0.55Rb , Rr = 0.7Rb , Rw = 0.6Rb  and sidewall radius 0.3Rb , extremely close correspondence 

was found; for n =1, for example, the first BEM resonance is k11Rb =1.255, while the annulus value is 

k11Rb =1.262.  Equally, the radial dependence of the mode shape is well represented by Eq. (4).  

Therefore the annulus modes and resonance frequencies were used to calculate the air-cavity 

transmissibility component. 

 The cavity pressure loading on the rim is purely radial, so it generates no axial hub force.  

Furthermore (as for the sidewall forces), only azimuthal orders n = ±1 contribute.  Finally, as noted 

previously, the acoustic pressures in the annulus approximation are axially uniform for modes in the 

frequency range of interest.  Hence it is sufficient to write 

 ˆ p (x, ) = P1
(1)( ) 1

(1)(r)ei
+ P1

( 1)( ) 1
( 1)(r)e i .  

On integrating for the associated hub force amplitudes, we obtain 

 ˆ Q r = br Rw P1
(1)( ) 1

(1)(Rw ) + P1
( 1)( ) 1

( 1)(Rw )[ ] , (6) 

 ˆ Q = i br Rw P1
(1)( ) 1

(1)(Rw ) P1
( 1)( ) 1

( 1)(Rw )[ ] .  

To evaluate these expressions, the annulus mode shape was found via a numerical search for the 

wavenumber enabling satisfaction of Eq. (5).  The cavity contour integral in Eq. (3) for the modal 

coefficients was calculated with a trapezoidal method. 

Transmissibility formulation 

For convenience in the subsequent rolling calculation, the overall hub forces will be expressed in 

terms of transfer functions that provide the separate order contributions.  Thus, combining Eqs. (1) and 

(6), 

 Tr
( 1)(zd , ) =

Rr

2
ˆ q r

( 1)( ) + i ˆ q ( 1)( )[ ] br RwP1
( 1)( ) 1

( 1)(Rw ) ,  

 Tr
(1)(zd , ) =

Rr

2
ˆ q r

(1)( ) i ˆ q (1)( )[ ] br RwP1
(1)( ) 1

(1)(Rw ) ,  

and 

 ˆ Q r = Tr
( 1)(zd , ) + Tr

(1)(zd , ) . (7) 
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This is the only component required for the transmissibility comparison, but the rolling calculation 

also requires contributions in the azimuthal direction (at the contact-force position) to be accounted 

for.  The requisite transfer functions are T ( 1)
= iTr

( 1) and T (1)
= iTr

(1) . 

 

2.2 Hub force in rolling 

At this stage, the contact-patch driving is considered in the axle frame, characterised by the angle .  

As the relation to the hub force is linear, we can characterise the surface traction py  exerted on the tyre 

by the road (positive upwards) as a harmonic function, with py( ,z,t) = ˆ p y( ,z)ei t .  The (radial) tyre 

forcing is given by 

 sr ( ,z,t) = ˆ p y( ,z,t) .  

The usual Fourier-series expansion for py , in terms of , then gives 

 sr
(n )(z,t) = ˆ p y

(n )(z)ei( +n )t ,  

where sr
(n )(z,t)  is the Fourier-series coefficient in the expansion of sr  in terms of . 

 The associated hub force follows in terms of the transfer functions defined in Sec. 2.1.  

Specifically, Tr
(n )(zd , )  can be interpreted as giving the hub-force complex amplitude (in the radial 

direction at = 0) due to 

 sr ( ,z,t) =
1

2 Rb
ein ei t (z zd ) .  

Hence the y-axis hub force here has, due to n =1, the component 

 Rb
bt

bt 

 
 ˆ p y

(1)(zd )ei( + )tTr
(1)( + ) sin t + i cos t[ ]dzd ,  

in which the last bracket arises from the need to resolve components in the rotating ( ) axes back into 

the axle frame.  The upshot is a term with time-dependence ei t  only (as one would expect). Including 

the n = 1 contribution, and suppressing the ei t  factor, we obtain 

 ˆ Q y( ) = iRb
bt

bt 

 
 ˆ p y

( 1)(zd )Tr
( 1)( ) ˆ p y

(1)(zd )Tr
(1)( + ){ }dzd .  

 Since the tractions and resulting hub force are, in fact, stochastic, it is the spectrum of Qy  that 

must be considered.  This is estimated via the standard approach of averaging | ˆ Q y |2, with ˆ Q y  found in 

terms of windowed FFTs of the traction forces.  The spectrum is normalised so that 

 
1

2

 

 
 SQyQy

( )d = Qy(t)[ ]
2
,  

with the required normalising factor determined from the corresponding spectral estimate for the 

overall contact-patch force. 

 

3 RESULTS 

3.1 Belt accelerations 

The belt accelerations predicted by the rolling simulation were compared with experiment in Ref. [3].  

The results are partially repeated here for completeness.  The rolling speed is 50km/hour. 

 Figure 3 shows the spectrum obtained from a radial-axis accelerometer mounted 3cm off 

centre on the inside belt surface of the test tyre.  Also plotted are the spectra from the calculated 

accelerations at the same location, and at its mirror position.  The results are presented over the  
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0–500Hz frequency range that was targeted in the system-identification procedure used to generate the 

state-space representation of the tyre.  At low frequencies, below 100Hz, the belt accelerations are 

somewhat under-predicted; above 100Hz the situation reverses. 

Figure 3: Calculated and measured belt radial acceleration spectra, 3cm off centre 

Not all of the acceleration components in Fig. 3 are associated with vibrations that contribute 

to the hub force, because the accelerometer measurement is in the rotating, belt, frame.  Hence the 

spectrum consists of a part associated with the steady shape of the tyre in the axle frame, and a part 

associated with unsteady perturbations to this shape.  Figure 4 shows the decomposition of one of the 

calculated spectra into these components.  There is a clear demarcation between a low-frequency 

region where the unsteady contribution is negligible, and a higher-frequency region where it 

dominates.  This boundary corresponds almost perfectly to the previously noted reversal between 

under- and over-prediction. 

Figure 4: Decomposition of calculated acceleration spectrum into components associated with steady and 

unsteady deflections in the axle coordinate system. 
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3.2 Force transmissibility 

The transmissibility of interest is that given by Eq. (7), from radial belt forcing to the hub force in the 

same direction.  This quantity was measured experimentally using a force hammer and an 

instrumented hub.  Values for the geometrical parameters shown in Fig. 2 are given in Table 1. 

Belt width, b (mm) 201 

Well width, bw (mm) 197 

Belt radius, Rb  (mm) 346 

Rim radius, Rr  (mm) 242 

Well radius, Rw  (mm) 216 

Table 1.  Values of the parameters defining the air cavity geometry. 

The theoretical air-cavity representation also requires inclusion of an ad hoc damping term in 

order to avoid infinite responses at modal resonance frequencies.  This was implemented via a loss 

factor a , such that the resonance wavenumber kmn  in Eq. (3) is replaced by kmn(1+ i a 2) .  The

transmissibility predictions with a = 0.003  are shown in Fig. 5, for excitation on the central,

intermediate, and shoulder tread ribs.  The rigid-rim assumption implies symmetry, and hence 

identical responses, inboard and outboard of the tyre centre-line.  In contrast, the experimental results 

(also plotted) show clear differences at higher frequencies.  In addition, the match between theory and 

experiment is generally poorer in this region. 

Figure 5: Force transmissibilities; excitation at: (a) centre rib; (b) intermediate rib; (c) shoulder rib. 

—: calculated; ---: measured (inboard excitation); -·-: measured (outboard excitation). 
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3.3 Hub force 

The vertical-hub-force spectrum derived from the rolling calculation is shown in Fig. 6.  Also plotted 

is the experimental result; note that the first peak here is an artefact, associated with the repeat 

frequency of the shells that make up the surface of the rolling drum.  Initially the prediction is 

somewhat high, but the agreement improves between 200 and 300Hz, before dropping quite markedly 

below the measurement above 350Hz. 

 

 
Figure 6: Calculated and measured vertical-hub-force spectra. 

 

4 DISCUSSION 

The discrepancies in hub-force prediction are due either to errors in the calculated contact-patch 

forces, or in the transmissibility.  For the former, a direct comparison with experiment is not available.  

On the basis of the belt acceleration results, however, it appears likely that the (unsteady) contact-

patch forces are over-predicted.  If so, and in the absence of transmissibility errors, this would feed 

through directly to the hub-force spectrum.  The results are thus consistent with contact-patch force 

over-prediction at least up to 250Hz, and at some higher frequencies. 

 A possible explanation is suggested by the corresponding under-prediction of the belt 

accelerations associated with the steady tyre shape.  This implies that the modelled tyre deformation is 

smaller than in reality, so that the transitions on entry to, and exit from, the contact patch are more 

extreme.  Since it is these transitions that are the main cause of contact-patch force unsteadiness, over-

prediction is to be expected. 

 The discrepancies in predicted transmissibilities are also of concern.  At frequencies above 

350Hz, the lack of symmetry in the experimental data implies that rim motion is significant, and the 

assumption of rigidity is thus untenable.  The feature at 250Hz also appears to be due to a rim mode; 

although it (more-or-less) displays symmetry about the centre-line, it is completely missed by the 

calculation, and amplifies markedly for shoulder-rib excitation.  Finally, the prediction of the cavity-

resonance contribution around 200Hz is somewhat unsatisfactory.  This suggests that a coupled 

tyre/cavity analysis is necessary to model this phenomenon accurately. 

 The theoretical developments needed to improve the transmissibility prediction thus seem 

clear.  Less obvious is the cause of the contact-patch force over-prediction.  The most likely reason is 

the use of insufficient angular orders — twenty-four — in the Fourier-series decomposition of the tyre 

displacements.  A straightforward wavelength calculation suggests that this number may be inadequate 

for accurate representation of the steady tyre deformation around the contact-patch region, which 

would explain the aforementioned under-prediction of belt accelerations associated with this shape.  
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This hypothesis has not been tested, because of limitations in the current system-identification 

approach [3].  However, these limitations are procedural rather than fundamental, and therefore do not 

present an insurmountable barrier to model development. 

 

5 CONCLUSIONS 

This paper has presented a numerically efficient approach to prediction of unsteady hub forces in 

wheel rolling.  It is based on linear models of the tyre components, but includes a direct, time-domain, 

simulation of rolling (which is non-linear, by virtue of the tread/road contact mechanics).  The contact-

patch force histories thereby obtained are post-processed to find the tyre displacements and the forces 

on the wheel hub. 

 The model has been assessed by comparison against experiment of its predictions for: belt 

accelerations in rolling; force transmissibility; and hub force in rolling.  The results show a tendency 

to over-predict the belt accelerations associated with unsteady contact-patch forces, with 

corresponding hub-force over-estimates in the frequency range where the transmissibility calculation 

is most reliable.  The most significant errors in transmissibility prediction are associated with neglect 

of wheel-rim flexibility, although the uncoupled representation of the air-cavity acoustic behaviour 

also appears somewhat unsatisfactory. 

 The transmissibility modelling should thus be improvable via incorporation of rim modes and 

modal coupling.  In the case of the belt accelerations, refinement in azimuthal resolution is expected to 

benefit prediction fidelity.  Thus, in summary, there appears to be a good prospect of developing the 

current model to improve its accuracy while retaining its basic, efficient, form.  At present, the time-

domain simulations required to generate contact-patch force histories have run times on standard 

desktop computers in the region of minutes rather than hours.  Hence the approach carries 

considerable promise as a design tool. 
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In this work, a tire state estimator (TSE) was developed and validated using experimental 
data. A tire has been equipped with an accelerometer on the inner liner measuring radial 
acceleration. First, an empirical model was developed consisting of a basic shape function 
for the acceleration and relations that relate the parameters of this function to tyre states. 
Second, a model-based estimator for the vertical force was developed using this model. The 
estimator is composed of a peak synchronization algorithm and an Extended Kalman Filter. 
The TSE shows accurate vertical load estimation, fast convergence capabilities and noise 
filtering. 

1 INTRODUCTION 
Driving situations become more and more complex. Advanced vehicle dynamics control technologies 
are introduced to assist the driver during these critical driving situations. These technologies become 
more dependent on accurate, real-time, close-vicinity state information of the vehicle, driver and its 
surrounding. A performance gain can be achieved by fully utilizing the tire capabilities during 
emergency situations. To achieve this goal, exact and up to date knowledge of the tire-road contact 
forces and their potential is required, which can be provided by Intelligent Tire (i-Tire) technology. 
The objective of i-Tire technology is to estimate tire states and state potential and thereby providing 
and improving key vehicle (safety) state information, by monitoring friction, slip and tire-road contact 
forces where these are generated. 
Since many years intelligent tire systems are under development. A comprehensive overview of the 
state of the art up to 2005 is provided in the deliverables of the European APOLLO project [1] [2]. 
Tire states can be estimated from the deformation in and near the tire contact patch as it varies with 
vertical load, longitudinal slip, side slip, hydroplaning, etc. Several methods may be applied to obtain 
this deformation, e.g. by measuring distance, acceleration or strain. Currently it seems that using an 
accelerometer on the inner liner of the tire [3] [4] [5] is the most promising solution for series 
production. Several major tire manufacturers are developing an intelligent tire system using this 
concept. Nevertheless, the solution of using a deformation sensor and SAW (Surface Acoustic Wave) 
technology, as being used by a Korean consortium [6], is also interesting. As the aim of this research 
is not to develop an intelligent tire system, but an algorithm to use intelligent tire information, the 
promising concept of accelerations is adopted. A miniature triaxial accelerometer was mounted at the 
tire inner liner and a Tire State Estimator (TSE) algorithm was developed to transform the measured 
acceleration to actual tire states, in this case vertical load. 
In literature several feature extraction algorithms are presented to obtain the vertical load. These 
algorithms rely on characteristic features or shape quantities of the measurement signals, such as 
extrema, slopes and width of the (integrated) signal. Further, such features may also be extracted from 
the transformed signal in the frequency domain (e.g. power spectral density). The objective of this 
study is to develop a model-based TSE, which is more robust for noisy signals and combined inputs 
occurring on real vehicles while driving. Moreover, the aim is to develop a TSE that can be easily 
fused with other on vehicle sensors in a Vehicle State Estimator. 
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2 EXPERIMENTAL SETUP 
A measurement set-up on TNO’s Tire Test Trailer was developed to obtain the required measurement 
data for the development and validation of the TSE. This on-road test laboratory provides accurate and 
well controlled tire force and moment measurements under realistic operating conditions: various side 
slip angles, vertical loads, longitudinal slip by braking, camber angles, forward velocities and last but 
not least real road surfaces. Figure 1 gives an overview of the measurement set-up. Figure 1(a) shows 
the accelerometer installed in the tire and Figure 1(b) the setup on the measurement tower. For this 
research, the rim was modified to guide the wires of the accelerometer to the data acquisition system 
installed in the semitrailer. A slip-ring and a separate data acquisition system are installed to record the 
acceleration signals at high data rates. Finally, Figure 1(c) shows the Tire Test Trailer during 
operation. 

Figure 1: Overview of the i-Tire measurement set-up. (a) Triaxial accelerometer installed at the inner liner of 
the tire; (b) Measurement tower installed with a slip-ring set-up on the Tire Test Trailer; (c) Tire Test Trailer 

during operation. 

The measurement program is divided in two parts. The first part focuses on data gathering for model 
development and calibration, in which only steady-state conditions are considered (i.e. constant 
velocity at constant vertical load). The second part consists of experiments in which the velocity 
and/or the vertical load are varied during the experiment. The latter part of the measurement program 
is used to validate the results of the developed Tire State Estimator. 

Figure 2: Schematic representation of the experimental setup. 

Although a triaxial accelerometer is used, the focus in this paper is on vertical force estimation. 
Therefore, only the radial acceleration signal  from the sensor is considered. In Figure 2 a schematic 
representation of the experimental setup is given and the notation used in this paper is explained. In 

 

 

 

  

 

 Symbol Description 
 Wheel speed 
 Sensor position angle 
 Sensor radius 
 Forward velocity 
 Radial acceleration 

(a) (b) (c) 
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Figure 3, an example of the  sensor output is presented for four separate cases: high (top) and low 
(bottom) velocities and for high (left) and low (right) vertical loads. In these figures the results of 10 
individual revolutions and the signal shape from averaging are shown. Note that the measured 
acceleration for angles  are zero, where one would expect it to be . This is due to the use 
of a piezo-based accelerometer. This type of accelerometer reacts on change of deformation, which is 
only nonzero around the tire’s contact patch. The minimum value of the -signal, at , is equal 
to . As can be observed quite some noise with regard to the averaged signal exists. The 
robustness of previously developed peak detection algorithms by the authors are affected negatively 
by this noise. Therefore a different model-based TSE was developed. 

Figure 3: Example of radial acceleration signal at different forward velocities and different vertical loads. Grey 
dots represent 10 individual revolutions; the solid red line is the averaged shape of these. 

3 BASIC SHAPE MODEL 
As can be seen in Figure 3, the basic shape of the radial acceleration remains the same for different 
loading and velocities. Therefore an empirical model is proposed to describe this shape. By looking at 
the averaged shapes of Figure 3 two basic shapes may be distinguished, being the ‘out-of-contact-
patch’ shape, resembling a quadratic exponential function and the ‘in-contact-patch’ part, resembling a 
quadratic tangent hyperbolic shape. Multiplication of these two shapes will result in the basic radial 
acceleration shape presented in Figure 4. 

Figure 4: Schematic representation of the basic shape function (solid, red), being built up by multiplication of an 
exponential (dashed, green) and a tangent hyperbolic (dotted, blue) function. 

The equation to describe the basic radial acceleration shape reads: 
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 (1) 

In this equation  and  are constants which have a relation with physical tire parameters 
(e.g. sidewall stiffness and belt bending stiffness). The parameters,  and  have a strong 
relation with contact length and vertical force. The basic shape function is calibrated using 
data from the measurements. Measurements at various constant velocities and various 
constant vertical loads have been carried out. Each measurement is split up in several parts by 
identifying single revolutions. The parameters of the basic shape function are fitted using a 
least-squares approach for each single revolution, occurring at a specific velocity and a certain 
vertical load. This resulted in parameter fits for , , ,  and . The fitted parameters 
show a relation in load and velocity, e.g. . 
For parameter  this relationship is presented graphically in Figure 5. The other parameters 
have similar relations with either vertical force and/or forward velocity. 

Figure 5: Relation of contact length ( ) with wheel speed and vertical load. 

The following empirical relations are set up and calibrated with the experimental data: 

 

(2) 

In these equations  is the vertical load, ,  and  to  are identified model coefficients. 

4 TIRE STATE ESTIMATOR 
Substitution of equations (2) into (1) results in a basic shape function that only depends on wheel 
angular information (angle and velocity) and the vertical tire load: 

 (3) 

Obviously, the vertical load ( ) is the unknown parameter to be estimated. The other two inputs to the 
function (  and ) are either measured or can be calculated. 
In general, (recursive) least squares methods are suited well for estimation of function parameters. Due 
to the stochastic nature of the measurements, a Kalman Filter approach is selected as the observer. As 
a nonlinear optimization problem (parameter estimation) is dealt with, the Extended Kalman Filter 
(EKF) is applied instead of the standard linear Kalman Filter. Although the EKF can handle nonlinear 
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functions, it only works well for mildly nonlinear functions [7]. The tire shape function of 
equation (1), can however be considered to be highly nonlinear in , compelling the removal of the 
angular wheel motion from the estimation process. Therefore the angular wheel position calculation is 
done separately, while at the same time, the -peak is synchronized such that it is symmetric around 

. Schematically, this is presented in Figure 6. 

Figure 6: Schematic representation of the Tire State Estimator 

The vertical load observer block contains the basic shape function, which assumes that the -signal is 
symmetric around . The peak synchronization block calculates the wheel angle position by 
integration of the wheel velocity ( ), which is available from the wheel speed sensor, and 
synchronises the peak. 

4.1 Peak synchronization (PS) 
The basic shape function states that the peak of the -signal is located exactly at . The wheel 
angle is not measured directly, so integration of the wheel speed is used to determine the wheel angle. 
However, the initial angular position of the sensor is unknown, leading to an unsynchronized -
pair. Furthermore, small wheel velocity sensor offsets may cause the angle integration to drift, which 
again results in unsynchronized signals. 
With these uncertainties and sources of error is dealt with by exploiting the symmetry of the basic 
shape function. For a perfect synchronized -pair, the -signal is mirrored with respect to 

, or, in other words, the area below the basic shape for  equals that of part for . This can 
be formulated as: 

 (4) 

For practical reasons, an alternative formulation is used, which does not contain nonlinearities: 

 (5) 

For an unsynchronized -pair (i.e. ) in a sampled system, the above equation can be 
reformulated into: 

(6) 

Each new wheel revolution the above summation will be initialized at . An example 
of this is presented in Figure 7. 
As can be seen from the figure, the initial position of the sensor is almost at the top of the tire (the 
exact initial position in this example is: ). The symmetry angle, , is initialized to be 
zero. After the first revolution, the symmetry angle, calculated from (6) is , which is 
already close to the actual initial location. The next revolution, the integration does not start at 

, but at . At the end of this revolution,  already converged to 
. After the third revolution, the detected -peak is within the threshold 

, meaning that the  synchronization is accurate enough to enable the vertical 
load observer. Finally, in order to determine , the signal-to-noise ratio of the -signal should be 

PS 

(peak synchronization) 
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sufficiently high. In practice this requires that there is both a minimum wheel speed velocity and a 
minimum vertical load. 

Figure 7: Example of peak synchronization algorithm 

4.2 Vertical Load Observer (VLO) 
A model-based observer can be utilized to estimate the parameters of the tire shape function. In this 
research, the Extended Kalman Filter (EKF) algorithm was chosen. This novel approach in tire state 
estimation provides noise reduction of the measurement signal and robustness for combined inputs. 
The EKF contains the basic shape function from equations (1) and (2), which accurately describes the 
radial accelerations of the tire inner liner. By removal of the angular information from the estimation 
process, the following discrete-time model equations are set up: 

Where:  and  
(7) 

Here,  is the state-vector, which in this case consist only of the vertical load . The input  to the 
system are wheel speed ( ) and wheel angle ( ). The measurement vector ( ) contains the radial 
acceleration measurement ( ). Next, the equations for the discrete time variant of the EKF [7] are 
formulated. The following equations are used for the prediction update, or the a priori estimate: 

 

(8) 

Here, the Jacobian ( ) of the system equation ( ) with respect to the state-vector, is used to 
calculate the a priori error covariance matrix ( ), together with the previous error covariance 
estimate ( ) and the process noise matrix ( ), which is used to tune the estimator. The a priori state 
estimate ( ), uses the previous, a posteriori, state estimate ( ) and the input ( ). 
The second step of the EKF algorithm involves the measurement update, or a posteriori estimate: 

 

(9) 

The measurement update involves the calculation of the Kalman gain matrix ( ), from the a priori 
error covariance matrix, the Jacobian ( ) of the sensor equation to the state-vector and the 
measurement covariance matrix ( ), which will be used as a tuning parameter as well. The new state 
estimate ( ) uses the a priori state prediction, corrected by the difference in the actual measured 
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output ( ) and the predicted measurement output . Finally, the new estimate of the error 
covariance matrix ( ), is calculated. 
The EKF is tuned, using a subset of the experiments, using a least squares optimization routine by 
varying the so-called tuning matrices for process noise ( ) and for the sensor noise ( ). 

5 RESULTS 
The Tire State Estimator is set-up in a Matlab/Simulink model, running at a sample frequency Fs of 

. The initial estimate for the vertical force is set to a very high value, , to show 
the convergence of the filter. 

Figure 8: Estimation result of a constant vertical tire load ( ) at constant velocity ( ). 

Figure 8 shows that the TSE can accurately estimate the actual vertical tire load measured with the 
Tire Test Trailer. In this figure it is also observed that the algorithm converges very fast. The same 
result is presented in Figure 9, but now, the result is shown for the first  seconds. In this figure, also 
the vertical acceleration signal ( ) is plotted. The first revolution clearly shows that at the start of the 
measurement, the sensor’s location was not at the top of the tire ( ), however the peak 
synchronization algorithm manages to detect the peak within 3 wheel revolutions (at ) at 
which the vertical load observer is enabled. It then takes about 7 revolutions to estimate the vertical 
load correctly. 

Figure 9: Estimation result during the initialisation phase, showing the convergence of the estimated vertical 
load (top) and the fast synchronization of the -signal (bottom). 

In Figure 10 the estimation result for a varying vertical load is compared with the measured vertical 
load. As can be seen from the figure, the actual vertical load is followed well without much delay. 
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Figure 10: Estimation result of a varying vertical load, at constant velocity. 

As mentioned before in section 4.1, the signal-to-noise ratio of the -signal should be sufficiently 
large in order for the peak synchronisation algorithm to work correctly. By looking at Figure 3, one 
can imagine that for low vertical tire loads as well as for low velocities, the tire shape cannot be 
distilled from the -measurements. This is can be seen in Figure 11. Here, the velocity is gradually 
increased, starting from zero. At , the peak synchronisation algorithm starts enabling 
the estimator. 

Figure 11: Estimation result for a measurement starting at standstill. 

Figure 12: Peak detection at low velocities. 

Figure 12 provides a closer look at the -signal for the first few seconds of the measurement. As is 
observed, a significant amount of noise exists in the measurements at low velocity, while signal 
amplitudes are small. At these low velocities, the peak synchronization algorithm has difficulties 
determining the peak location. Only when the location of the peak is detected sufficiently accurate 
(from ), the vertical load observer is enabled. 
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6 CONCLUSION 
In this work, first a basic shape function was developed that can describe the shape of the acceleration 
signal perpendicular to a tire’s inner liner during one full wheel revolution. The parameters of this 
basic shape function have been calibrated using actual measurements performed with the Tire Test 
Trailer’s reference measurement system. It is concluded the developed model can accurately represent 
the tire belt acceleration and predict the vertical load. 
Second, a model-based Tire State Estimator (TSE) for the vertical force was developed using this 
model. The estimator is composed of a peak synchronization algorithm and an Extended Kalman 
Filter. The estimated acceleration provided by the TSE clearly follows the shape of the raw radial 
acceleration signal, but significantly less noisy. Comparison of the estimated vertical load with vertical 
load measurements shows accurate vertical load estimation, both in static situations (i.e. constant 
velocity, constant speed) as well as in more dynamic cases of varying load and/or velocity. Finally, the 
TSE shows fast convergence capabilities for cases when the initial vertical load or sensor position are 
unknown, or when moving away from situations in which the signal to noise ratio is poor, i.e. at low 
velocities and low vertical loads. 
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Starting from the USA in 2005 and followed by the European Union commencing in 2012, 
legal requirements concerning Tyre Pressure Monitoring Systems will be introduced in 
China as well. Changes of pressure dependent physical tyre properties such as tyre 
vibration behaviour which are included in the ESC-wheel speed signals, indicates pressure 
loss in an indirect manner (indirect Tyre Pressure Monitoring Systems). This paper presents 
the fundamentals to evaluate the pressure dependent tyre vibration behaviour at tyre test 
rigs. A rigid ring tyre model is used to analyse the system characteristics theoretically. 
Based on five tyres the test method is validated by comparing the results with driving test 
results. 

 
 

1 INTRODUCTION 
The tyre inflation pressure is a significant influencing parameter on important tyre properties, which 
affect essential vehicle properties such as efficiency and safety. An increased rolling resistance of the 
tyre results directly in a reduced vehicle efficiency. Furthermore, under-inflated tyres have a negative 
effect on vehicle safety due to a higher risk of tyre failures as a consequence of increased mechanical 
stress and increased heating. In addition, braking distance as well as vehicle handling characteristics 
can be negative influenced by under-inflation. 
As the tyre inflation pressure plays an important role for vehicle efficiency and safety the USA firstly 
introduced a legal requirement concerning tyre pressure monitoring systems (TPMS) starting in 2007. 
The European Union followed with a comparable legislation starting in 2012. As moreover the 
Chinese government currently worked out a similar legal requirement in future the worldwide largest 
automobile markets will have legislations concerning tyre pressure monitoring systems.  
Scope of the paper is the indirect tyre pressure monitoring system (iTPMS), which detects a pressure 
loss by evaluating the ESC wheel speed sensor signal. Figure 1 illustrates the basic working principle 
of iTPMS. A pressure loss reduces the vertical tyre stiffness and therefore the rolling circumferences 
as well, which leads to increased angular wheel speed in time domain. In addition iTPMS calculates 
the shift of a pressure dependent vibration frequency in the frequency domain of the wheel speed 
signal to detect a pressure loss indirectly. [1] 
 

 
Figure 1: Work principle of indirect tyre pressure monitoring system (iTPMS) 
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Since the frequency shift as well as the wheel speed increase due to a pressure loss depend strongly on 
tyre construction and dimension the sensitivity has to be evaluated during the vehicle and tyre 
development process. In order to reduce the testing effort on the complete vehicle on the one hand and 
to perform the evaluation at an earlier stage in the development process on the other hand, tyre tests 
are performed on test rigs. [1-5] 
This paper presents the evaluation of the pressure dependent vibration behaviour concerning iTPMS 
by tyre test rigs with outer drum and cleat excitation. The dynamics of tyres at cleat crossings are also 
discussed under various aspects in [5-17]. As at tyre test rigs usually tyre forces are detected the 
correlation between the wheel speed and the tyre longitudinal force is analysed with a rigid ring tyre 
model in state space formulation. Rigid ring approaches to study the tyre vibration behaviour can also 
be found in [5-7, 9-17]. 
Finally a validation of the test method at a tyre test rig is presented by a comparison of test rig results 
with driving test results for five different tyre sets. 

2 SETUP TYRE TEST RIG 
The tyre vibration mode which is used by iTPMS is known as in-phase rotational mode [6-8] or 
torsional-longitudinal mode [9] which occurs at around 30-40 Hz and where the tyre belt mass vibrates 
in longitudinal and rotational direction; superimposed to the belt movement the rim fixed parts 
vibrates in rotational direction. As a consequence the vibration mode is observable in the wheel speed 
signal as well as in the tyre longitudinal force. Figure 2 shows the pressure dependent frequency 
spectra of wheel speed and tyre longitudinal force at driving tests; both show clearly the rotational-
longitudinal mode at around 30-40 Hz. 
 

 
Figure 2: Evaluation of rotational-longitudinal mode at driving tests 

 
To detect the sensitivity of rotational-longitudinal mode concerning inflation pressure at outer drum 
test rigs a test setup according to Figure 3 is used. During the tests where the loaded tyre is driven by 
the drum the rim only has a rotatory degree of freedom. The vibration excitation is realized by a cleat 
mounted on the drum. According to [7] and [12] the rotational-longitudinal tyre mode is excited by 
crossings only at lower velocities up to around 30 km/h. To calculate the pressure dependent 
frequency shifts the cleat crossings are evaluated at a certain wheel load and at different inflation 
pressures.  As mentioned above, at tyre test rigs usually the forces in the tyre centre plane are detected 
by a measurement nave only; for research purposes in this paper the tyre longitudinal force FxTyre as 
well as the angular wheel speed ωWheel are analysed.  
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 3 

 
Figure 3: Setup tyre test rig 

 

3 RIGID RING TYRE MODEL 
3.1 Model Description 
To analyse in detail the coupling between the angular wheel speed and the tyre longitudinal force at 
the rotational-longitudinal mode with special focus on pressure dependency a mechanical rigid ring 
tyre model, which is illustrated in Figure 4, is used. The modelling of tyre as a rigid ring system is a 
common approach to simulate tyre vibration modes where the tyre belt can be assumed as a rigid 
mass. [5-7, 9-17] Higher frequency tyre vibration modes where the belt doesn’t vibrate as rigid mass 
resp. inertia cannot be simulated with a rigid ring approach.  
According to the setup at tyre test rigs the rim only has a rotatory degree of freedom (φR) with a 
corresponding inertia (JR). In contrast, the tyre belt has a translational degree of freedom (xB) with a 
mass (mB) and a rotatory degree of freedom (φB) with an inertia (JB). The connection of the belt to the 
road resp. the contact model is realized as a transient slip model based on the results of Zegelaar [6]. 
With the parameters ct and dt for tread element stiffness and damping also the physical tread element 
characteristics are considered in the contact model. 
The vertical degree of freedom of the tyre belt mass is neglected here because the mainly interesting 
vibration mode is the rotational-longitudinal mode.  
 
 

 
Figure 4: Rigid ring tyre model 
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The model presented in Figure 4 is described physically for the case of free vibrating by equation (1) 
to equation (5). As mentioned above, the definition of the contact model is based on the results of 
Zegelaar [6]. Accordingly, it is realized as a first order relaxation system with longitudinal slip 
velocity vs as input and longitudinal slip sx as response. The tread element damping is included into the 
definition additionally. The resulting longitudinal force of the contact model is calculated for the linear 
range by multiplying the longitudinal slip by the longitudinal slip stiffness cs. Equation (4) and 
Equation (5) represents the linearized contact model equations based on [6]. 

The final set of equations to describe to the tyre model at free vibration reads: 

  (1) 

(2) 

  (3) 

  (4) 

 (5) 

3.2 Model Characteristics 
To study the general model characteristics with respect to the pressure dependent vibration behaviour 
regarding iTPMS firstly the model parameters are defined pressure dependent. Relaxation length and 
slip stiffness as well as the inertia of the rim-fixed parts are assumed to be independent from the 
inflation pressure. Longitudinal stiffness and rotatory stiffness with the corresponding damping 
constants, the tyre belt mass as the oscillatory mass, the inertia of the tyre belt as oscillatory inertia and 
static roll radius are defined to have decreasing values with reducing of the inflation pressure. In 
contrast, the tread element stiffness as well as the tread element damping constant have increasing 
values due to the enhancement of the contact zone resp. the tyre footprint at pressure loss. 

The full parameter set of the model at three different inflation pressures starting at “Pressure 1” as 
highest pressure is shown in Table 1. 

Table 1: Complete parameter set of the tyre model at 3 pressures 
Symbol Parameter Pressure 1 Pressure 2 Pressure 3 
cx Tyre longitudinal stiffness [N/m] 1500000 1300000 1100000 
cφ Tyre rotatory stiffness [Nm/rad] 75000 70000 65000 
ct Tread element stiffness [N/m] 1500000 157500 165000 
cs Slip Stiffness [N] 170000 170000 170000 
dx Tyre longitudinal damping constant [Ns/m] 412.87 319.87 259.13 
dφ Tyre rotatory damping constant [Nm s] 39.74 34.16 26.1 
dt Tread element damping constant [Ns/m] 200 300 400 
mB Tyre belt mass [kg] 6.9 6.0 5.5 
JB Inertia of tyre belt [kg m2] 0.7 0.65 0.6 
JR Inertia of rim-fixed parts [kg m2] 0.69 0.69 0.69 
rstat Static roll radius [m] 0.35 0.34 0.33 
σ Relaxation length [m] 0.06 0.06 0.06 
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Next, the pressure dependent model Eigen frequencies are calculated. Table 2 shows the overview of 
three Eigen frequencies at three inflation pressures according to Table 1. It can be seen that the first 
Eigen frequency which corresponds to the rotational-longitudinal mode at around 30-40 Hz decreases 
from 35.51 Hz at pressure 1 to 32.06 Hz at pressure 3. Also the second Eigen frequency, which 
corresponds to the anti-phase rotational mode at around 70-75 Hz according to Zegelaar [6], shows 
decreasing values at pressure losses. In contrast to the first ones, the values of the third Eigen 
frequency are increasing from 163.25 Hz to 171.15 Hz by reducing the inflation pressure from 
Pressure 1 to Pressure 3 according to Table 1. 

Table 2: Eigen frequencies of the tyre model at different pressures according to Table 1 
Pressure 1 Pressure 2 Pressure 3 

Eigen frequency 1 35.51 Hz 33.94 Hz 32.06 Hz 
Eigen frequency 2 73.66 Hz 73.6 Hz 72.68 Hz 
Eigen frequency 3 163.25 Hz 168.21 Hz 171.15 Hz 

Figure 5 compares the corresponding Eigen vectors of the three Eigen frequencies at Pressure 1 
according to Table 1. It can be seen, that at the first Eigen frequency (35.51 Hz) the rotatory rim 
vibration φR is nearly in phase with the translational tyre belt movement in longitudinal direction xB. 
Both parameters are mainly influencing the wheel speed resp. the tyre longitudinal force. In opposition 
to φR and xB is the rotatory tyre belt vibration φB.  
At the second Eigen frequency (73.66 Hz) the rotatory rim movement φR is in opposition to the tyre 
belt degrees of freedom xB and φB.  
The third Eigen frequency at 163.25 Hz is characterized by an in-phase vibration of all three degree of 
freedom φR, xB and φB. 

Figure 5: Angles of complex Eigen vectors at Pressure 1 according to Table 1 
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4 SIMULATION RESULTS 
To simulate the presented model in time domain under consideration of different excitation 
characteristics based on stochastic road profile and based on cleat crossings at test rigs the model is 
transferred into the state space formulation. This formulation enables the evaluation of several system 
outputs as well as the definition of different system inputs. [18-19]  
According to the iTPMS working principle the tyre longitudinal force  is evaluated next to the 
rotatory rim vibration with the corresponding output parameter . This paper presents simulation 
results in comparison with measurement results for cleat crossings only. Therefore, the system input is 
represented by a linear combination of forces and moments which effect on the tyre due to resp. during 
cleat crossing. First input is a longitudinal force  which occurs opposed to the direction of 
movement in the contact zone; second input is the resulting torsional moment ; third input is 
a torsional moment  which occurs opposed to  due to the vertical force at cleat 
crossing. According to Hilscher [7] and Sünder [12] the qualitative force signals as well as the speed 
dependent spectral characteristics of excitation in vertical and longitudinal direction at cleat tests can 
be calculated based on the force responses at cleat crossings with low speed (< 5 kph). 

Equation 6 to equation 10 presents the state space formulation of the rigid ring tyre model: 

(6) 

 (7) 
 (8) 
 (9) 

(10) 

Where:  – state vector;  – system matrix;  – input matrix;  – output matrix;  – transmission 
matrix;  – input values;  – output values. 

Similar to measurements the decay process after the cleat crossing is evaluated in frequency domain. 
The tyre longitudinal force is analysed directly; the rotatory rim vibration is analysed on the basis of 
the angular wheel speed  calculated from the integration of  in order to get a direct comparison 
with the measurement results. 
In accordance with Sünder [12] both the measurement and the simulation show at pressure loss clearly 
increasing vibration amplitudes in the tyre longitudinal force as well as in the wheel speed during the 
decay process after cleat crossing. A direct comparison between measurement results and simulation 
results is presented in Figure 6 based on the vibration frequencies at cleat crossings at 30 kph. The left 
side shows measurement results of the wheel speed and longitudinal force at the inflation pressures 
2.80 bar, 2.24 bar and 1.79 bar. It can be seen that the longitudinal force and the wheel speed are 
strongly coupled in their reaction at a pressure loss. Both show a similar rate of vibration frequency 
reduction. In addition the frequencies of the force are always minimally larger than the wheel speed, 
which was also presented in [12].  
The right side of Figure 6 shows the corresponding simulation results at the three pressures according 
to Table 1. It becomes clear, that the simulation model represents the qualitative pressure dependent 
vibration behaviour exactly. In accordance with the measurements both evaluation parameters show a 
similar rate of vibration frequency reduction at a pressure loss. Also in the simulation the force 
frequencies are minimal higher; however, the effect is much smaller in the simulation due to the 
current parameter setting.   
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Figure 6: Comparison of vibration frequencies from tyre test rig results at 30 kph 

5 VALIDATION 
Based on the testing results of five different tyres the test rig results are validated by comparing with 
the corresponding driving test results. The tyres differ concerning their manufacturers as well as their 
dimensions; however, they are part of the same vehicle platform. Next to the pressure dependent 
frequency shift as main evaluation parameter also the damping ratios (estimated at rig tests) are 
compared to the vibration amplitudes (estimated at driving tests).  

5.1 Frequency Shift 
First part of the test method validation refers to the frequency shift dependent on a pressure loss. 
Therefore the frequency shifts of the five tyres at rig tests and driving tests are compared. According 
to iTPMS working principle the driving test results are based on the wheel speed only. As mentioned 
above, for research purposes the rig test detects both the tyre longitudinal force as well as the wheel 
speed signal. Figure 7 compares the frequency shifts of the five tyres in the unit Hz/bar. It can be seen, 
that the shift values of the wheel speed at rig test and at driving test seems to be higher than the shifts 
of the force. Between longitudinal force and wheel speed at rig tests there is roughly a constant factor 
only due to the strong coupling of both parameters. In contrast, the differences between the wheel 
speed results vary more because of more numerous influencing parameters at driving tests such as 
environmental influences. 
However, the most important result of this analysis is the clear correlation with regard to the ranking 
of the tyres. That means that the relative comparison of the tyres sensitivity is identical for all three 
evaluating parameters. The correlation of the sensitivity regarding pressure loss between rig test and 
driving test provides the basis of the iTPMS test procedure presented in [3-5], which defines the link 
between rig tests and driving tests by using of known reference tyres. Therefore it is possible to derive 
the tyre sensitivity regarding iTPMS based on the cleat crossings at test rigs by evaluating the tyre 
longitudinal force. 
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Figure 7: Correlation between driving test and rig test results concerning frequency shift 

 

5.2 Vibration Amplitudes 
The second part of the test method validation compares the average damping ratios at rig tests with the 
average vibration amplitudes at driving tests. Background of this analysis is the fact that a frequency 
shift due to a pressure loss is as easier detectable the more clearly the vibration occurs in the frequency 
spectrum, which is equivalent to high vibration amplitudes. 
Figure 8 shows the comparison of the vibration amplitudes at driving tests on the left side with the 
damping ratios at rig tests on the right side. By comparison of tyre 1 and tyre 2 it can be seen that there 
isn’t a complete correlation between the damping ratios and the vibration amplitudes. However, trends 
can be derived based on the damping ratios. Thus the tyres with low average damping values at rig 
tests tend to have high vibration amplitudes at driving tests on similar road profiles. The comparison 
of the longitudinal force and wheel speed at rig tests shows higher wheel speed damping ratios for 
each of the five tyres.  
 

 
Figure 8: Correlation between amplitudes at driving tests and damping ratios at rig tests 
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6 CONCLUSIONS 
Measurement results demonstrate a clear correlation between the wheel speed and the tyre longitudinal 
force at the rotational-longitudinal tyre mode, which is the relevant vibration mode for indirect tyre 
pressure monitoring systems (iTPMS). Both show a comparable increasing of the vibration amplitudes 
as well as a decreasing of the vibration frequencies with similar rates at a pressure loss.  
 
The model approach of a rigid ring tyre model with rim rotation, tyre belt translation in longitudinal 
direction and tyre belt vibration as degrees of freedom is fundamentally suited to represent the system 
characteristics observed in the measurements. Transferring the model into state space formulation 
enables to simulate the model with different excitation characteristics and with tyre longitudinal force 
and wheel speed as system output.  
Comparing measurements with simulation results at cleat crossings show that the model approach 
represents the qualitative pressure dependent vibration behaviour exactly. The vibration amplitudes 
increase and the vibration frequencies decrease at both evaluation parameters with similar rates at a 
pressure loss. 
 
The validation of the test method using test rigs to evaluate the tyre sensitivity regarding iTPMS is 
performed by comparing driving test results with rig test results of five tyres. The analysis shows an 
identical ranking of the tyres sensitivity at pressure loss concerning the vibration behaviour. In 
addition it is presented that trends of the vibration amplitudes at driving tests can be derived by 
calculating the damping ratios at rig tests. 
Based on the validation results the iTPMS tyre evaluation can be performed on tyre test rigs by using 
of known reference tyres as presented in [3-5]. This represents a significant improvement of the 
vehicle development process as firstly the test effort on the complete vehicle can be reduced and 
secondly the tyre can be tested at an earlier stage during the development process. 
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In this contribution we will present a theoretical approach towards understanding rubber friction. 
Here a simple rubber friction law is presented which can be used for tire and vehicle dynamics 
calculations. The friction law has been tested by comparing numerical results to the full rubber 
friction theory (B.N.J. Persson, J. Phys.: Condensed Matter 18, 7789 (2006)) and to experimental 
data. 
A two-dimensional (2D) tire model is introduced. The model combines the rubber friction law with a 
simple mass-spring description of the tire body. The tire model is very flexible and can be applied to 
different maneuvers. It can be used for calculating μ-slip curves, the self-aligning torque, braking and 
cornering or combined motion (e.g., braking during cornering). The theory predictions are compared 
to measured data from indoor tire testing on sandpaper substrate. We also present simulations of 
Anti-lock (ABS) braking using two different control algorithms. 

Rubber friction is a crucial topic, especially for practical applications. Examples are tires, wiper 
blades, rubber seals, syringes or conveyor belts. In most theoretical studies, rubber friction is described 
using very simple phenomenological models, e.g., the Coulomb friction law. Here, the friction 
coefficient may depend on the local sliding velocity. However, rubber friction is much more 
complicated as it depends mainly on the history of the sliding motion (memory effects), material 
properties, surface roughness, temperatures and other parameters. When rubber is sliding on a hard 
rough substrate, the history dependency of the friction is mainly due to frictional heating in the rubber-
substrate contact regions. Many experimental studies have shown this influence of the frictional 
heating on rubber friction as an apparent dependence of the rubber friction on normal stress [1]. Hence 
without a good description of the friction we believe that no tire model can be accurate as this is the 
heart of these models. 

Figure 1: The contact between a rough, hard surface with a rubber. The figure shows the fractal 
nature of the contact with roughness asperities induced viscoelastic deformations of the rubber on 
larger scales while at smaller scales the temperatures and stresses in the contact become so high 
as we consider this as shearing an interfacial wear layer. 
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We will present our approach to most (macroscopic) tribology problems as illustrated in the figure 1 
above for the case of a rubber block sliding on a hard, randomly rough, substrate [2]. At low 
magnification only the long wavelength roughness is observed and the rubber deform as a 
homogeneous viscoelastic solid. As the magnification increases smaller surface asperities are observed 
and the area of (apparent) contact decreases. At some point (magnification ζ1 = λ1/λ0 corresponding 
to the wave vector q1 = q0ζ1, where q0 = 2π/λ0 is the smallest relevant wave vector) the local stresses 
and (during sliding) the temperature become so high as to break bonds in the rubber. This will result in 
a surface thin layer (with thickness ≈ 1/q1) of “rubber” with strongly modified properties, which we 
refer to as the wear layer. Rubber sliding friction will have two (often equally important) 
contributions, namely a viscoelastic contribution from the pulsating deformations resulting from the 
asperities observed at magnifications ζ < ζ1, and another from the (apparent) contact area A(ζ1) 
observed at the magnification ζ1. The viscoelastic contribution, and the area of (apparent) contact 
A(ζ1), are both predicted from the Persson contact mechanics theory, but the nature of the shear stress 
acting in the apparent contact area A(ζ1) has so far only been deduced by analyzing experimental data. 

Figure 2: Comparison between the calculated friction coefficient for a tire rubber compound 
sliding at different velocities on a road surface. Here the blue curve represents the viscoelastic 
contribution to the total friction (green curve) while the pink curve is the contribution resulting 
from shearing the wear layer. The points are results from experiments for the same system. 

The theory predictions have recently been tested both experimentally [3] and numerically [4], as 
shown in the figure 2 above, were we have found very good agreement within our studies. Here we 
would like to discuss the approach, present the results when testing the accuracy of the theory as well 
as discuss the application of this model to a 2D tire models we did recently. We will also show results 
from first tests of this model by comparing it to measured mu-slipangel curves and showing ABS 
friction calculations. 
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Abstract 

Predicting vehicle stability under off-road driving conditions plays a vital role in vehicle 
development. Whether it concerns deliberate off-road driving or driving onto a road’s 
shoulder accidentally, vehicle manufacturers want to ensure that passenger safety is not 
compromised.  By combining state-of-the-art tire and terramechanics knowledge, a robust 
tire model capable of predicting terrain and tire contact forces under all basic driving 
conditions at low computational effort has been developed. 
After explaining the approach of calculating the shear and normal stresses along the tire-
soil interface, tire bulldozing forces and multi-pass effects are estimated under varied 
driving conditions; the results of the model are validated.  Beyond validation of specific 
model attributes and behaviours, an evaluation of passenger car movements when entering 
a soft-road shoulder in an emergency situation confirms the predictive capabilities of this 
novel methodology. 

1 INTRODUCTION 

Within the world of virtual prototyping for Vehicle Dynamics aspects, the interaction forces between 
the tire and road play an important role because they determine the vehicle movements - and thus 
handling, ride and stability properties – to a large extend. The majority of the tire models used in 
vehicle dynamics analyses focus on the prediction of tire interactions forces for hard road, such as the 
well-known Pacejka [1] tire models. However increasing demands on vehicle safety require that tire 
models are able to estimate the tire forces under any circumstance, not just for common daily vehicle 
use but also for any accident or misuse occasion. 
Within this paper tire modelling aspects are described for predicting tire forces when driving over soft 
soil ‘road’ surfaces, for example a vehicle entering the shoulder of a road in case of an emergency. 
As opposed to tire – road interaction on hard road, wheel-soil interaction focus is mainly on terra 
mechanics. In this field, the principle of the wheel-soil interaction mechanics of a wheel with soil has 
been investigated by Bekker and Wong [2, 4, 7, 8]. Much research has been done in this area since, 
often focusing on in-plane (longitudinal) tire – soil interaction. 
Here we aim for a tire – soft soil model that can predict tire – soil interaction forces for longitudinal as 
well as lateral (steering) vehicle behaviour for all basic kind of vehicle dynamics manoeuvers. Such 
manoeuvers could include steering, braking and accelerating the vehicle over soft soil surfaces with 
obstacles, possibly inclined. 

2 WHEEL – SOIL CONTACT 

2.1 Wheel – soil contact for a rigid wheel 

When a loaded rigid wheel is rolling over a soil, a certain amount of sinkage will occur. Bekker [2] 
investigated the static sinkage of a rigid plate into the soil, and formulated the following relation in 
between the sinkage h, the width b of the plate and the load Fz on the plate:  

n
c hkbkhp )/()( φ+= (1) 



2

in which ck and φk  are the cohesive and frictional moduli respectively, and n the so called sinkage 

exponent. The static stress p is in equilibrium with the vertical force Fz, see also Figure 1. 

Figure 1: Static sinkage and pressure distribution under a flat plate. 

When applying this approach to a non-rolling wheel the static stress distribution can be estimated as 
shown in the Figure 2.  

Figure 2: Static stress distribution under a non-rolling rigid wheel 

Using Bekker’s approach, the static stress for any static contact angle  along the wheel soil contact 
line can be calculated with: 

)cos)(cos/()( fc
n kbkRp θθθ φ −+= (2)

However for vehicle dynamics applications the dynamic situation needs to be considered with a 
rotating and moving wheel as illustrated in Figure 3. 

Figure 3: Wheel entry and exit angle of the wheel when rolling on soil 

The entry angle fθ and exit angle rθ of the wheel – soil contact, see also [3], will be different due to the 

forward motion (velocity Vx) of the wheel. The entry angle fθ can be calculated from the total sinkage 

h of the wheel, while the exit angle rθ is determined with the recovered ‘exit’ sinkage he as follows: 
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Figure 4 extends the 2D ‘in-plane’ situation towards a 3D situation in which also steering of the wheel 
is considered.  

Figure 4: The normal and shear stress for a forward rolling and steered wheel 

The normal stress ( ) along the wheel – soil contact can be estimated with Bekker’s formula merged 
with the model reported by Wong and Reece [4] using the relation below: 
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withb the wheel width and R0 the wheel radius. 

The angle m is the wheel angle at which the maximum normal stress occurs. Yoshida [5] found the 
following experimental equation for m: 

fm aa θκθ )( 10 += (5) 

The parameters a0 and a1 depend on the wheel-soil interaction. Next to the soil properties they may 
also depend on the tread profile of the tire. According to Janosi and Hanamoto [6] following 
expressions can be used for the longitudinal x( ) and lateral y( ) shear stresses: 

)1))(tan()(()( /)( xx kj
x ec θφθσθτ −

−+=  (6) 
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−
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in which c stands for the cohesion stress of the soil and  for the internal friction angle of the soil. kx 
and ky represent the so called shear deformation moduli. Figure 5 illustrates the shear stress ( x or y) as 
a function of soil deformation. 

Assuming that the wheel has a longitudinal slip , the longitudinal shear displacement along the 
contact area jx in equation 6 can be estimated [4] by using the wheel radius R0 with: 

))]sin())(sin(1([)( 0 θθκθθθ −−−−= ffx Rj       (8)

Similar the lateral shear displacement jy will depend on the slip angleα and the wheel radius R0: 

)tan())(1()( 0 αθθκθ −−= fy Rj (9) 
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The longitudinal shear deformation modulus kx is defined as: 

α10 xxx kkk +=           (10) 

and the lateral shear deformation modulus ky: 

α10 yyy kkk +=           (11) 

 
Figure 5: Measured shear stress as function of the deformation (equations 6 and 7) 

 
With the above described equations, the forces on the rigid wheel due to the soil can be calculated by 
integrating the normal and shear stress along the contact line. For the longitudinal (drawbar pull) force 
Fx following integration over  is required: 
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The lateral force due to the lateral shear stress can be derived with: 
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For the vertical force on the wheel following relation is valid: 

θθθσθθτ

θ

θ

dbRF
f

r

xz )}sin()()sin()({0 +=        (14) 

The rolling resistance around the spin axis of the wheel results from: 
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And the torque around the vertical axis, often referred to as aligning moment:  
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2.2 The effect of tire deformation on the wheel - soil contact 
 
Depending on the soil properties one part of the deformation is elastic and the remaining part is non-
irreversible (plastic deformation). The elastic deformation is calculated with the soil stiffness Cs at the 
maximum normal stress: 
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2.3 Bulldozing effects 
 
Next to the normal and shear forces along the wheel – soil contact, bulldozing of the soil plays a role 
in case the wheel is moving the soil from its position. In this model the bulldozing resistance of the 
soil in lateral direction (perpendicular to the wheel plane) will be considered only. 
Several estimation methods have been developed based on the soil mechanics and geotechnical 
principle, in this model the Hegedus’s estimation [9] method will be used. 
Assume that a vertical plate pushes the soil as illustrated in Figure 6. By pushing the blade, a linear 
destructive phase form will be assumed and swollen soil will be generated.  

 
Figure 6: The Hegedus model for estimating the bulldozing resistance of a vertical plate 

 
The destructive angle (Xc) is located between the soil horizontal level. The linear destructive phase and 
the swollen soil are estimated by using the geometric relations: 
 

 
where ’ is the angle of the blade in the approach. Assuming the plate is representing a wheel, the 
angle ’ would correspond to the inclination angle of the wheel with the soil. According to Hegedes 
the bulldozing resistance Rb can be calculated with: 
 

 
in which  is the soil density. 
The bulldozing resistance force for a wheel will depend on the sinkage of the wheel into the soil and 
the slip angle . The bulldozing force Fs of a wheel with sinkage h moving in lateral direction (slip 
angle 90°) can be obtained by integrating the bulldozing resistance along the wheel-soil contact patch: 



 6

Then, the total lateral force will be the sum of the bulldozing force from equation (20) and the force 
due to the shear forces from equation (13): 

2.4 The effect of tire deformation on the wheel - soil contact 
 
For soil types which are rather soft compared to the tire radial stiffness, such as dry sand and snow, the 
above mentioned approach can be used to estimate the forces on the wheel. However the stiffness of 
clay type of soils may be in the same order, or even higher than a pneumatic tire. In such cases the 
deformation of the tire should be taken into account. Several methods have be published [7, 8, 10, 11, 
12, 13, 14] to derive the deflection of the tire in the contact patch. For this model the ‘substitution 
circle’ approach has been taken, as suggested by Bekker [8]. 
The deformation of the tire along the contact line due to the soil forces is assumed to have a circular 
shape, but with a radius larger than the tire unloaded radius, see Figure 7. 
 

 
Figure 7: The deformed tire contact line is assumed to have a circular shape with a larger radius. 

 
At a certain penetration of the tire into the soil the tire deflection f0 and the sinkage of the soil can be 
determined by an iteration process based on the fact that the vertical tire force and the force due to the 
sinkage must be equal when neglecting inertia effects. 

The tire force can be calculated with the tire stiffness Cz and tire deflection f0 by: 

0, fCF ztirez = (22)

while the tire sinkage force is defined by equation (14), however with replacing the unloaded tire 
radius R0 by the radius of the substitution circle R*. 

For the substitution circle approach Bekker developed following relation in between the tire deflection 
f0 and tire sinkage h: 
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2.5 Multi-Pass effect 
 
When a tire is passing a certain spot of soil on which a previous tire has passed, and thus compressed 
the soil, the tire will experience different soil properties. 
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Therefore the tire model stores the elastic and plastic deformation of each tire as a function of the 
contact point x,y coordinates. When a tire passes a spot with deformed soil caused by a previous tire, 
the normal pressure calculation will account for that plastic deformation history. 

Figure 8:  Normal pressure characteristic for multi-pass approach [10] 

Assume two tires rolling after each other over the same spot of soil.  The first tire will have a total 
deformation h1 existing of a plastic part hp1 and an elastic part he1. When a second tire passes the same 
spot, the soil will first have an elastic deformation from A to B (= he1) and then continue to follow the 
normal pressure characteristic to point C. The plastic deformation of the second tire hp2 will be equal 
to the total deformation h2 subtracted with the elastic deformation he2. 

3 EVALUATING THE STRESS ALONG THE TIRE – SOIL CONTACT LINE 

Figure 9 to and including 11 illustrate the predicted normal and shear stress along the soil – tire 
contact line for different situations of a tire rolling on a soil surface. The tire size conforms to a 
passenger car tire, 235 45R16 with a tire vertical stiffness equal to 210 N/mm. The load on the tire in 
the lower analyses was 3000 N. The soil chosen comes from [7] and represents a soft sandy surface. 
The soil parameters are listed in Table 1.  

Table 1: the soil parameters used in the simulations for Figure 9-11. 

φ

The effect of the position of the peak normal stress by the parameters a0 and a1 from equation (5) is 
shown in Figure 9. If a zero value is chosen for these parameters the peak normal stress will be located 
right below the wheel centre. 
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The changes due to cornering of the wheel and a braking torque show increased lateral shear stress and 
longitudinal shear stress respectively. The effect of the brake slip on the peak of the normal stress 
(equation 5) is relatively small for -10% slip. 
Neglecting the tire deformation and considering the tire as a rigid wheel increases the longitudinal 
shear stress variation. Note that the contact angle interval ( rf θθ − ) for the rigid wheel has increased 

because the substitution radius is equal to the unloaded tire radius, and thus smaller than the case with 
the tire deflection (Figure 9, left). If a second tire would roll over a spot that has been compressed by 
another tire (‘multipass’) before, the normal stress distribution will show a stiffer soil and the contact 
patch will be shorter consequently. Figure 11 shows the initial linear increase of the normal stress 
according to the elastic stiffness of the soil clearly. 
 
 

 
Figure 9: Normal and shear stress for a free rolling tire (right a0 = 0.4, a1 = 0.15, left a0 = a1 = 0). 

 

 
Figure 10: Normal and shear stress for a cornering (left, 5° slip angle) and 'braked' tire (right, -10% long. slip). 

 
Figure 11: left: stress for a free rolling rigid wheel, right: stress when a second tire passes same spot (multipass) 
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4 FULL VEHICLE SIMULATION APPLICATIONS 

Two examples of vehicle modeling applications on a soft soil road surface are considered, both show 
the ability of the model to investigate the effect of the tire - soft soil contact on vehicle stability and 
safety. 

a. A SUV driving straight, has to avoid an obstacle and drives into the soft shoulder of
the road. The driver will steer back onto the hard asphalt road, and will experience the stability 
reducing effect of the soft shoulder when coming back to the straight.  

b. The same vehicle driving down an embanked road shoulder. This type of simulation
illustrates the roll over stability and safety of a vehicle in an emergency situation. 

4.1 Vehicle response when entering and returning from soft road shoulder 

In an emergency situation, a driver may need to avoid an obstacle at the road and ends up into the road 
shoulder which may exist of some soft soil, clay, sand or even snow. Obviously, the soil properties 
will have a large impact on the stability of the vehicle and its ability to return back to the safe hard 
road track again. 
Within the Adams/Car environment an investigation of the above mentioned situation has been set up 
using a generic SUV vehicle model. The dominating SUV properties have been listed in Table 2. 

Table 2: SUV vehicle properties 

The vehicle starts driving straight at 60 kph, then after four seconds it has to avoid a road obstacle and 
drives into the soft shoulder. After a few seconds it tries driving back to the main road. The (closed 
loop) driving actions, in terms of steering torque, throttle, gear shifting, and braking are controlled by 
Adams/SmartDriver, an advanced vehicle driver model. Figure 12 shows a top view of the track 
driven by the vehicle in one of the obstacle avoidance manoeuvers. 

Figure 12: Top view of the obstacle avoidance manoeuver of the SUV vehicle. 

Though many current passenger cars are equipped with yaw stability control systems, for 
concentrating on the effects of soft soil on vehicle stability, such a system has not been used in this 
analysis. Following soil surfaces have been considered: 

•

•

•

•

•
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Figure 13: The SUV steering back to the main road. 

 
Figure 14 shows that the soil properties have a clear effect on the lateral movements and yaw rate of 
the vehicle when driving over the different road shoulders. The sinkage of the tires into the snow 
shoulder is too large for the vehicle for being capable driving back onto the road. 
 

 
Figure 14: The lateral chassis displacement during the obstacle avoidance manoeuver 

 
Figure 15 shows the tire deflection and sinkage of the left front wheel into the soil, both measured in 
the point below the wheel centre. The vehicle starts bouncing due to the step change in vertical road 
stiffness. As the tire deflection and soil sinkage are in the same order of magnitude, it is obvious that 
one cannot neglect the tire deformation effects when performing analyses with these kind of soil 
surfaces. In particular for the clay type of soils the interaction in between the soil and tire is important: 
the North Gower Clayey loam appears to be even stiffer than the tire. 
Although the vehicle may start bouncing heavily when entering the soft shoulder, the major dangerous 
stability effect can be found when the vehicle drives back to the hard road and the driver has to correct 
for the yaw rate overshoot in a still bouncing vehicle, see Figure 16. In this simulation setup 
Adams/SmartDriver aims at keeping the vehicle speed constant during the manoeuver, while in real 
live the driver may release the throttle or even start braking. 
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Figure 15: Soil sinkage and tire deflection at left front wheel in the road shoulder. 

The performance of the soft soil tire model in terms of calculation speed is more than acceptable: the 
required CPU for these obstacle avoidance simulations is 2-4 times more compared to a similar 
simulation on a full hard road with a common Pacejka tire model. 

Figure 16: The yaw velocity during the obstacle avoidance manoeuver 

4.2 Vehicle embankment simulations 

Rollover accidents cause each year many fatalities and severe injuries. Interest in vehicle rollover 
studies is continuously growing, not only for development of vehicle safety systems but also for 
consumer information programs, vehicle roll-over ratings and regulations, such as FMVSS 226 
"Ejection Mitigation". 
To reduce costs for expensive vehicle prototypes and to reduce development time, full vehicle rollover 
simulations are increasingly used. For development of safety devices, such as airbags, an accurate 
prediction of the vehicle’s rollover limit is required. 
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This example shows the importance of modelling soil properties of the embanked road shoulder on the 
vehicle’s rollover limit for a standard roll stability event available in Adams/Car: the embankment 
analysis. Figure 17 shows how the vehicle starts driving on a straight rigid road part followed by 
driving down the embanked road shoulder. A ramp is mounted on the rigid part of the road to enforce 
a roll motion of the vehicle.  
The SUV vehicle model and soil surfaces that have been used for the embankment simulations are the 
same as explained in previous example. The initial velocity of the vehicle is 25 kph and the front left 
wheel will hit the embanked road shoulder at approximately 1.3 seconds. The vehicle will drive down 
the slope and a steering action will be applied to steer the vehicle back on track thereby further 
enforcing rollover of the vehicle. 
 

 
Figure 17: The SUV sliding down the embanked road shoulder 

 
Figure 18 and 19 show that the soil properties of the embanked road shoulder have a clear effect on 
the roll motion of the vehicle. The sinkage of the tires into the soft soil or snow will cause the vehicle 
to roll more compared to driving on a rigid road shoulder. As a matter of fact, the vehicle driving on a 
rigid road shoulder does not roll over at all and will slide down the slope also shown by the lateral 
velocity response of the vehicle. The importance of bulldozing resistance for these type of manoeuvers 
is also demonstrated; including bulldozing forces will result in a lower lateral sliding velocity and roll 
over at an earlier time. Especially for snow where the wheel shows a large sinkage, the bulldozing 
effects will play a significant role in the rollover behavior of the vehicle. 
 

 
Figure 18: The chassis roll angle during the embankment manoeuver 
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Figure 19: The lateral chassis velocity during the embankment manoeuver 

5 CONCLUSION 

Using state of the art terramechanics knowledge a tire - soft soil model has been developed which is 
capable of predicting the interaction forces in between a tire and a soft soil surface for vehicle 
dynamics studies. By estimating the normal and shear stress along the contact line in between the tire 
and the soil, added with the effects of bulldozing and multi-pass, the forces on the tire can be 
calculated for any kind of load, camber, longitudinal slip and slip angle condition with acceptable 
calculation times. 
The model can be used for studying off-road driving, accident or misuse situations in which soft soil 
road surfaces are involved varying from dry sand, clayey surfaces up to and including snow. 
Evaluation of the model showed the importance to account for the tire deformation, in particular for 
the more stiff type of soils, such as clay. The obstacle avoidance manoeuver simulations illustrated the 
importance of the effect of the soil properties on the stability of the vehicle when coming back to the 
straight section of the hard road.  
In embankment type of simulations the tire sinkage into the soil and bulldozing forces have a large 
influence on the vehicle’s rollover limit. 
In the continuous increasing demands on vehicle stability and safety of passengers, models predicting 
the tire - road forces under non-conventional conditions as shown here will gain more importance 
during development of vehicles and on-board control systems. 
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ABSTRACT
This paper presents an Analytical and Finite Element Study of a rigid plate and a rigid wheel with different tread 
void ratio patterns interacting with a deformable soil. FE models have been developed in Abaqus® and Drucker-
Prager has been chosen as the failure criterion for the soil. The Drucker-Prager model has been replaced by a
Mohr Coulomb failure model to be used in analytical modelling of the plate and wheel. A pressure-sinkage 
equation with invariant parameters is employed in the analytical models. Both longitudinal and lateral grooves
are modelled and the improved traction performance of the latter is confirmed. Furthermore, the effect of tread 
void ratio is studied for both longitudinal and lateral treads.

INTRODUCTION
During the past decades a variety of mechanical representations of tyre soil interaction, appropriate 
for full vehicle simulations, have been developed [1], [2]. Such models are usually based on Bekker’s 
empirical pressure-sinkage relationship [3] and a couple of simple shear strength laws for the soil [4].
At the same time FEM models have been developed aiming to approach the physical representation of 
a rolling wheel, either as a rigid body [5] or as a deformable pneumatic tyre [6], [7]. Despite the 
importance of void ratio, not much information is usually given on how it is calculated or whether the 
actual shape of the void plays a role, see for example [1].
On the analytical front, due to inherent limitations on Bekker’s model, many researchers [8], [9]
developed semi-empirical or analytical models to describe experimental pressure-sinkage data more 
accurately. In [9] the proposed analytical equation uses invariant parameters, in contrast with 
Bekker’s model where the results seem to depend on the size of the experimental apparatus used.
With regards to shear stress-shear deformation laws, Janosi-Hanamoto’s equation [4] is one of the 
most widely used. However it uses the Mohr-Coulomb failure criterion, despite its limitations, in 
order to calculate the maximum shear strength of the material. The Drucker-Prager failure criterion is 
an alternative that addresses many of the shortcomings of the Mohr-Coulomb criterion [10]. It is 
highly used in Terramechanics and especially in FEM models [5] [6][11], since it provides more 
accurate soil behaviour.
This work attempts to investigate the role of void ratio in a systematic manner. Initially, a rigid flat 
plate with a variety of tread patterns is simulated in ABAQUS® code (v6.13) using the Drucker-
Prager failure criterion. In addition to the FEM model, an analytical mechanical model is developed 
using Lyasko’s analytical pressure sinkage equation [9] in combination with the Janosi-Hanamoto 
shear stress-shear displacement relationship. Furthermore, FEM and analytical rigid tyres are 
developed. Tyre compliance has been deliberately neglected in order to focus on the effect of tread-
soil interaction. The models are used to study the effect of void ratio type (lateral/longitudinal), as 
well as the amount of void ratio on tyre tractive performance.
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FE MODELS OF PLATE AND RIGID WHEEL
Initially the dynamic behaviour of a treadles rigid flat plate interacting with a deformable soil is
studied, see Fig. 1. Plastic behaviour of the soil is included in the model via the Drucker-Prager 
failure criterion with the respective parameters obtained from the literature [7] and included in Tables
1 and 2. The dimensions of the 
plate and the road were 
0.16x0.08x0.05 (m) and 
0.5x0.5x0.25 (m) respectively.
The material of the rigid plate 
was set with a very high Young 
modulus and a typical Poisson
ratio for aluminium material.
However, in order to avoid 
possible numerical problems due 
to widely varying stiffness values
in the model, a rigid body 
constraint was applied to the 
plate. A reference point (RP) was 
defined on the plate’s centre of 
mass and with a coupling 
constraint the motion of the plate 
and the RP were coupled together.
Both Implicit and Explicit solvers 
were tested and found to provide 
similar results. The Explicit
solver was chosen in order to 
keep the computational cost low
and two dynamic steps were 
created. In the first step the plate 
was subjected to varying vertical 
loads from 1000N to 5000N, in 
order to simulate pressure-sinkage.
Once a converged solution for
vertical displacement had been
reached for each of the loads, a
second step was created with a
gradually increasing longitudinal 
displacement acting on the RP, up
to a maximum of 10mm. The side and bottom surfaces of the soil strip were fully constrained having
zero degrees of freedom, with only the top surface remaining free to deform. In the first step the RP 
was free to move only in the vertical direction, whereas in the second step longitudinal movement was 
introduced. As shown in the results section, rigid plates with lateral as well as longitudinal grooves 
were considered in combination with a variety of void ratios. For the tangential behaviour of the plate 
the friction coefficient was set equal to 1.0 and the normal behaviour was set as “Hard Contact”. 
Moreover a rigid wheel interacting with the same deformable soil was modelled, see Fig 2. The radius
of the wheel was set to 0.23m, the contact patch width to 0.16m and the road dimensions to 3x1x0.5 
m. Similarly to the plate, rigid wheels with longitudinal as well as lateral grooves were modelled,

Fig.1. A treadles rigid plate interacting with a deformable soil under
4000N
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again in combination with a variety 
of void ratios. The friction 
coefficient between the wheel and 
the soil was set equal to 0.6.
All the aforementioned body parts 
were meshed in ABAQUS® using 
C3D8R elements, in order to 
reduce the computational cost,
since these are reduced integration 
elements. The mesh was made finer
around the contact surfaces and 
coarser towards the edges of the 
deformable road where no contact 
took place. In a few cases severe 
element distortion was observed
around the edges of the plate/wheel.
This distortion was mainly caused 
because of the bulldozing effect 
near the plate/wheel’s edges. It was 
found that a re-meshing rule or a 
CEL (Coupled Eulerian Lagrangian)
approach can be used in order to 
avoid this high distortion.
Two dynamic Explicit steps were 
defined for the rigid wheel model. 
In the first step the vertical sinkage
of the wheel was obtained for 
representative quarter car loads.
Forces varying from 1000N to 
5000N were defined to act on the 
centre of the wheel. In the second 
step rotational and/or longitudinal
motion of the wheel was imposed
through a coupling constraint where a RP was defined on the centre of the wheel and was coupled 
with the elements of the rigid wheel. Again a rigid body constraint was used in order to render the 
wheel perfectly rigid. A penalty contact method was set with a 0.6 friction coefficient in the tangential 
direction along with a “Hard contact” definition for the normal response. As an initial case study only 
the angular velocity of the wheel was defined and the wheel was left to accelerate linearly as a result 
of the generated traction. Subsequently, various longitudinal velocities were defined simultaneously
with the angular velocity of 10rad/s, thus creating different slip conditions. Cases with 2%, 8%, 13%, 
15% and 20% were considered and the results are presented in the next section. Additionally,
longitudinal and lateral grooves corresponding to different void ratios were introduced to the wheel.
The FEM model for the rigid wheel with 30% lateral void ratio and 2% slip is illustrated in Fig.3.

Fig.2. Soil Plastic deformation under a Rigid wheel with purely
longitudinal grooves and 30% void ratio (cut section)

Fig.3. Lateral grooves with 30% void ratio and 2% slip (cut section)
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ABAQUS SIMULATION RESULTS
The post-processor of ABAQUS® (v6.13) was used for the analysis of the results. The plate-based 
tests were used not only for the assessment of void ratio, but also to conduct virtual bevameter tests 
that were used for the population of the pressure-sinkage model parameters as discussed later in the 
description of the analytical 
model. In the context of the flat 
plate, the nominal normal and 
shear stresses developed were 
obtained by integrating the 
stresses along the nodes of the 
plate contact surface and then 
dividing with the nominal surface 
area. To gain confidence in the 
simulation – particularly with 
regards to the behaviour of the 
soil – a starting model whereby
the soil was considered to have 
purely elastic behaviour was 
initially considered. A normal 
load of 4000N was applied and 
the vertical penetration of the 
plate into the soil was measured. The results were validated with the analytical equation (1) which
describes the equivalent static stiffness for a rectangular rigid foundation [12], where G is the shear 

modulus, = , where 2B is the width of the smallest side of the foundation, v is the Poisson

ratio and Jv is a correction factor that depends solely on plate dimensions.= (1)

The error between the analytical solution from equation (1) and the FEM model using the Explicit 
solver was less than 7%, thus the solution was considered accurate. Furthermore, the convergence of 
the solution can be seen in Fig.4. The relationship between sinkage and nominal pressure for a 
number of equilibrium positions 
of a treadles rigid plate are
presented in Fig.5. The predicted 
pressure-sinkage relationship 
shows the expected non-linear 
behaviour which is characteristic 
of a number of soils and provides 
additional assurance that the non-
linear deformation response of 
the soil has been successfully
captured in ABAQUS®. After 
each of the equilibrium points in 
Fig. 5 has been achieved, the 
plate is subjected to a
longitudinal translation of 10 mm. 
The resulting shear stress-shear 
displacement relationship for 

Fig.4. Converged solution for vertical sinkage

Fig.5. Pressure vs vertical displacement (sinkage)
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different normal pressures is presented 
in Fig.6. The results are typical of a
homogeneous soil which converges to 
the maximum shear stress 
exponentially without exhibiting a 
distinct peak and can be described by 
the semi-empirical equation of Janosi-
Hanamoto [4]. Additionally, it was
observed that there was no significant 
increase in the observed maximum 
shear stress for normal pressure above
312kPa. This is a result of using the 
Drucker Prager cap model as opposed 
to the simpler Mohr Coulomb model. 
The former is able to predict the drop 
in shear strength which is mainly
responsible for the saturation of 
maximum shear stress.
With regards to the effect of void ratio, 
plates with purely longitudinal and 
purely lateral tread patterns with void 
ratios of 30%, 40% and 50% were
studied. For the given soil, optimum 
performance (higher shear) was 
achieved for both tread patterns at a
void ratio of 30%. In terms of groove 
direction, Fig.7 presents a comparison 
of shear stresses for a plate with purely
lateral and a one with purely
longitudinal grooves for the same void 
ratio of 30%. The graph reveals the 
ability of lateral grooves to produce 
higher shear stresses. This is not a 
universal trend and depends on the 
relationship between friction and shear 
strength of the soil. In particular, lateral 
grooves operate mainly in a shearing 
mode, whereas with longitudinal 
grooves traction depends on the 
weakest between shear strength and 
friction. On soils with high friction and 
low shear resistance longitudinal 
grooves are expected to perform better 
than lateral ones and vice versa.  
In the case of the rigid wheel, studies 
were carried out with purely 
longitudinal and purely lateral grooves 240

245

250
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260

265

270

275

1

30% Lateral

40% Lateral

30% Longitudinal

40% Longitudinal

Fig.6. Shear stress-shear displacement for a rigid plate 

Fig.7. Shear stress for rigid plate with 30% void ratio

Fig.8. Moment [Nm] for the rigid wheel with 2% slip and longitudinal 
or lateral grooves
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with 30% and 40% void ratios. In 
accordance with the plate, the highest 
shear stress on the wheel was 
achieved at 30% void ratio in both 
cases. In Fig.8 the generated moment
[ m] on rigid wheels with different 
tread patterns and void ratios is 
presented. Lateral grooves develop 
significantly higher moment than 
longitudinal grooves, confirming the 
dominance of the shear strength of the 
soil over friction. The wheel with 30% 
void ratio generates slightly higher 
moment in both lateral and 
longitudinal groove geometries. The 

case with the highest moment was 
selected as a basis for the study of 
build-up of tractive moment with slip 
ratio and the corresponding results are 
shown in Fig.9.

ANALYTICAL PLATE AND RIGID WHEEL MODELS
Pressure sinkage and shear stress-shear displacement relationships constitute the cornerstones of most 
analytical tyre-soil interaction models. Bekker’s relationship [3] is a widely used pressure-sinkage 
equation which however, exhibits certain limitations. Some of these limitations are related to the 
assumption of Bekker’s model of a constant pressure distribution along the contact patch.
Additionally, Bekker’s model uses non invariant soil parameters, which must be measured in situ and 
are only representative of the specific soil conditions during measurements. As a result, during the 
past decades, many researchers [9][13][14] developed and proposed relationships to address the 
aforementioned shortcomings. To overcome non-invariant soil parameter limitations, Lyasko [9]
developed an analytical model (equations (2)-(4)), which employs a number of invariant soil
parameters. p = (2)

where: D = arctan ( )
(3)D = arctan (4)

In equations (2)-(4) p is the normal pressure, z is the sinkage, B is the plate width, H the hardpan 
depth, E is Young’s modulus and the remaining parameters depend on soil invariant parameters as 
described in [9]. Regarding the shear stress-shear displacement relationship, it is clear from Fig.6 that 
the soil material which has been used in the FEM models agrees well with the behaviour proposed by 
the Janosi-Hanamoto equation (5). s s = 1 e (5)

Fig.9. Developed moment for the rigid wheel with purely lateral 
grooves and 30% void ratio
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In equation (5), s is the shear stress, j 
is the shear displacement, k is an 
experimentally identified constant and 
smax is the maximum shear stress 
which a material can sustain before it 
fails and is described by the Mohr-
Coulomb failure criterion so that: s = + (6)

where is soil cohesion and is the 
soil friction angle [15].

A basic assumption for the analytical 
models of the plate and wheel is that 
the tread is fully submerged into the soil so that the tread voids are completely filled with soil. For the 
plate, the primary input is the sinkage, which in turn produces the normal pressure and from that the 
maximum shear strength of the soil via the Mohr-Coulomb criterion. The lug height for the plate was 
set equal to 2mm and different void ratios were implemented combined with purely longitudinal or 
purely lateral grooves. To simulate the effect of void ratio, different normal pressures were calculated 
from eq. (2), for the outer lug surface and the depth of the grooves, respectively. In addition, for 
longitudinal slip scenarios and longitudinal grooves only, the shear stress was assumed to be the 
minimum between the local shear stress and local friction. In the case of lateral grooves, the soil was 
assumed to be fully trapped in the grooves, thus operating in shear only, whereas at the outer lug 
surface the minimum between local shear stress and friction was considered.
The rigid wheel was modelled with a radius of r=0.34 m and combinations of various void ratios with 
purely longitudinal or purely lateral grooves. In terms of sinkage, an entry angle of = 10 was
assumed for the wheel, so that the maximum sinkage was equal to = ( ). A
schematic representation of the rigid wheel with important dimensions is presented in Fig.10. The 
tread depth for the lugs was set equal to 2 mm. Using equation (2) different local pressures were 
calculated as a function of local sinkage which varies depending on the angular position, , and on 
whether a tread point lies on the surface of the lugs or the depth of a groove. Differentiation between 
lateral and longitudinal grooves was based on the same logic as with the plate, explained above. The 
shear displacement,  j , of the soil as a function of the angular position along the contact is defined as 
proposed by Wong in [15]: j = r[( ) (1 i)(sin sin )] (7)

Where i is the slip ratio and is the contact angle. Integration of the radial (normal) and shear stresses 
along the contact provides the resultant forces at the contact. In turn, projection of these forces in the 
relevant directions leads to the generation of the normal load reaction, tractive effort and rolling 
resistance. As an example, the drawbar pull (difference between tractive effort and rolling resistance) 
can be calculated as:

= [ ( ) ( ) (8)

where b is the contact patch width, equal to 0.16 m.

Fig.10. Schematic representation of the analytical rigid wheel
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ANALYTICAL MODEL RESULTS
The Mohr Coulomb model parameters for the analytical models were taken from [15] for a lean clay 
soil as = 68.95 kPa and = 20 . In an effort to achieve some equivalence between ABAQUS®
and analytical calculations, the Lyasko pressure-sinkage model parameters were identified from a 
virtual bevameter test in ABAQUS®. For the identification, a non-linear least squares method was 
implemented and the ABAQUS® versus optimised Lyasko pressure-sinkage curves are shown in Fig. 
11. The shear stress developed for a treadles rigid plate for 1 mm increments of sinkage and friction
coefficient equal to 1 is presented in Fig.12. The results are qualitatively and quantitatively similar to 
those obtained from ABAQUS®, shown in figure 6. For example, the ABAQUS® curve 
corresponding to a pressure of 390 kPa corresponds to a sinkage of 4.5 mm. In this case the maximum 
shear stress was found to be around 130 kPa whereas the maximum shear stress from figure 12 at a 
similar sinkage, is approximately 155 kPa. The soil behaviour does not exhibit a hump of maximum 
shear stress as a result of using the Janosi-Hanamoto equation. Results for a treaded plate with 
different void ratios in combination with purely lateral and purely longitudinal grooves and a 
coefficient of friction equal to 0.4 are presented in Fig.13. All cases refer to a sinkage of 4.5 mm as 
measured from the surface of the lugs. The coefficient of friction is such that, at relatively low shear 
displacements, shear stress due to soil 
deformation exceeds that generated by 
friction, so that only the soil trapped 
within lateral grooves can exploit soil 
shear stress, while in all other cases 
the weaker frictional stress dominates. 
This has resulted in plates with lateral 
grooves developing higher shear 
stresses than those with a longitudinal 
tread pattern, due to trapping of the 
soil. Because of the mechanism of 
stress generation it is expected that 
lateral grooves benefit from a larger 
void ratio, as this helps with trapping 
additional soil. This is confirmed in 
Fig. 13, however caution is required 
with interpretation of the results. It
could be argued that when the void 
increases excessively, the empty area 
reverts back to a slick tread and the 
definition of void ratio becomes 
ambiguous. From a stress perspective, 
as the horizontal distance from the lug 
within the void increases, the soil 
operates progressively less in shear 
and more in friction. In this respect, to 
really benefit from a large void ratio, a 
tyre would have to incorporate lugs 
that resemble very thin blades. Since 
the weak friction prevails in this case, 

Fig.12. Shear stress developed for a treadles rigid plate 

Fig.11. Fitting of pressure-sinkage response of soil
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longitudinal grooves operate purely in friction and because a set sinkage of 4.5 mm is used, the model 
predicts an improvement with reducing the void ratio (see Fig. 13). This is because with less void, 
more of the tread operates at greater sinkage and therefore greater normal pressure and greater friction.

The rigid wheel was simulated for a traction slip sweep at 10o entry angle (see Fig. 10) and a 
coefficient of friction equal to 0.4. The corresponding traction curves are shown in Fig. 14. As 
expected, similar trends are observed here with regards to the superiority of lateral grooves and the 
role of void ratio, with 40% void giving better results for the laterally grooved tread and 30% void 
ratio giving better performance for the longitudinally grooved tread. Interestingly, for the lateral 
groove case, the FE model was predicted to generate a greater moment – and therefore force – at 30% 
void ratio, instead of 40%. This is thought to be due to the higher friction coefficient in FE (0.6) and 
the fact that the FE tread is not fully immersed in the soil and operates at different entry angles.  

CONCLUSIONS
An initial study of the role of tread shape and void ratio on the tractive performance of tyres on soft 
soils has been presented. Both FE and analytical models have been implemented, with the aim of 
developing a high fidelity simulation of traction, as well as a computationally efficient calculation that 
could be further developed for use in full vehicle simulations. While the differences between 
longitudinal and lateral tread grooving are implicit in the FE model, a method for representing them 
analytically has been described.
Both the FE and analytical models demonstrate similar behaviour, capturing the effect of groove type 
and void ratio. It is found that the optimum groove direction and void ratio depends strongly on the 
relative magnitude of friction and soil shear strength.
It is worth noting that longitudinal grooves operate in lateral mode during cornering, so that a 
definitive answer with regards to the optimum tread pattern requires consideration of lateral slip as 
well. This and the addition of the bulldozing effect in the analytical model are areas that require 
further investigation. Finally, the analytical model would benefit from a formulation that allows 
consideration of friction and shearing along the vertical surface of the grooves, which is currently 
neglected by the vast majority of analytical models.
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Fig.13. Shear stress developed on a rigid plate for 
various tread patterns and void ratios

Fig.14. Tractive force developed by a rigid wheel
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Jaguar Land Rover’s future strategy is to develop vehicles as much as possible through CAE. At 
present CAE only allows designing cars up to a certain point, and then vast amounts of resources, time 
and money are invested in testing all the components of the vehicle.  

Out of the many different components or parts on the vehicle, the tyres are among the most difficult to 
model. Hence multi body system (MBS) simulation results often differ significantly from real-world 
results. 

As tyre models for handling simulations are largely based on empirical data, in order to build a tyre 
model we need to test a physical tyre first. Currently Jaguar Land Rover builds all its tyre handling 
models from data captured on a tyre test rig also known as a rolling road or flat track. The drawback of 
this method is that the surface tested on is sandpaper and hence the grip and other parameters of the 
tyre model will be representative of sandpaper. This is the closest practical material to use as a 
surrogate for real world road surfaces. But a surrogate it is, and the behaviour of a tyre on sand paper 
is not quite the same as on real road surfaces. 

So once the tyre model has been created from data collected by testing on sand paper, it has to be 
correlated to real world data by looking at the differences in results from a simulated test manoeuvres 
and results from same manoeuvres from a real car driven on a real surface. However in this approach 
errors of the individual MBS models used (suspension, weights…) could accidentally be carried over 
into the tyre model parameterisation. 

Jaguar Land Rover’s solution to the dilemma of how to make its tyre models more representative, has 
been to start collecting tyre data on a vehicle. Not only will this improve the quality of its tyre 
handling models but it will also allow data to be gathered on different real surfaces in addition to dry 
tarmac, such as wet tarmac, snow, ice and possibly even off-road ones. In addition it will give 
improved flexibility of where and when to test. 

The presentation will focus on the challenges of testing tyres on real surfaces and acquiring the data 
needed to be able to compile tyre models. It will go into some detail on the methods used, the 
solutions to some of the issues found, and the processes and experiences gained with Jaguar Land 
Rover’s VBT2 (Vehicle Based Tyre Testing) process. 
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The testing of the ESC (Electronic Stability Control) on snow and ice is restricted to winter 
time and special proving ground locations. Due to this fact, tyre models for snow and ice 
are always under investigation at the Vehicle Dynamics team of the Ford Motor Company. 
This could help to test the ESC in simulation more independent from the winter season.          
 
To achieve this goal, different tyres were measured with a tyre test trailer on a frozen lake 
in Sweden. From these measurements, Pacejka coefficients for the tyres were identified. 
Then, full vehicle measurements were done at the same location to validate the identified 
parameters and to review the quality of the tyre model in full vehicle simulations.  

 
 

1 INTRODUCTION  
 
Compared to measurements on dry asphalt, vehicle measurements on snow and ice are only possible 
when there are wintry conditions. The rest of the year, the test engineer has to resort to simulations 
when he wants to analyse the vehicle’s behaviour on snow and ice.  
 
Another aspect that should not be neglected is that the measurement results on snow and ice do not 
have a good reproducibility. The effort of getting equal conditions is very high (e.g. measurements 
only at night, limited to stable temperature and therefore restricted in time). The test track must be 
prepared again after few measurements. This is different compared to measurements on dry asphalt.  
 
On the other hand, the winter condition is the most challenging ones for active safety systems. So 
testing is seen as important also for these conditions. Here the ESC (Electronic Stability Control) 
represents a fundamental safety system. It can selectively brake single wheels and can influence the 
motor torque moment, trying to prevent the car from skidding. So, ESC test manoeuvres like the ‘Sine 
with Dwell’ manoeuvre will be in the focus of the paper. 
 
To solve both issues, namely the limited possibility to test on snow and the necessity to check safety 
systems under these conditions, tyre models for snow and ice surfaces can be used in simulation. The 
control systems like the ESC are mostly delivered as a simulation model by the supplier. Full vehicle 
simulation environments combine then both the tyre model and the safety systems with a vehicle 
model and a testing environment.    
 
The steps to achieve this are as following: First come the measurements of the tyres at component 
level. This was done with the tyre test trailer of TASS, Eindhoven, Netherlands, on a winter proving 
ground in Sweden. Then the measurements were analysed. This comprises the identification of the 
parameters for the Pacejka equations [1]. In a next step, the tyres are mounted on a vehicle to do full 
vehicle measurements. Predefined manoeuvres are driven. These are also analysed. This corresponds 
to measurements at the system level.   
 
Last step is the re-run of the full-vehicle measurements in simulation. Up to now, high friction 
parameters from the Flat-Trac® tyre test rig were used thereby. To adapt them to snow or ice, they are 
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scaled either only in the peak force or in the complete force characteristic. With the latter method, the 
tyre forces are multiplied with a friction factor between 0.1 and 0.4. In simulation programs, this factor 
is often indicated with the Greek letter μ. The idea is to replace this scaling approach with the above 
identified ‘snow and ice’ tyre. Both the up-to-now used scaling approach and the identified ‘snow and 
ice’ tyre are simulated.  
 
The goal of the investigations is to compare both approaches and to identify which one shows a better 
correlation to reality. The outcome should be also a statement whether simulations with the ‘snow or 
ice’ tyre are sufficient for pre-evaluation before going to real-world tests on winter proving grounds.  
 

2 IDENTIFICATION OF TYRE PARAMETERS FOR SNOW AND ICE  
 

2.1 The measurement procedure 
 
Three premium brand tyres were measured: a winter tyre and an all-season tyre, both for small family 
cars like the Ford Focus, and a winter tyre for commercial vans as the Ford Transit. All measurements 
were done with the tyre test trailer of TASS (Figure 1). 
 

 
Figure 1: The tyre test trailer of TASS 

 
Hereby, the measured wheel is mounted in the centre of the trailer. Then, it is possible to set defined 
side slip and inclination angles and wheel loads. It is also possible to brake the wheel, thereby 
generating longitudinal slips. All relevant signals are recorded, including angles, velocity, forces and 
moments.  
 
In Sweden, the measurements were done on three surfaces: polished ice, scraped ice and medium hard 
pack snow (Figure 2). The cornering measurements were done by slowly changing the side slip angle 
at constant velocity. The longitudinal ones were done by braking the wheel several times to standstill. 
 
 

(a) polished ice                             (b) scraped ice                   (c) medium hard pack snow 
 

Figure 2: Surfaces on Revi Proving Ground, Sweden 
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2.2 Identification of the parameters 
 
The identification conforms to existing standard procedures as described in [2]. However special 
properties of the curves were considered. For example, there is no distinct peak on snow and scraped 
ice for the lateral force characteristic. So the maximum value is equal the asymptotic value. From this 
constraint follows a form factor C of 1 for these surface conditions [1].  
 
There are also some special issues when measuring on snow and ice, which makes it difficult to resort 
to existing commercial tools for tyre parameter identification. The braking, for example, has to be 
repeated several times. And there exists a not significant variance between the brake events. To deal 
with this, statistical methods also had to be applied. All identified parameter sets are validated by 
comparing them to the measured force and moment characteristics.  
 

2.3 Comparison between the tyre characteristics 
 
After identification, the tyre parameters are available in Pacejka 94 format and MF-Tyre format. 
Therefore, it is now possible to compare the three tyres with respect to their properties and to the 
driven surface. Figure 3 shows the braking force over longitudinal slip for scraped ice.  
 

 
 

Figure 3: Longitudinal force – comparison of the measured tyres on scraped ice 
 
The commercial winter tyre is designed for heavier vehicles. So here the picture at the right side 
should be used for comparison, because here the commercial tyre is in its operational area (wheel load 
7650 N). The passenger all-season tyre does not reach the same grip level on scraped ice as the winter 
tyre. The reason is that this tyre is a compromise between good summer and winter characteristics.  
 
Figure 4 shows the lateral force over side slip angle, for scraped ice, too. There is not much difference 
in the lateral behaviour. So this is a hint, that the tyres will also react in a similar way when only 
lateral forces apply to the vehicle.  
 
 

 
 

Figure 4: Lateral force – comparison of the measured tyres on scraped ice 
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3 SIMULATION RESULTS AT VEHICLE LEVEL  

 

3.1 The measurement procedure 
 
In one of the following winter seasons, a similar exercise was done at full vehicle level. For that, 
different tyres were mounted on a Ford Focus Estate. The tyres were Nordic and European winter 
tyres, American and European all-season tyres and also studded tyres. The vehicle itself was equipped 
with the standard equipment for proving grounds measurements. Mainly, it records vehicle 
longitudinal and lateral velocities with an optical sensor, yaw rate and lateral acceleration with a 
gyroscope, position and heading with a GPS (Global Positioning System) sensor. Additional brake 
sensors allow the analysis of the ESC reaction. 
 
The driven manoeuvres are based on the ESC evaluation on high friction. This comprises, amongst 
others, a slowly increasing steer test and the Sine with Dwell test ( [3],[4]). In the steer test, the vehicle 
is driven with constant velocity. E.g. at high friction, the velocity is 80 km/h. Then the driver steers in 
with a fixed steering rate. As the rate is very slow, the manoeuvre delivers the steady-state behaviour.  
 
Also it delivers the base steering angle for the following dynamic manoeuvre, the Sine with Dwell. At 
this test, the gas pedal is released such that the vehicle decelerates. At a certain velocity, a sine steer is 
driven. At the peak of the second sine, the steering wheel is held constant for a defined time, thereby 
triggering a dynamic reaction of the vehicle. For low friction, these manoeuvres have to be adapted. 
This is mainly done in using a lower velocity and another definition of the base steering angle.  
 

3.2 Simulation of the measurements  
 
The simulation environment comprises a vehicle model with the Ford Focus parameters, the same 
ESC algorithm as in the vehicle and a Pacejka 94 tyre model. Up to now, for simulation on snow and 
ice, tyre parameters from the high friction test rig were used. To adapt them to the wintry conditions, 
two methods can be applied.  
 
The first one is to scale only the maximum peak, but leave the stiffness factor equal (Figure 5, green 
line). The second method is to scale both the maximum peak and the stiffness factor (red line). The 
methods are done both for the lateral and the longitudinal force.  
 

 
 

Figure 5: Scaling methods 
 
Using the first method, the simulation results for the linear steady state behaviour matches the 
measurements results. The second method of scaling the lateral force in the complete range did not 
match the measurements. So the first approach was also used for the simulation of the dynamic 
manoeuvre, i.e. the Sine with Dwell.  
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Figure 6 shows the vehicle reaction to the Sine with Dwell. The blue line represents the measurements. 
The steering wheel signal is used as direct input for the simulation. Important signals for the 
evaluation are the accelerations in longitudinal and lateral direction and the yaw rate. The lateral 
velocity is also plotted. The simulation results with the scaled high μ parameters are plotted in green 
colour. The simulation results with the ‘scraped ice tyre’ based on the TASS measurements are in red.   

 
Figure 6: Vehicle reaction to a Sine with Dwell manoeuvre 

 
Figure 7 shows the ESC reaction. On the left side, a possible motor intervention is recorded. The other 
four plots deliver the measured and simulated brake pressures and the wheel velocities. 
 

 
Figure 7: ESC reaction to a Sine with Dwell manoeuvre 
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4 OUTCOME AND IDEA OF A GENERIC SNOW AND ICE TYRE  
 
The outcome is that the simulation with the scaled high friction parameters did not match the reality. It 
therefore cannot be used for a simulation of the ESC intervention during wintry conditions. On the 
other hand, the ‘snow and ice’ tyre delivers adequate results. Thus, it shows an improvement against 
the approach of using scaled high friction tyres. It can also serve as a method for pre-evaluation of 
stability systems before going to real-world tests on winter proving grounds.  
 
In measured ESC manoeuvres with different mounted tyres, it turned out that the overall behaviour 
between the mounted tyres is not so different. The only exception is the studded tyre. The reason is 
following. For the lateral behaviour that is important for the ESC reaction here, the difference between 
the tyres is not so significant as for the longitudinal behaviour. 
 
Based on the results, the idea came about of introducing a generic ‘snow and ice’ tyre. As there are 
tyre measurements available for three different surfaces and three different tyre types, the engineer can 
resort to nine parameter sets of tyres. The chosen generic parameter set can then be scaled in a defined 
region (e.g. ±20%) to cover different environmental properties like the temperature and to cover the 
differences between tyre brands. Simulations that cover the defined region help to give a robust pre-
appraisal of the quality of the ESC algorithm. 
 

5 SUMMARY AND OUTLOOK   
 
The paper starts with the identification of ‘snow and ice’ tyre parameters for a Pacejka 94 
implementation. This is based on measurements with the TASS tyre test trailer done in Sweden on a 
frozen lake. Later, at the same location, full vehicle measurements were driven. They were used for 
validation of the identified parameter sets. Among the investigated approaches of simulating winter 
conditions, this ‘snow and ice’ tyre showed the most adequate results. Then the idea was discussed to 
use these parameters as generic parameters for winter conditions, whereby a scaling in a certain range 
reflects the different surface friction and the different tyre properties.  
 
Open points are repeating the full vehicle measurements with other tyres, amongst them also summer 
tyres, and with other vehicles. This shall prove the robustness of the approach. Also the polished ice 
surface shall be tried out for full vehicle measurements. Additional manoeuvres as start and stop at 
slow velocities will complete the winter manoeuvre catalogue.  
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ABSTRACT 

As customer expectations and regulatory requirements both increase with respect to safety, comfort 
and handling, the demands on the chassis development process are expanding and intensifying 
correspondingly. Since the tyre is a critical component in any attempt to quantify, simulate or tune 
vehicle dynamics, this trend means that more and more tyres need to be modelled and that the specific 
demands on each tyre model are greater than ever before. 

A common theme in recent engineering literature is the increasing prevalence of sensors and the 
associated increase in available IN data. While fully utilising this abundance of data represents a 
significant challenge, the advantages that can be realised have been proven in many applications. 
However, a less widely discussed aspect of this data revolution is the availability and employment of 
historical data – both in on-board systems and development processes. This is changing as OEMs seek 
to simultaneously expand their market reach and reduce development time, and also as learning 
algorithms and model-based controllers enter production vehicles. 

Within the framework of chassis development, tyres are notoriously difficult to model accurately and 
completely. The main reason for this difficulty is the physical construction of a modern tyre as a fairly 
complex composite of metals, plastics and rubber compounds. Only the tyre manufacturers themselves 
have enough information about a tyre’s construction to generate a state-of-the-art finite element model 
using standard methods. As a result, various parametric simplified tyre models have been developed, 
targeting different simulation requirements in the chassis development process. 

Whether physically based or purely empirical, the parameters for these standardised tyre models need 
to be defined using measurement data. Obtaining that measurement data is not only an expensive and 
time-consuming process, but requires a set of fully designed and manufactured tyres to be tested. This 
has the obvious effect of limiting the extent to which the intended tyre or tyres can be developed in 
parallel with the vehicle. Furthermore, the accuracy of simulations in the early stages of chassis 
development is severely constrained. 

This paper will present the current state of development and validation of a methodology and software 
tool for estimating tyre characteristics based on an integrated application of physical and data-sourced 
modelling. This methodology is supported by the existence of large quantities of historical data from a 
wide range of tyres that have already been tested and modelled, and applies advanced data mining 
techniques to extract as much information from that data as possible. While new, detailed 
measurements for the parameterization of accurate tyre models will remain critical to the late-stage 
development of modern, highly tuned vehicles, it is possible to significantly improve the application of 
tyre modelling to the advanced development stages by generating reliable estimated tyre models 
before specific measurement data is available. 

The methodology being developed enables both the examination of expected tyre characteristics and 
the generation of an estimated parameter set for a standardised (physical) tyre model for tyres that are 
not available for direct testing. These capabilities can be used to increase the combinations of wheels 
and tires considered during development and to achieve advanced simulation results earlier in the 
development process. The ability to better extrapolate the behaviour of similar tyres can also help to 
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alleviate some of the added difficulties in developing a suspension system with different tyres on the 
front and rear axles. 

Another benefit of this approach is the support provided to chassis engineers when confronted with 
tyre design parameters and their effects on different suspension designs. An important challenge to the 
application of tyre models to chassis and vehicle simulation is that chassis engineers are not 
necessarily tyre experts. The tool being developed will help chassis engineers to conduct more realistic 
parameter studies, and potentially even to work backward from vehicle dynamics goals to tyre 
requirements, improving communication between vehicle and tyre manufacturers. 
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Designers and technicians involved in vehicle dynamics face during their daily activities 
with the need of reliable data regarding tyres and their physical behaviour. The solution is 
often provided by bench characterizations, rarely able to test tyres in real working 
conditions as concerns road surface and the consequential thermal and frictional 
phenomena. The aim of the developed procedure is the determination of the tyre/road 
interaction curves basing on the data acquired during experimental sessions performed 
employing the whole vehicle as a sort of moving lab, taking into account effects commonly 
neglected. 

INTRODUCTION 
The target of the research activity described in the paper, fixed in collaboration with a 

motorsport racing team, with a sport vehicles manufacturer and with a tyre research and development 
technical centre, is the development of a procedure able to estimate tyre interaction characteristics, 
reproducing them in simulation environments taking into account the fundamental friction and thermal 
phenomena concerning with tyre/road interaction [1][2].  

A first tool, called TRICK [3], has been developed with the aim to process data acquired from 
experimental test sessions, estimating tyre interaction forces and slip indices. Once characterized the 
vehicle, filtering and sensors output correction techniques have been employed on the available data, 
creating a robust procedure able to generate as an output a "virtual telemetry" and, following a 
specifically defined track driving routine, to provide tyre interaction experimental curves with the 
further benefit to reproduce the real interactions with road and the phenomena involved with it, 
commonly neglected in bench data [4]. 

Among such phenomena, one of the most important is surely the effect that temperature 
induces on tyre performances, especially in racing applications [5]. For this reason a specific model, 
called TRT [6], has been realised and characterized by means of proper thermodynamic test [7], 
becoming a fundamental instrument for the simulation of a tyre behaviour as close to reality as 
possible. One of the most useful features provided by the model is the prediction of the so called "bulk 
temperature", recognized as directly linked with the tyre frictional performances [8]. 

With the aim to analyze and understand the complex phenomena concerning with local contact 
between viscoelastic materials and rough surfaces [9], GrETA grip model has been developed [10]. 
The main advantage the employment of the grip model represents is the possibility to predict the 
variations induced by different tread compounds or ground textures on vehicle dynamics, leading to 
the definition of a setup able to optimize performances as a function of the tyre working conditions. 

The described models and procedures can cooperate, generating a many-sided and powerful 
instrument of analysis and simulation. 

1. TRICK (TYRE/ROAD INTERACTION CHARACTERIZATION AND
KNOWLEDGE)

Complete and detailed studies of tyres in a wide range of working conditions are commonly 
carried out by means of complex, bulky and expensive test benches [11]; the proposed procedure 
allows to employ the vehicle as a moving lab, easily applying experimental and processing techniques. 
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TRICK tool basically comprises of an 8 DOF quadricycle vehicle model, able o take into 
account roll and aerodynamics effects, which processes experimental signals acquired from vehicle 
CAN bus and from devices estimating sideslip angle, represented by additional devices (Datron [12], 
GPS [13] or virtual sensors [14]), providing force and slip estimations useful to generate experimental 
tyre interaction curves (Fig. 11). 

Data useful to identify tyre interactions are acquired during dedicated track test sessions and 
processed in order to filter the acquired signals and correct the errors due to sensors noise and 
misalignment; the aim of a specifically developed test routine is to investigate tyre behaviour in the 
widest possible range of working conditions. In particular, it is important to focus on manoeuvres 
which highlight the different tyre/road pure interactions and, regarding combined interactions, 
performing laps that keep tyre at high exertion levels. 

The procedure has been validated by comparing the results to the measurements of the 
interaction forces made using dynamometric wheel instrumentation (Fig. 2), showing good agreement, 
in particular as concerns the evaluation of the steady state dynamic effects. 

Fig. 1 - Tyre experimental interaction characteristics obtained by means of TRICK tool  
for a rear wheel drive sport vehicle.  

The colour of the markers varies from blue to red at increasing vertical load values. 

Fig. 2 - Comparisons, for front (left) and rear (right) tyres, between forces estimated by TRICK 
 and dynamometric wheels measurements employed for validations. 

1 In the paper, for industrial confidentiality agreements, plots, diagrams and data will be provided as normalized. 
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2. TRT (THERMO RACING TYRE)
TRT is a physical tyre thermal model, developed in collaboration between the Department of 

Industrial Engineering of the University of Naples Federico II and a top ranking motorsport team, 
which takes into account all the heat flows and the generative terms occurring in a tyre. The cooling to 
the track and to external air and the heat flows inside the system are modelled. Regarding the 
generative terms, in addition to the friction energy developed in the contact patch, the strain energy 
loss (SEL) is evaluated [15].  

The model inputs come out from telemetry data, while its thermodynamic parameters come 
either from literature or from dedicated experimental tests [7]. Specific test aimed to characterize 
contact patch under variable load and camber conditions are carried out [16] 

The model gives in output the temperature circumferential distribution in the different tyre 
layers (surface, bulk, inner liner), as well as all the heat flows, allowing to carry out thermal analysis 
in transient conditions involving tyre temperature effects on vehicle dynamics. Born as a thermal tyre 
model for racing vehicles, in addition to predict the temperature with a high degree of accuracy, TRT 
is able to simulate the high-frequency dynamics characterizing this kind of systems, estimating the 
temperature distribution even of the deepest tyre layers, usually not easily measurable on-line. 

3. GRETA (GRIP ESTIMATION FOR TYRE ANALYSES)
GrETA is a tyre/road friction physical model, developed to respond to the needs of motorsport 

racing teams and tyre manufacturing companies, able to provide an effective calculation of the power 
dissipated for hysteresis by road asperities indented in tyre tread and taking into account the 
phenomena involved with adhesive friction, expressed by means of an original formulation whose 
parameters are identified thanks to dedicated experimental tests [17]. 

 Asphalt is modelled as the sum of sinusoidal waves distributed in the space characterizing the 
different roughness scales, tread elementary volume has been defined as a square-based parallelepiped. 
Its height is equal to tyre tread thickness and the base side to road macro-roughness wavelength 
MACRO (Fig. 3a).  

 Wavelengths  and roughness indices Ra [18] characterizing soil profile have been estimated 
by means of proper algorithms employed to analyze data acquired experimentally by laser scan on 
different dry tracks and to reproduce the best-fitting sinusoidal waves corresponding to macro and 
micro profiles.  

 Experimental tests have been carried out on tyre rubber compounds with the aim to acquire 
data useful to properly model the behaviour of SBR copolymers constituting tread: rubber specimens, 
properly cut and prepared, have been dynamically tested following DMA procedures [19] in a three 
point bending proof, in order to acquire storage modulus E' and tan( ) data (Fig. 3a). Test has been 
carried out at fixed frequency and displacement (1Hz, 1%), making temperature increase at 1°C per 
minute from -50°C up to 100°C. 

When both the frequency and the temperature vary, it is possible to make use of the property 
whereby an appropriate shift operation is capable of combining the effect of them: the main element 
on which the temperature - frequency equivalence principle is based is that the components of the 
stiffness dynamic modulus at any reference frequency and temperature (f1, T1) are identical to the 
ones observable at any other frequency f2 at a properly shifted value of temperature (T1): 

( ) ( )1 1 2 1, ,E f T E f Tα= (1) 

The most widely relationship used to describe the equivalence principle is the Williams-Landel-Ferry 
(WLF) transform [20]. For tyre rubber it can be employed in a simplified way in order to determine 
the unknown equivalent temperature T*= (T1): 

*
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4.1. TRICK & TRT 
TRICK and TRT have been successfully employed together, constituting an instrument able to 

provide tyre thermal analysis, useful to identify the range of temperature in which grip performances 
are maximized, allowing to define optimal tyres and vehicle setup. Results reported in the following 
are referred to a GT sports car. 

The test procedures adopted to characterize tyres, obtaining data useful to initialize properly 
the models, can be schematically divided in two main subcategories: destructive, that imply the 
removal of specimens or the final degradation of tyres and non-destructive, performed on the whole 
tyre, that can be still employed after them; to the first one belong: 

• DMA viscoelastic characterization
DMA has been described in paragraph 3. 
Tests carried out on GT sports car have highlighted interesting aspects, in particular 
comparing results with the ones obtained with common passenger tyres. Figure 5a shows that, 
as expected, sport tyres are characterized by lower storage modulus values in their optimal 
thermal working range (35 °C and over), that mean higher attitude to adhesion and to adapt to 
road asperities, optimising contact area, at the price of a lower wear resistance; passenger tyres 
are more stable and able to offer good adhesion levels also at very low temperatures, being 
adapt to the widest possible range of working conditions. Figure 5b reports in a clear plot the 
plausible reason of the so called "feeling the grip" phenomenon; GT tyres, differently from 
passenger ones, are characterized by a well distinct relative maximum at about 42 °C and by 
higher values of tan( ) at the usual employment temperatures.  
Remembering that DMA test has been carried out at 1Hz frequency, definitely different from 
common tread stress frequencies, a quick calculation, hypothesizing an average road macro-
roughness wavelength equal to 0.01 m and an average sliding speed of 5m/s, allows to 
estimate the real tyre temperature at which the tan( ) maximum can be experienced by the 
driver. Re-applying equation 2, considering f1 as equal to 1 and f2 as the ratio between the 
sliding speed Vs and road macro-asperities wavelength , it is possible to obtain: 

8 (log ( / )) 8 (log (5 / 0.01)) 21.610 10T Vs CλΔ = = ≈ ° (3) 

that, added to the starting 42 °C, gives a temperature of 63.6 °C, in accordance with the 
experimental value shown in the further analyses presented in the following (Fig. 8). 

Fig. 5a - A comparison of storage modulus (E') between a common passenger tyre and a GT sport one. 
Fig. 5b - A comparison of tan( ) between a common passenger tyre and a GT sport one. 

• track thermal tests
Thermal test session has been carried out following a specific procedure, developed with the 
aim to collect tyre data at different thermal conditions. In order to acquire tyre temperature, 
vehicle has been equipped with infrared sensors installed in the wheelhouses and pointing on 
tread surface, whose signals have been acquired by Dewesoft hardware. Each tyre tread has 
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Fig. 8 - Front (top) and rear (bottom) grip as a function of tyre bulk temperature estimated by means of TRT.  
Bell shape symmetrical envelope curves have been identified to highlight the trends. 

Thanks to the availability of bulk temperature, it is possible to provide much more useful 
correlations, as the ones reported in figure 8, from which optimal thermal range can be identified. The 
reason for which bulk temperature offers better results can be attributed to the fact that surface 
temperature varies with very fast dynamics, not able to modify in a so short time polymers 
characteristics in order to have a response on the whole tyre frictional behaviour. Bulk temperature, on 
the other side, can be considered as the tread core temperature, more reluctant to fest variations and 
directly connected with rubber viscoelastic states. As a further validation of the described procedure, it 
can be noticed that temperature optimal value is in good agreement with the theoretical result provided 
in equation 3, confirming that thermal model can be employed as a predictive instrument to investigate 
performance optimization and that, on the other side, a proper knowledge of polymer characteristics 
can be a useful starting point to a better comprehension of tyre interaction dynamics.  

4.2. TRT - GrETA - MF Model 
Thermal and grip model can usefully cooperate, employing TRT output as an input for 

GrETA, that can be used to introduce in MF interaction model the dependence from temperature, tyre 
working variables, road roughness and compound characteristics. 

The advantages coming from the interaction of these models, to be employed in vehicle 
dynamics simulation environments, can be summarized in the following three points, but further 
application possibilities are clearly available: 

• Prediction of tyre behaviour on different tracks of a racing championship, each one
characterized by different road roughness (earlier measured) and weather conditions. 
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• Performance evaluation at compound characteristics variation, that allows to establish a dialog
channel with tyremakers, leading tyre construction and compound development to the 
achievement of a common aim. 
• Definition of optimal vehicle setup, in terms of wheel characteristic angles, load balance and
tyre inflating pressure, and of driving strategies able to reach optimal grip/thermodynamic 
conditions. 

Being not available local velocity and pressure distributions, GrETA is supposed to work in 
this case basing on global variables, measured on track or calculated in simulation; longitudinal and 
lateral friction estimated values are considered as sort of normalized scaling factors for longitudinal 
and lateral interaction forces coming as an output from Pacejka formulation.  

Figures 9 and 10 show the differences between forces data from telemetry and from Pacejka 
model, whose input are measured slip, load and camber values. In a first case the calculated forces are 
reported as scaled by a coulomb friction model, always constantly equal to one except for static value 
(it means considering standard Pacejka output, with no further processing); in a second case the same 
Pacejka model is processed with GrETA friction scaling factors, taking into account phenomena 
neglected in the first case. It can be noticed that grip model employment produces better results, in 
particular as concerns longitudinal interaction in traction phase, thermally stressful for high 
performance tyres and able to generate heat for friction power mechanism that induces not negligible 
effects in tyre/road interaction modelling. 

Fig. 9 - Longitudinal rear tyre forces modelled by MF with a coulomb friction law (left)  
and with GrETA friction model (right), both compared with telemetry track data (in red). 

Fig. 10 - Lateral rear tyre forces modelled by MF with a coulomb friction law (left)  
and with GrETA friction model (right), both compared with telemetry track data (in red). 

CONCLUSIONS AND FURTHER DEVELOPMENTS 
As clear from previous paragraph, and as well known from vehicle dynamics experience, MF 

model is not the most flexible and physical method to describe tyre/road interaction local phenomena, 
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but represents a very robust and intuitive solution to obtain the hardly achievable aim to model tyre 
tangential forces. 

For this reason, further developments of the activities discussed in the present work will focus 
on the integration with a physical interaction model [23] which, starting from the knowledge acquired 
about the topic by the vehicle dynamics research group, will be able to deeply cooperate with the other 
developed models, creating an analytic and predictive instrument employed in a wide range of 
automotive applications. 

The main features that the integration of the models can provide is summarised as follows: 
full geometric, thermodynamic, viscoelastic and structural characterization of tyres on which
the analysis is focused; 
estimation of the tyre interaction curves from experimental outdoor test data (TRICK);
definition of a standard track driving procedure that employs tyres in multiple dynamic and
thermal conditions;
estimation of surface, bulk and inner liner tyre temperatures for variable working conditions
and real-time reproduction of tyre thermodynamic behaviour in simulation applications
(TRT);
correlation of tyre thermal conditions with friction phenomena observable at the interface with
road;
prediction of tyre frictional behaviour at tread compound and ground roughness variations
(GrETA);
modelling of tyre interaction by means of MF innovative formulations able to take into
account grip and thermodynamic effects on vehicle dynamics;
definition of the optimal wheels and vehicle setup in order to provide the maximum possible
performance improvement.
A further step in the field of tyre/road interaction modelling and analysis could be represented

by the development of a global wheel model [24], able to cooperate with the presented ones, 
constituting an ideal instrument for the prediction and the simulation of the real tyre dynamics. 
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ABSTRACT 
A new tyre modelling approach is presented in this work. The proposed tyre model is formulated so 
that the required parameters are obtained via modal testing, and it consists of a flexible tyre belt sub-
model, a sub-model for the non-linear rigid body motion of the wheel and a contact sub-model. In 
terms of validation, the influence of tyre belt fidelity on vertical stiffness is investigated, and the 
vertical response of the tyre model is compared to experimental data. The relaxation length sensitivity 
to vertical load is also examined. 

1 INTRODUCTION 
Tyre modelling and simulation have been rapidly expanding for the past four decades. During this 
time, several modelling approaches have been proposed and implemented in full vehicle simulations.
While initial efforts were concentrated on the modelling of steady-state tyre forces [1], [2], recently 
developed tyre models aim to capture the dynamic behaviour of tyres [3], [4]. Such models tend to be 
demanding in terms of computational power. At the same time, high fidelity models usually require 
expensive parameter identification of material and other properties. These factors, namely 
computational efficiency and efficiency of parameterisation, have been the main motivation leading to 
the present work. 
In this work, a novel tyre modelling approach is presented. The tyre is represented by a number of 
equi-spaced circumferential nodes and their three-dimensional motion is separated into two 
components, the first being the non-linear global motion of the tyre as a rigid body and the second 
being the linear local deformation of each node. The system of differential equations of motion 
representing these two components consists of a reduced number of equations, depending on the 
number of rigid and elastic modes included in the model rather than the degrees of freedom of the 
system. Moreover, instead of the unknown and typically hard to identify mass, stiffness and damping 
matrices, the implemented equations may be populated by the eigenvectors and the eigenvalues of the 
elastic tyre modes, as well as the eigenvectors corresponding to the rigid tyre modes and the inertia 
properties of the tyre. 
The sub-model responsible for capturing contact phenomena consists of three-dimensional massless 
bristles attached to belt nodes. Shear forces generated in the contact area are calculated by a
distributed LuGre friction model [5], while vertical tread dynamics are obtained by the vertical motion 
of the contact nodes and the corresponding bristle stiffness and damping characteristics. 
To populate the abovementioned system of differential equations representing the tyre, the modal 
properties of the rigid and elastic belt modes are required. In the context of the present work, rigid belt 
modes are identified analytically, depending only on the nodal coordinates of the non-deformed tyre, 
while in-plane and out-of-plane elastic belt modes are identified experimentally by performing modal 
testing on the physical tyre. To this end, the eigenvalue of any particular mode is obtained by fitting a 
rational fraction polynomial expression to frequency response experimental data surrounding that 
mode. The derivation of eigenvectors employs a localised technique where each FRF peak is 
processed individually, albeit taking into account the influence of out-of-band modes in the 
calculation [6]. In this way, the identified residues remain uncontaminated from out-of-band modes, 
representing only the mode of interest. The eigenproperties of the tyre belt are presented in the 
Appendix of the present work 
The validation of the proposed modelling approach is performed by conducting a series of simulation 
studies and comparing the results to experimental data and trends found in literature. Initially, tyre 
vertical stiffness is examined and good correlation is shown for modest deflections where linear tyre 
response is relevant. Moreover, tyre force lag to lateral slip due to belt deformation is also examined. 
The resulting relaxation length-type behaviour compares well with the literature. 
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2 TYRE MODEL FORMULATION 
2.1 Equations of motion 
Equation (1) describes the balance of forces acting on the N nodes of the flexible tyre belt. M3Nx3N,
C3Nx3N and K3Nx3N are the – unknown – mass, damping and stiffness matrices of the system 
respectively, {x}3Nx1 is the nodal position vector and {fext} is the vector consisting of the external 
forces:

(1)
One of the main challenges regarding the above equation is populating the system matrices. In the 
present work, this issue is initially addressed by dividing the tyre motion into two distinct components, 
namely the macroscopic rigid-body tyre motion and the local tyre belt deformation. The macroscopic 
tyre motion is calculated in an analytical manner while the local deformation is captured by 
experimentally obtaining the modal properties of the tyre belt. The superposition of these two terms 
yields the total actual position of each node: 

(2)
where {xrigid} represents the position vector corresponding to rigid-body motion and {dx} is 
the respective deformation vector.  
By implementing the above expression into equation (1), the following relation is obtained: 

(3)
Because of the non-proportionality of tyre belt damping [7], it is more convenient to express the 
equation of motion in state space. This task required the definition of an alternative form of the local 
deformation vector, namely vector {du}, which consists of both the local deformation and the 
respective deformation velocity: 

(4)

Using vector {du}, the equations of motion are expressed in state-space form: 

(5)

The lower half of the system of equations presented in the above expression consists of an identity 
equation. Vector {xrigid} may be expressed as follows: 

(6)
where ΦRB is the 3Nx6 modal matrix containing the six rigid body modes of the tyre and {q} is the 
vector of the rigid body modal participation factors, i.e. the contribution of each rigid body mode to
the motion of the tyre. For the particular nodal geometry of the present tyre model, matrix ΦRB is 
obtained as follows:

(7)

where (xi,yi,zi) is the position vector of node i. Combination of the state-space equation of motion and 
equation (6) yields: 

(8)

The fundamental advantage of the above formulation is that it allows for exploitation of the tyre belt 
modal properties. To this end, following the approach demonstrated by D. J. Ewins [8] and N. M. M. 
Maia et al. [9], vector {du} is expressed as the linear combination of the state-space eigenvectors of 
the structure: 

(9)
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Similarly to equation (6), {dq} consists of the modal participation factor of each flexible mode and 
is the state-space modal matrix, formed by the eigenvectors {ψi} and eigenvalues {si}

populated by the flexible belt modes. Note that (*) refers to a complex conjugate quantity.
Expression (9) implies that the full state-space model matrix is identified which, in practice, is not 
feasible. Consequently, in the present work, the first m flexible modes are identified, with m < 3N, as 
it is demonstrated by equation (10). This modal reduction may seem as a drawback of the proposed 
approach but, on the contrary, it offers an efficient way of predicting the response of the tyre by 
taking into account the contribution of the first m modes, as the number of first order equations does 
not depend on the number of degrees of freedom but on the number of eigenvectors forming the 
reduced state-space modal matrix: 

(10)
As a result, the state-space vector becomes: 

(11)
Substitution of this reduced state-space vector into equation (8) yields: 

(12)

Equation (12) still contains the unknown mass, stiffness and damping matrices. These quantities may 
be replaced by the experimentally identified modal properties of the belt by pre-multiplying both sides 
of equation (12) by the extended version of the modal matrix of equation (13). The resulting equation 
of motion is presented in expression (14).

(13)

(14)

Because of the orthogonality properties of the rigid-body and flexible modes [8] [9], the above 
expression yields: 

(15)

where ai is the scaling factor of the ith identified mode and bi is obtained by the following equation: 
(16)

where si is the eigenvalue of the ith mode. By setting scaling factors ai equal to unity, the equation of 
motion becomes:  

(17)

The implementation of the extended modal matrix of equation (13) led to an alternative form of the 
equation of motion. In this new form, the unknown mass, stiffness and damping matrices of the left 
hand side of equation (12) have been substituted by the experimentally identifiable eigenvalues of the 
system. With regard to the right hand side of equation (17), it consists of the eigenvectors 
corresponding to rigid-body and flexible tyre belt modes, and the unknown mass matrix. By applying 
the findings of M. Okuma et al.[10] [11], the following expression holds: 

(18)

where MRB is the rigid-body mass matrix which contains the macroscopic inertia properties of the 
wheel. For the formulation used in the proposed tyre model, this matrix has the following form:  
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(19)

Based on the above analysis, and keeping in mind eigenvector orthogonality properties, the last term 
of equation (17) may be re-written as follows: 

(20)

Comparison between the original equation (1) and equation (20) are reveals that there is no longer the 
need to identify the system matrices, a task which is challenging and computationally demanding. 
Instead of these matrices, equation (20) is formulated using the experimentally obtained 
eigenproperties of the tyre, analytically derived quantities – i.e. the rigid-body eigenvectors – and the 
easily measured inertia properties of the wheel. In addition, this approach allows for efficient tyre 
modelling as the system of equation (20) consists of only 2m equations (m being the number of 
identified flexible modes) instead of the initial 3N (N being the number of nodes representing the tyre 
belt). Moreover, the proposed method suggests that the motion of each node consists of a global rigid 
motion and a local deformation, see equation (2). This distinction is obvious in equation (20), where 
these two components are uncoupled and may be solved separately: 

(21a)

(21b)

Equation (21a) describes the non-linear dynamics of the rigid belt: 

(22)

According to equation (6), the right hand side of equation (22) is equal to the nodal 
acceleration of the non-deformable wheel: 

(23)

Moreover, equation (21b) describes the flexible dynamics of the tyre belt and it is populated by 
parameters found in the Appendix. 
2.2 Contact sub-model 
In the context of the present tyre modelling approach, contact phenomena are captured by two distinct 
sub-models. The distribution of vertical contact force is calculated by a number of vertical Kelvin 
elements, connecting the belt nodes located within the elastic boundary (l0, see figure below) to the 
ground, in a bristle-like approach. For every contact belt node, the respective vertical force is 
calculated as follows: 

 (24) 

where: vz is the nodal velocity along the z axis of the global coordinate system 
            kz is the elastic boundary vertical stiffness per unit length  
            cz is the elastic boundary vertical damping per unit length  
            dxy is the projection of the distance between two adjacent nodes on the global xy plane 

δz is obtained by the following expression: 
 (25) 
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Having calculated the vertical force distribution along the contact area, shear contact forces are 
calculated by an integrated distributed LuGre model [12]. Initially, shear deformation (izj, with j 
denoting x or y) is calculated for the ith contact node: 

 (26a) 

where ivrj is the respective sliding velocity component along x and y and function C0j(ivrj) is given by 
the following expression, with :

(26b) 

Function is provided by the following equation:

(26c) 

with 

(26d) 

and the static and kinetic friction matrices formulated as Mk = and Ms =

respectively.
With bristle deformation calculated by equation (26a), the following expression holds for the effective 
coefficient of friction of the ith contact node along the jth direction: 

 (27) 

Combination of the vertical force distribution, obtained by equation (24), with the effective coefficient 
of friction of the above equation yields the respective shear forces, along the longitudinal and lateral 
directions: 

 (28a) 

 (28b) 

Equations (24), (28a), and (28b) provide the distribution of vertical, longitudinal, and lateral contact 
forces ( ).
2.3 Model excitation 
The model presented in this work has been set up in order to simulate a tyre testing facility. 
Accordingly, the user-defined inputs are the vertical load (Fz), the steer angle (sa), the road 
longitudinal speed (vd), and the wheel angular velocity about the wheel spin axis (Ω).

Figure 1 - Elastic boundary of width l0 (shaded area) between the tyre and the ground and
distinction between contact and non-contact tyre belt nodes

Ground (z0)

l0

x

z: contact nodes
: no contact
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These four input quantities, in addition to the vertical and 
shear contact forces, constitute the total input to the proposed 
tyre model. Examination of the tyre equations of motion, 
presented in section 2.1, reveals that the abovementioned 
user-defined inputs are incompatible for direct population of 
equations (21b) and (23), as the input for these equations is 
the external force vector. To overcome this, equation (23) is 
used. In particular, the rigid body motion of the wheel – based 
on the four user-defined input quantities – is obtained 
analytically, a process which leads to the calculation of the 
acceleration vector corresponding to each tyre belt node 
( ). As the rank of matrix Q of equation (23) is equal to 
6 – see equation (22) – and the length of vector is 3N,
with N denoting the number of belt nodes and 3N>6, the 
system of equation (23) is classified as rank deficient and the reduced singular value decomposition of 
matrix Q is obtained [13]: 

 (29a) 

which allows for the above expression to be solved as follows: 

 (29b) 

Equation (29b) yields the equivalent external force vector corresponding only to the four user-defined 
inputs, i.e. having the same net effect to the rigid-body motion of the tyre. Moreover, term A found in 
equation (29b) is a constant matrix depending on the macroscopic inertia tyre properties and the 
eigenvectors representing rigid-body tyre motion. As a result, it is calculated as part of the model 
initialisation process, so that the effect of  calculation on model efficiency is limited. This 
equivalent force vector , coupled with the contact forces vector , leads to the external 
forces vector , which forms the excitation of the sub-model capturing the flexible belt dynamics, 
see equation (21b). 

3 SIMULATION RESULTS 
The proposed tyre model has been tested in two distinct scenarios, namely vertical loading to assess 
tyre vertical stiffness and low frequency steer angle sweep to assess relaxation length. Both scenaria 
depend highly on belt deformation. Initially, the response of the tyre model is investigated for varying 
tyre belt fidelity, see Table 1. In these tests, the only user-defined input exciting the tyre model is the 
applied vertical load, with .

Table 1: Tyre vertical stiffness dependency as a function of tyre belt fidelity 

Vertical stiffness   

First radial mode only (115Hz) 163 N/mm - 

In-plane modes up to 133Hz 156 N/mm -4.29% 

In-plane modes up to 150Hz 155 N/mm -4.91% 

In-plane modes up to 207Hz 155 N/mm -4.91% 

Figure 2 – Tyre model user-defined 
inputs
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vertical stiffness and tyre model fidelity. As 
expected, introduction of additional flexible modes 
leads to reduction in vertical stiffness. The 
influence of tyre belt fidelity on tyre response has 
been investigated by comparing the simulated tyre 
vertical deflection with the experimentally 
measured one. The results are illustrated in Figure 
3. In the first diagram, the applied vertical load is
limited to 1200N and good correlation is achieved. 
In the second diagram, the vertical load exceeds 
2500N and, beyond a certain value, deviation 
occurs between simulation results and experimental 
data. This is an indication that the identified 
flexible modes included in equation (21b) might 
not fully capture tyre vertical behaviour and 
additional modes are required in the model, as their 
contribution to larger deflections might not be 
negligible. Nevertheless, this behaviour is expected 
and is one of the fundamental limitations of the 
proposed tyre model, introduced by the modal 
reduction performed in equation (10). The 
comparison presented above demonstrates the
necessity to alter the fidelity level of the tyre model, 
depending on the particular requirements of the 
simulation.  Deviation between predictions and 
measurements at large vertical loads is also likely to 
occur due to non-linearities in tyre response that are 
not captured by the linear analysis presented herein. 

The second test case investigates the phase lag observed between tyre slip variation and the resulting 
contact force, see Figure 4. Initially, the virtual tyre presented above is left to settle on the ground 
under the application of a constant 
vertical load, travelling at a constant 
forward speed, at zero longitudinal 
and lateral slip. The next step is the 
introduction of a sinusoidal steer 
input of increasing frequency, see 
Figure 2 and Figure 4. This test 
sequence is repeated for a series of 
applied vertical forces, and during 
each test both the steer angle and the 
lateral contact force are acquired for 
post-processing purposes. Treating 
the tyre model as a single input 
(steer angle) – single output (lateral 
contact force) system, the transfer 
function corresponding to each test 
has been calculated and the 
coefficients of the following 
expression have been identified: 

(30)
In the above transfer function, the time constant, τ, is the ratio between the relaxation length and the 
forward speed. The relaxation length depends on the cornering stiffness and the lateral stiffness of the 
tyre. For the conditions tested in this section, the former is the dominant influence factor as the latter 
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Figure 3 - Tyre vertical deflection of the proposed
tyre model and comparison to experimental data; 
upper diagram: application of low vertical force; 
lower diagram: application of high vertical force

Figure 4 – Time delay and frequency dependency of lateral 
force generation (black line) as a function of steer angle 
(red line)
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remains largely constant with varying vertical load [14]. For the examined test case, that is, low 
vertical load applied on a passenger car tyre, the cornering stiffness increases monotonically with 
vertical load and therefore the same relation holds between vertical load and relaxation length. The 
time constant τ of equation (30), along with the user-defined forward velocity of the wheel (3 m/s), is 
used to calculate the relaxation length for each applied vertical load, as demonstrated in Table 2. The 
proposed tyre model has been able to capture the expected increase in relaxation length with vertical 
load.

4 CONCLUSIONS
Following a first principles approach, a new tyre model has 
been developed. The key features of the proposed tyre model 
are the direct parameterisation of the structural sub-model by 
modal testing and the effectiveness of implementing the same 
model architecture in both low and high fidelity studies, by 
introducing or excluding flexible modes of the tyre belt. The 
simulation efficiency of the model may be enhanced by 
performing modal reduction, so that only the flexible modes 
of interest are taken into account. The complete tyre model, 
which is formulated by coupling the abovementioned 
structural sub-model with an elastic boundary and a 
distributed LuGre model, has been tested in terms of vertical stiffness and relaxation length. Initially, 
the vertical stiffness of the virtual tyre is calculated for cases of varying fidelity (number of modes 
included), and the introduction of additional modes increases the compliance of the tyre belt, as 
expected. Moreover, simulation results have been compared to experimental data and good correlation 
has been achieved for relatively low vertical loads. On the other hand, with increasing vertical load, 
deviation between simulation and experiment has been noted because of the modal reduction 
performed on the tyre belt and the inability of the model to cater for possible non-linear effects. The 
second parameter of interest, i.e. the relaxation length, has been investigated for cases of varying 
vertical load. For each test case, the corresponding relaxation length of the proposed tyre model has 
been calculated and demonstrates an increasing trend with rising vertical load, a finding which is in 
accordance with the literature. It should be noted that, although relaxation length-type responses 
represent the lower frequency end, realistic capture of such responses by a tyre model relies on the 
successful integration of a structural part and a contact counterpart. From this viewpoint these 
responses offer a challenging high-level test for discretised dynamic tyre models. The proposed tyre 
model shows very promising results, but so far it has not been possible to assess the effect of belt 
fidelity on the accuracy of relaxation length calculation. This, together with the efficient inclusion of 
the effect of inflation pressure without the need to re-perform modal testing, are areas of ongoing 
research and further development of the proposed model.        
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APPENDIX 

Radial Modes Tangential Modes Lateral Modes
Nat. Freq. 

[Hz]
Damp. Ratio 

[%]
Nat. Freq. 

[Hz]
Damp. Ratio 

[%]
Nat. Freq. 

[Hz]
Damp. Ratio 

[%]
116.5 3.72 107.0 3.84 59.4 2.75 
132.0 6.05 116.5 4.16 73.0 4.83 
154.0 6.45 134.5 6.57 103.1 4.38 
180.0 6.10 151.5 6.16 114.9 3.70 
207.5 5.77 177.0 5.88 131.3 4.49 
241.5 2.82 197.0 6.21 152.6 5.50 
275.5 5.86 207.5 4.95 174.6 4.78 
320.5 6.16 237.0 4.36 195.1 4.38 
370.5 6.87 272.5 4.54 216.0 3.44 
416.5 6.41 318.0 4.66 246.2 3.67 

375.0 5.57 274.1 4.68 
403.5 4.33 
466.0 1.92 

Figure A1 – Radial response of radially excited modes
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Figure A2 – Tangential response of radially excited modes 

Figure A3 – Radial response of tangentially excited modes 

Figure A4 – Tangential response of tangentially excited modes 

Figure A5 – Lateral response of laterally excited modes
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Abstract - This paper describes Modal Parameter Tyre Model (MPTM) and its in-plane static 
model and dynamic time domain analytical model, then introduces the tyre damping model in 
steady-state and dynamic rolling conditions. By using MPTM, modal parameters are 
extracted from tyre three dimensional modal experiment analysis with the freely suspending 
wheel, and the modelling is based on tyre mechanics with modal theory, tyre geometric 
constraint equations with or without rolling motion, and external input constraints. 
Establishing the tyre damping model especially structure damping has been difficult and 
challenging. In the paper, the carcass structural damping ratio is calculated from modal 
experiments, and then is applied into both of the in-plane steady-state and dynamic models. 
With the models, the rolling resistances with rolling speeds and more dynamic behaviours 
under different conditions are calculated. 

1 INTRUDUCTION 
Playing an important role in vehicle product development, virtual proving ground simulation requires 
tyre mechanics analytical model to simulate tyre steady-state and dynamic time domain behaviours 
[1,2,3,4,5]. Tyre damping characteristic can greatly influence both tyre steady-state and dynamic 
properties. The complete analytical model for damping has not been well established.  Though viscous 
damping ratio is widely used and analysed in modal analysis theory, structural damping ratio should be 
utilized to more accurately describe tyre mechanics characteristics. However, it is known to be difficult 
to obtain steady-state and dynamic properties by using structural damping ratio. Therefore, it is very 
challenging to perform the tyre time domain simulations, which require not only a tyre analytical model 
but also a good damping model. 
The Modal Parameter Tyre Model (MPTM) [6,7] as a tyre analytical model has been proposed to solve 
tyre vertical, cornering, rolling, and other mechanics characteristics. It extracts three dimensional tyre 
modal parameters from the tyre modal experiment analysis with the freely suspending wheel including 
radial, longitudinal, and lateral directions. The tyre models are established by considering tyre 
mechanics using modal theory, tyre geometric constraint equations under rolling motion, and external 
input constraints. By using these models, the analytical results can be obtained, which include 
steady-state and dynamic three dimensional force and deformation distributions, and time domain 
simulations.  
This paper describes a systematic in-plane static and dynamic time domain analytical model based on 
MPTM, and it also introduces how to establish the tyre damping model in steady-state and dynamic 
conditions. While the viscous damping is often used in tyre modal models, the structural damping 
reflects tyre hysteresis behaviours more accurately. Though the pure dynamic transient response with 
the structural damping does not exit, this paper proposes a method to calculate the carcass structural 
damping ratio from modal experiments and identifications, which is applied to both the steady-state and 
dynamic time domain analytical models. Based on above mentioned models, the rolling resistances with 
respect to rolling speeds and various static and dynamic behaviours under different conditions are 
calculated. 

2 MODAL PARAMETER TYRE MODEL (MPTM) 
MPTM as a highly analytical model has been used to establish many models to study tyre vertical, 
cornering, rolling, and other mechanics characteristics. Tyre three-dimensional modal parameters are 
extracted from the tyre radial, longitudinal, and lateral modal experiments. For each model and working 
condition, MPTM mainly consists of three parts:  

(1) carcass, sidewall, and tread mechanics equations derived from modal and tyre mechanics theory 
in frequency and time domains,  

(2) tyre static or rolling motion constraint equations,  
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(3) external force and working condition constraint equations.  
Subsequently,  a complete tyre analytical model can be built, which can be used to calculate three 
dimensional force distributions, geometric deformations, rolling radius, contact length, etc., in both 
steady-state and dynamic conditions with respect to rolling speeds and external inputs. The tyre static 
vertical and rolling time domain analytical models are derived as follows.  

2.1 Modelling tyre static vertical properties 

Tyre mechanics equations under static condition 

Fz

Hfz

o

R0

A0

A fr

fx

ft

D

θ
θ

DrDt

 
Figure 1 Tyre deformation of static vertical properties. 

Figure 1 shows the typical tyre static vertical deformation. Fz is the vertical load, A0 is a discrete element 
on the un-deformed tire surface, A is the position of A0 after deformation, H is the height of centre under 
the load Fz, and θ is the central angular vector of the discrete elements. The tyre mechanics behaviours 
are determined by three components, tread, sidewall and carcass, which are connected in series, and the 
tyre deformation, D, whose projections on radial and tangential directions Dr and Dt can be obtained as 
the sum of the following three components: 

Dr = tr + sr + cr 
Dt = tt + st + ct    ,                                                             (2-1) 

where tr, sr, and cr are tread, sidewall and carcass deformations in radial direction, respectively, and tt, st, 
and ct are their deformations in tangential direction, respectively. The radial and tangential forces, fr and 
ft acting on the tyre from the road surface, are obtained from the vertical and longitudinal forces zf  and 

xf  as: 

cos sin
sin cos

r z

t x

f f
f f  .                                   (2-2) 

The tread and sidewall deformations, tr, sr, tt, st,, are obtained by utilizing radial and tangential stiffness 
of the tread discrete element, sidewall’s radial and tangential modal transfer matrixes under radial and 
tangential directions, respectively. The radial and tangential deformation vectors of carcass, cr and ct, in 
static vertical condition are: 

                                                  
t

r

ttrt

trrr

t

r

f
f

HH
HH

c
c

.
                                                 (2-3) 

Hrr, Hrt, Htr  and Htt represent the carcass transfer matrix of radial and tangential response under radial 
and tangential excitation, respectively.  Based on the modal theory, each element of the matrix is a 
steady state transfer response, for example, an element in Hrr is 

                                                                    
N

k k

ikjkji
rr K

H
1

 ,                                                      (2-4) 

where j is the excitation point and i is the response point, φjk, φik, and Kk represent the modal shape 
coefficient of point j, the modal shape coefficient of point i, and the modal stiffness at the k-th modal, 
respectively. 

Tyre motion constraint equations under static condition 
From Figure 1, the deformation constraint equations can be derived as  
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sincos)(
cossin)(

0

0

tr

tr

DDRz
DDRx

,
                                    (2-5) 

where x and z are the deformation vectors of the discrete elements in the contact patch along longitudinal 
and vertical directions, respectively. 

External equalization equations  
Under static condition, the following equations should be satisfied: 

                                                           
0xx

zz

fF
fF

Hz
    .                                                      (2-6) 

These equations indicate that the vertical deformation of each discrete element at contact patch has the 
same height to the tyre centre, H, the sum of vertical forces is equal to the load, and the sum of 
longitudinal forces is zero. 

Calculation results and comparison of vertical properties 
In Figure 2, the calculated vertical forces as a function of vertical displacement are compared with the 
experimental results obtained from TMPT by Lugner and Plöchl [8]. The obtained vertical stiffness is 
seen to be in good agreement with the experimental results.  
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Figure 2 Calculated vertical properties in comparison with experiments. 

2.2 In-plane time domain simulations 
Similar to the static model, the time domain model is established based on the following:  tyre rolling 
constraint equations, tyre mechanics equations, and input constraints from working condition. 

Tyre rolling constraint equations in time domain simulations 
In MPTM, most working conditions, such as rolling speed and acceleration, contact surface shape, etc., 
are considered as the external inputs to the model. As a typical case, Figure 3 shows a typical free rolling 
tyre on a flat surface. 

Fz

H

Fx

Fz

Fx

o

R0

Re

e

 Figure 3 Schematic of a free rolling tyre. 
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Here, e is the instantaneous centre of the rolling tyre, Re is the rolling radius, and R0 is the free radius. H 
is the height of the tyre centre from the contact surface, which is determined by the road contact shape 
and it is a constant for rolling on a flat surface. Fx and Fz  are the rolling resistance force and vertical  
load, respectively. eV R  is the rolling speed. Figure 4 shows the more detail rolling movement and 
constraints.  

o
V=Re

r
A

e

D=- r

(R0 +D0 )

Re
r

 
Figure 4 Tyre rolling deformation. 

The deformation D should satisfy [9]: 

    cossin)(cos 000 tret DDRRD ,  

      
0 cos sin

cos
t

r
H R DD

.                                     (2-7) 
Equations (2-7) describe the constraint conditions from road contact surface. Dr0 and Dt0 are the radial 
and tangential deformations at a previous time step. Dr, Dt and Re are unknown variables at each time 
step, which can be solved by using these constraint equations and the tyre mechanics model to be 
described next. The calculated rolling radius, Re, satisfies H<Re<R0 for a free rolling tyre, which is also 
described in ref. [1,10,11]. The tyre deformations can be obtained by using Equation (2-1). 

Tyre mechanics equations in time domain simulations 
In time domain simulations, the tyre sidewall and tread are modelled in a similar way as in the static 
vertical model while considering some dynamic properties with a few of modals. The carcass mechanics 
equations in time domain will be derived in detail with the full modal parameters. In theory, the 
steady-state result should be the same as the convergent result of dynamic model.  
 
Steady-state carcass model 
The carcass deformation under an external force is derived with the consideration of rolling effect by the 
following integration equation [9]: 

                               
N

k

t

jdk
t

dke
jkjkji dfte

R
Vktd kk

1 0

)(
0 )(sin1))(cos()(  .       (2-8) 

Here, )(td ji  is the carcass deformation of point i under an acting force fj at point j at  time t, i and j are 
the two points on the road contact surface with fixed positions relative to the wheel centre, N is the 
number of truncated modals, k is the order of tyre modal, jk  and ik are the modal shape coefficients 

at points j and i of the k-th order tyre modal, respectively, k , k , dk  are modal viscous damping 
ratio, modal frequency, and modal damped frequency at the k-th order of tyre modal, respectively, and V 
is the rolling speed. The driving point impulse response function of the k-th order modal under a unit 
force is: 

teth dk
t

dk
jkjkk

kk sin1)(
.
  

Then, )(td ji  can be written as 
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N

k

t

j
e

kji df
R
Vkthtd

1 0
0))(cos()()(  .                                       (2-9)                   

It can be derived that when t approaches infinite, the steady-state response, jid , at point i under an 
acting force at point j, fj , can be considered as the deformation response of point i under a harmonic 

acting force with a frequency of 
eR

kV  at point j, and thus 

                        
N

k
jk

e
kkji f

V
RbXd

1
0 )cos(                                                     (2-10) 

22 )2()( kkkkk

jkjk
k

bb
X    ,

e
k R

kVb    ,  

Here, k is the phase between the response and exciting force due to the viscous damping factor k . 
The radial deformation under the tangential force, the tangential deformation under the radial force, and 
the tangential deformation under the tangential force can be derived by using the same method. For all 
the deformations, the steady-state response is shown to be not only related to modal parameters but also 
the rolling speed. 

Dynamic carcass model 
Based on the modal analysis theory, the carcass transient responses of the radial and tangential 
directions at the time t + t should consist of the following: 

1) The transient response at t + t generated by the input forces of the radial and tangential 
directions within t interval.  

2) The decay response at t + t by the deformation at time t,  
3) The decay response at t + t by the velocity at time t. )(tg  is used to represent the sum of these 

two decay deformation responses. 
Part 1) can be obtained by using Equation (2-8) as 

N

k

t

jdk
t

dke
jkjkji dfte

R
Vktd kk

1 0

)(
0 )(sin1))(cos()(  

2
1 1 1
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in

cos

sin1
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t
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t
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p t

e p t

p e p t
p e p t                                 (2-11) 

kp dkk1 , kp dkk 2  
When t approaches infinite, the tyre can be considered as steady-state rolling and the above equation 
should converge into Equation (2-10) from the modal theory. The convergence can be seen from Figure 
5, which shows that the results obtained with steady-state and dynamic models match well. 
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Figure 5 Vertical and longitudinal force distributions obtained with the steady-state and dynamic models at a 
rolling speed of 20 km/h. 

 
Part 2) and Part 3) can also be derived based on Equation (2-10). Then, the full carcass transient 
response in time domain can be obtained.  

Working condition inputs 
In MPTM, the working conditions are considered as the model inputs, and the modal parameters and the 
established models would not be changed by these conditions. The typical conditions used in in-plane 
time domain simulations include tyre load, rolling speed and acceleration, tyre centre height (fixed 
centre height or fixed load), road surface (flat, or over cleat), etc.  

For example, under the conditions of a fixed centre height or a flat surface and a constant rolling speed, 
the following additional constraints should be added: 

1) For a fixed axle centre height and a flat surface, H is the constant; 
2) For a fixed speed,  is constant;  
3) The torque equilibrium equation is   

                                                    0)( Hfxf xz  ,                                         (2-12) 
where x is the distance of each element to the centre at the contact patch. When an acceleration occurs, 
the right side of (2-12) should be the moment of inertia of the tyre with the rotation acceleration.  

Calculation Method 
From the above equations, at each time step, the force distribution at the contact patch of radial and 
tangential directions and the rolling radius (Re) can be calculated, then in-plane time domain simulations 
can be carried out. 

Note that there are totally 2n+1 constraint equations, n is the number of discrete element along the 
contact length. Then, a general equation can be written as: 
                                               buA  .                                                             2-13  
Here, u, A and b are: 

e

x

z

R
f
f

u

, .

 

 

              
0),1(][cos][sin)(
cos

0][cos][sin

000 nonesHDDR
M

MM
A

tr

t

rt

,.

 

Mr and Mt are the transfer matrices of the radial and tangential responses for unit input force. In (2-13), 
the dimension of A is (2n+1) by (2n+1) and the dimensions of vectors u and b are (2n+1) by 1 and 2n+1) 
by 1, respectively. 

0
sin)(cos

][sin][cos)(

000

0

trt

tr

gDRD
HggR

b
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The contact length can also be calculated at each time step though it is rarely changed in most of 
simulation steps. At a constant rolling speed, updating A and b at each time step would be easy and has 
much less calculation overhead. Then, the radial and tangential force distributions and rolling radius Re 
can be solved at each step under a constant or varying rolling speed. 

3 MODELING DAMPING RATIO BASED ON MPTM 
3.1 Steady-state model 
Modal analysis theory mainly uses viscous damping ratio in steady-state and dynamic calculations. 
However, structural damping ratio is more suitable for describing tyre natural behaviours. For example, 
by using viscous damping ratio, the resistance due to damping is zero when the rolling speed approaches 
zero.  However, the rolling resistance should not be zero and should be almost flat in low speed range.  
This paper proposes a method to obtain the carcass structural damping ratio for each modal mode by 
comparing the modal transfer functions obtained by viscous damping ratios with that by structural 
damping ratios. These transfer functions can be written as 

                                    2 2

1
2visco

k k k

H
j

  ,           

2 2 2

1
struc

k k k

H
j

  ,                                                                    (3-1) 

where ξk and βk are viscous damping ratio and structural damping ratio, respectively. By considering the 
similarity between the two transfer functions at each modal resonance; i.e, ω∞ωk, the structural damping 
ratio βk  can be calculated from the viscous damping ratio ξk which is identified by modal analysis 
technique; i.e,  

βk =2 ξk.                               (3-2) 
The impulse response analytical function using structural damping ratio does not exist [12,13]. However, 
the steady-state response using structural damping ratio can be derived from (3-1) if the input force is 
harmonic with a fixed amplitude, i.e.: 

tFkxxkxm cos , and the response is: 
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Based on above equation (2-10) and due to tyre rolling motion and modal analysis theory, the 
steady-state response of a rolling tyre can be considered by harmonic input forces at contact patch. The 
response function at a discrete element by the forces at entire contact patch is the following: 
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Here, fj is the input force at longitudinal or radial direction, V is the rolling speed, and r is the tyre 
element response. Other parameters are related to modal parameters and structural damping ratio. 
Therefore, the steady-state in-plane model can be derived by using the structural damping ratio, though 
its impulse response analytical function does not exist. 

3.2 Dynamic model 
Based on Equation (2-10), the in-plane time domain dynamic model is derived. However, this model 
uses viscous damping ratio, since the analytical equation of structural damping in time domain does not 
exist. By using viscous damping ratio, the transient and dynamic responses can be calculated. However, 
the viscous damping ratio should be different under different rolling speeds. By comparing Equation 
(3-4) with Equation (2-10), the viscous damping ratio can be assigned by the structural damping ratio 
while considering both of equations should have the same steady-state results; i.e,  
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, 

               
     .                                                                             (3-5) 

Therefore, the transient and dynamic in-plane responses and time domain simulations by using 
structural damping ratio can also be derived. Tread mechanics behaviour is considered by using one 
modal mode with the viscous damping [14], and its steady state and dynamic response functions can be 
calculated by the standard modal analysis equations. 

4 RESULTS 
The rolling resistance (sum of longitudinal distribution forces) is calculated with respect to different 
rolling velocities, as shown in Figure 6. It shows that using structural damping ratio gives better results 
than using viscous damping ratio, because the rolling resistance is nonlinear against speed and the 
relationship at a lower velocity is much better reflected by using structural damping ratio. In Figure 7, 
the results are obtained by adding tread damping ratio, which show that tread damping may contribute to 
30% of overall rolling resistance.   
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Table 1 Modal frequency for radial response subjected to a radial input. 

Mode 1 2 3 4 5 6 7 

Freq (Hz) 81 123 150 177 206 236 268 
 

Figure 7 Rolling resistance results obtained with adding different tread damping ratios. 

Figure.6 Rolling resistance as a function of speed obtained with carcass structural and viscous damping ratio. 
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Figure 8 Dynamic response results in time and frequency domains at 60km/h speed. 

The dynamic responses obtained with viscous damping ratio are shown in Figure 8 and the peak 
frequencies in time domain match with modal frequencies in Table 1. 
Figure 9 shows the time and frequency domain simulation results of the longitudinal force with carcass 
structural damping over cleat with 2km/h speed compared with the experimental results in TMPT [8].  

 
Figure 9 Time and frequency domain simulations of the longitudinal force over cleat with 2km/h speed. 

5 CONCLUSIONS 
 Virtual proving ground and tyre dynamics simulations not only need a tyre analytical model but 

also require tyre damping model for accurate simulations.   
 Modal Parameter Tyre Model (MPTM) is based on the modal experiment analysis with the freely 

suspending wheel, and models consist of tyre mechanics with modal theory, geometric constraint 
equations, and external input constraints. The in-plane steady-state and dynamic models, and 
calculation equations are derived. 

 This paper presents a novel method to obtain tyre carcass structural damping ratio from modal 
experiment analysis. Though the impulse response function with structural damping does not exist, 
the steady-state model using structural damping ratio is still derived while tire rolls. Moreover, the 
time domain simulation with structural damping can be done by using different viscous damping 
ratios assigned by structural damping ratios at different speed and modals. 
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 The vertical stiffness, force distribution at the contact patch, and rolling resistances with different 
speeds are calculated and show very good agreement with the experiments. The dynamic 
behaviours at different conditions are simulated and analysed. MPTM is a highly analytical model, 
and can be used to effectively model the time domain simulations and study tyre behaviours. 
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In this paper, an analytical tire model with flexible carcass for combined longitudinal, side 
slip and camber is presented, which can describe tire behaviors well and can also be used 
conveniently for studying vehicle dynamics. Some key factors are considered in the 
developed model to describe complicated tire characteristics and tire-road friction: arbitrary 
pressure distribution; translational, bending and twisting compliance of the carcass; effective 
carcass camber; dynamic friction coefficient; anisotropic stiffness properties and tire width. 
The complex tire force and moment under combined slip conditions can be described 
accurately by considering these key modelling factors. 

 
 

1 INTRODUCTION 
An accurate description of tire properties for combined longitudinal and lateral slip is essentially 
necessary for vehicle simulation and directional controls [1-3]. And the camber also has important effect 
on tire force and moment properties. Variety of tire models has been proposed for use in calculating 
these properties at the tire-road interface [4-12].  
In general, steady state tire models can be divided into two main categories, namely empirical and 
physical models [2]. Empirical models rely basically on curve-fitted experimental data and can provide 
a good representation of experimental data for longitudinal force, lateral force and aligning moment, 
which are often employed for the vehicle simulation and control. The most widely used empirical model 
is the magic formula initially conceived by Pacejka and Bakker [4].  However, empirical models would 
become quite complicated and have numerous parameters while considering all kinds of operating 
variables, such as slip angle, inclination angle, slip ratio, vertical load, inflation pressure, road friction, 
and rolling speed. On the other hand, analytical models are concerned with the mechanism of tyre force 
generation, which usually include carcass model (beam, string or rigid) with elastic tread elements, such 
as Brush Model, Fiala Model and String Model [2]. So it can be employed to derive some useful 
qualitative conclusions for understanding tire properties, but most of these models are either relatively 
simple or more complicated, which limit their practical use. In this paper, we don’t see the carcass as an 
actual beam or string, and the carcass deformation is described with relatively simple and general forms, 
composed by translational, bending and twisting deformations. Besides, the arbitrary pressure 
distribution, effective carcass camber, dynamic friction coefficient, anisotropic stiffness properties and 
tire width are also considered. Consequently, the analytical model would become more suitable for 
application and also appropriate for analyzing tire properties in detail. 
In this paper, the key factors for developing the analytical tire model are firstly discussed; then, 
considering all these factors, the analytical tire model with flexible carcass for combined slips is 
introduced. By employing the model, effects of carcass compliance on tire properties are discussed, 
which are valuable for understanding tire properties. Some important and interesting phenomena 
induced by camber can also be observed clearly through this model; at the end, the analytical model is 
validated by test data. 

2 TIRE AXIS SYSTEM AND SLIP RATIOS 
The tire axis system employed in this paper is shown in Fig.1. The positive direction of X-axis and 
Y-axis are coincident with tire revolution direction; the Z axis is perpendicular to road plane and upward. 
The wheel traveling speed is denoted as V,  is slip angle and is inclination angle. The figure shows all 
the forces and moments associated with a wheel. 
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Figure 1: Tire axis system 

The longitudinal and lateral slip ratios are defined in the unified form [5]: 
cos
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where,  is the angular speed, Re is the effective rolling radius. Vsx and Vsy are the longitudinal and 
lateral sliding speeds of tire with respect to road surface. 

3 KEY FACTORS FOR ANALYTICAL TIRE MODEL 

3.1 Arbitrary pressure distribution 
Contact pressure distribution over contact patch strongly influences tire behaviors. Here, the contact 
pressure distribution is assumed to be uniform in lateral direction and of arbitrary form in 
circumferential direction to represent different kinds of operating conditions. 
The contact pressure qz along the contact patch length 2a is expressed as an arbitrary form as 

2
z

z
F

q x u
a

     (2) 

where Fz is the tire vertical load; u=x/a is the relative coordinate. (u) is the normalized pressure 
distribution function, and is expressed as: 

2 2( ) 1 1 1
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,
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n n n n n
A B

n n n n n a

   (3) 

where, n,  and Δ are the parameters which determine the shape of pressure distribution. With these 
three parameters, Eq.(3) can be employed to express arbitrary pressure distribution over contact patch, 
shown in Fig.2. 

-1.0 -0.5 0.0 0.5 1.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

n=1
n=2
n=3

-1.0 -0.5 0.0 0.5 1.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

=0.5
=1
=2

η(
u)

Relative longitudinal coordinate u

=1
n=2

Relative longitudinal coordinate u

η(
u)

 
Figure 2: Pressure distribution 

3.2 Carcass structure parameters 
It is well known that the deformation of carcass has an important effect on tire properties, especially for 
combined slip conditions. In this paper, three stiffness parameters for tire lateral carcass deformation are 
introduced, that is, lateral translation stiffness of tire carcass Kcy0, carcass bending stiffness Kcb and 
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carcass twisting stiffness N . The corresponding carcass deformations including lateral translating part 
yc0, bending part ycb, twisting part y , are shown in Fig.3. The carcass longitudinal deformation is 
assumed to be the longitudinal translating part xc0. 
The lateral translating deformation of carcass can be calculated as 

0 0c y cyy F K       (4) 
where, Kcy0 is the lateral translation stiffness of carcass; Fy is the lateral force. 
The lateral bending deformation of carcass can be calculated as 

y
cb

cb

F xy x
K a

     (5) 

where Kcb is the carcass bending stiffness; ξ(x/a) is the general function of carcass bending deformation. 
The zero-order moment and first-order moment of ξ(u) are expressed as: 

1 1

0 1( ) ( ) , ( ) ( )
u u

D u u du D u u u du     (6) 

The twisting deformation of carcass is calculated by 
y x x       (7) 

where θ=Mz /N   is carcass twisting angle; N  is carcass twisting stiffness; Mz is aligning moment. 
The longitudinal translating deformation of carcass is expressed as 

0 0c x cxx F K       (8) 
where, Kcx0 is the longitudinal translation stiffness of carcass; Fx is the longitudinal force. 
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Figure 3: Tire lateral carcass deformation 

3.3 Effective carcass camber 
For a cambered tire, overturning moment is generated due to the contact pressure distribution tends to 
the direction of the wheel cambered. With the effect of lateral force and overturning moment, an 
additional camber angle will be added to the tire, forming the effective carcass camber e (shown in 
figure 4) known as the ‘effect of effective carcass camber’[13]. This will lead to the actual camber 
smaller than the nominal value. The general shape of the deflected carcass centre line due to camber is 
similar to a parabola. Therefore, in the contact range the deformation resulting from the camber angle  
may be represented by [10] 

2 2

0 1 sin
2 e

a xy b
R

     (9) 

where   is the nominal camber; b1 is a correction factor which usually will be smaller than unity. 
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Figure 4: Effective camber effect 

3.4 Dynamic friction coefficient 
The dynamic friction coefficient is used in the analytical tire model, which considers the significant 
influence of slip speed. The expression is as follows [14]: 
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where μ0,μs, μh and Vsm are friction characteristic parameters; N(usually N=0.8)is a factor to make the 
friction coefficient increase slightly around the origin; Vs is the slip speed between the road and tire. 

3.5 Anisotropic stiffness properties 
The anisotropy of tire slip stiffness will arouse the difference of tire shear stress direction in adhesion 
region and sliding region, which are expressed as [15]: 

: arctan

: arctan

ad y y x x

s y x

adhesion K S K S

sliding S S
     (11) 

where Kx, Ky represent the longitudinal slip and cornering stiffness respectively. 

4 ANALYTICAL TIRE FORCES AND MOMENTS MODEL 

4.1 Analytical tire model without tire width effect 
For now, we assume a thin tire model with tire width equals zero, in order to simplify the modelling and 
reveal most of tire properties clearly. The influence of tire width, primarily the aligning torque when tire 
cambered, will be discussed in the next part. 

Tire forces and moments without sliding 
In order to obtain the shear force in the contact patch, the deformations of the tread and carcass along X 
and Y axes must be known firstly. The longitudinal and lateral deformations of the tread and carcass, 
under combined slip condition, are shown in Fig.5. In this figure, XOY is a coordinate system before the 
carcass is deformed, and xoy is a relative coordinate system for describing the tread deformation and 
bending and twisting deformation of carcass. xc0 and yc0 are the longitudinal and lateral translating 
deformation of carcass. ‘ABC’ is the contact line of the contact patch under combined slip condition. V 
is the wheel travelling speed; α is the slip angle and θ is the carcass twisting angle. In general case, the 
whole length of contact patch, 2a, is divided into two parts, the adhesion region ‘AB’, and the sliding 
region ‘BC’, by the initial sliding point ‘B’. 
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Figure 5: Deformation of carcass and tread element under combined slip condition 

PcPt in the figure represents the tread element after rolling for a period of time t. The upper point of tread 
element, Pc, is attached to the belt of tire. Its coordinate could be written as 

2 2

1 sin
2

pc

pc cb
e

x x

a xy y x y x b
R

     (12) 

The lower point of tread element, Pt, is contacted with the ground. Its coordinate could be written as 
cos

sin
pt r x

pt y

x x Vt V t x a x S

y Vt a a a x S
     (13) 

Therefore, the longitudinal and lateral deformations of tread element is 
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The main source of anisotropy is due to different tire structural flexibility in lateral and longitudinal 
direction, whereas tread anisotropy is present but comparatively small. In this paper, the stiffness of 
tread, denoted as kt, is considered to be isotropic. The shear stresses of tread element in X and Y 
directions can be expressed as: 

2 2

1 sin
2

x t t x

yz
y t t y

cb e

q k x k a x S

FM x a xq k y k a x S b
N K a R

  (15) 

The shear force in the direction X and Y can be determined as follows: 
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where 2 sinc ty b r is the displacement of a point with force Fx due to camber [16]. rt is the radius of 
curvature of the tread, and b2 is a correction factor. 
Substituting into the previous equations (4)~(8), (12) and (15), and converting into explicit expression, 
the forces and moments could be expressed as 
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where Kx is the longitudinal slip stiffness, Ky is the cornering stiffness, Kyγ is the inclination stiffness, Km 
is the aligning stiffness and Kmγ is the aligning stiffness contributed by camber. Ky0, Kyγ, and Km0 are the 
cornering stiffness, inclination stiffness and aligning stiffness respectively when the carcass is assumed 
to be rigid, which are expressed as: 

2 3 3
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The bending characteristic ratio and twisting characteristic ratio have been introduced that are defined 
by: 

322 ,
3b t cb tak K a k N       (20) 

c in the Eq.(18) is the translating compliance coefficient that is defined by: 
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       (21) 
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Tire forces and moments in general case with sliding region 
Considering that the sliding region might exist, the shear force in this area should be expressed as q(x) 
=μqz(x), based on which the coordinate of initial sliding point, x=xc, or the relative coordinate uc=xc/a, 
can be solved. The coordinate of initial sliding point will satisfy the following equation: 

2 2
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x y c
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q q q u
a

     (22) 

Integrating through both adhesion and sliding regions, the tire forces and moments can be derived as, 
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where θsx and θsy are, respectively, the longitudinal and lateral components of shear stress direction θs in 
sliding region. 
Substituted with Eq.(4)~(11), (12) and (14), Eq.(23) becomes, 
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where m0(uc), m1(uc), m2(uc) and mD(uc) are defined by: 

0 1
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4.2 Analytical tire model with tire width effect 
For a cambered tire, the width of the contact patch has a considerable effect on the tire properties. The 
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vertical load, contact patch length and effective rolling radii are all different and have opposite 
variations in width, as shown in Fig.6. The longitudinal slip ratios are different for the case of camber 
because of a difference in effective rolling radii. Consequently, braking force is generated on one side 
and driving force on the other side, which lead to a considerable torque and indirectly on the side force.  
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Figure 6: Variation of contact patch length and effective rolling radii due to camber 

To include the tire width effect, the effective rolling radii of a cambered tire could be expressed by 
ew e eR y R y       (28) 

where e is the effective carcass camber; y is the lateral coordinate in the contact patch. According the 
Eq.(9), 1 1arcsin sine b b . 
The radial deflection of tire changes in width, 

mw m ez y z y       (29) 
Therefore, the half length of contact patch could be obtained, 

2 2w ew mwa y R y z y      (30) 
And the vertical load can be expressed as 
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The longitudinal slip ratios along the width direction for the case of camber are calculated by 
e e xew x

xw
ew e e

R y VR y V
S y

R y R y
   (32) 

Considering the nominal longitudinal slip ratio x e x eS R V R , which can also be seen as the slip 
ratio of the wheel center plane, the Eq.(32) can be rewritten as 

 e x e
xw

e e

R S y
S y

R y
      (33) 

According the definition of slip ratios, we can also get the lateral slip ratios, 
1 tanyw xwS y S y      (34) 

To get the expressions of tire model and calculate the tire forces and moments specifically, we consider 
a model with a left and a right row of tread elements which have the same distance from the wheel center 
plane, positioned at a distance yb1 and yb2 (yb1=-yb2). According to Eq.(28)~Eq.(34), the corresponding 
effective rolling radii(Re1, Re2), half length of contact patch(a1, a2), vertical load(Fz1, Fz2), longitudinal 
and lateral slip ratio(Sx1, Sx2, Sy1, Sy2) could be obtained. Similar to the modelling process of the 
analytical model without width effect in section 4.1, we can get the models respectively for the position 
yb1 and yb2. Then, by adding the longitudinal forces, lateral forces and aligning moments of the two rows, 
the total tire properties could be obtained. It is noticed that the total aligning moment should be 
calculated relative to the tire contact center located on the wheel center plane. 

5 SIMULATION ANALYSIS AND EXPERIMENT VALIDATION 
According to the analytical tire model, the tire forces and moments under combined slip conditions can 
be simulated and the effects of carcass structure parameters can be analyzed. Furthermore, the analytical 
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tire model can also be used in vehicle dynamics simulation by identifying the model parameters with test 
data. 

5.1 Simulation analysis 
The tire properties under combined slip conditions without camber and the corresponding influence of 
carcass compliance have been analysed by authors in [17]. In brief, the cornering stiffness will decrease, 
and the lateral force and aligning moment will become asymmetric, severely for Mz, by carcass 
compliance under combined braking/driving and cornering conditions. 
In this paper, all kinds of operating conditions with camber effect will be discussed in detail. 

Side slip with camber 
Tire properties for side slip with camber could be calculated by assuming Sx=0 with the analytical tire 
model. Simulation results are shown in Fig.7-Fig.8. The curves show good qualitative agreement with 
measured characteristics. The shift of lateral force, including the variation of curvature near the peak 
side force, is revealed clearly in Fig.7.  The severe asymmetry of aligning moment and the width effect 
reflected by different Mz at α=0, can also be described satisfactorily in Fig.8. 
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Figure 7: Lateral force                                      Figure 8: Aligning moment 

Longitudinal slip with camber 
Tire properties for longitudinal slip with camber are calculated by setting α=0. Simulation results are 
shown in Fig.9-Fig.10. The figure of longitudinal force hasn’t been given because of the tiny influence 
due to camber. Considerable and interesting effects can be found in side force, which has an extreme 
variation when applying braking/driving force, and Fy even changes its sign in the driving half of the 
diagram. The mechanism of this phenomenon can easily be understood by the analytical tire model, in 
brief, the aligning torque, aroused by longitudinal force and shifted point of action due to camber, will 
generate an additional distortion of the carcass which results in an effective slip angle. The 
corresponding aligning moment is shown in Fig.8. These entire phenomenons correspond reasonably 
well with the experimental results given later in this paper. 
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Figure 9: Lateral force                                          Figure 10: Aligning moment 

Combined slip with camber 
In this part, simulated results of combined slip with camber using the analytical tire model have been 
presented. Fig.11 shows the longitudinal force under combined slip conditions. With the increase of slip 
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angle , the longitudinal force will decrease because of the limitation of friction force between the tire 
and the road. More important, because we adopt the dynamic friction coefficient as shown in Eq.(10), 
the sliding velocity dependent friction coefficient can be seen obviously in Fig.11. The lateral force and 
aligning moment are shown in Fig.12-Fig.13, the carcass compliance and width effect are reflected by 
the asymmetry of Fy and Mz, as discussed in previous sections. The obvious variation of Fy when slip 
angle is small in Fig.12 are just due to distortion of the carcass. 
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Figure 11: Longitudinal force                       Figure 12: Lateral force                  Figure 13: Aligning moment          

5.2 Experiment validation 
Test data for the P245/65R17 specification at different combined slip conditions are used to validate the 
analytical tire model.Fig.14 and Fig.15 show the tire forces and moments respectively under different 
operating conditions. These figures show that the analytical tire model can describe the tire 
characteristics satisfactorily.  
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Figure 14: Tire force characteristics at different conditions 
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Figure 15: Tire moment characteristics at different conditions 

6 CONCLUSIONS 
This paper presented an analytical tire model for combined slips considering camber effect. Some key 
factors are considered in the developed model to describe complicated tire characteristics and tire-road 
friction. With employing the model, the complex and interesting tire properties of side slip, longitudinal 
slip and combined slip with camber are discussed. The simulation results and experiment validation of 
these properties are also provided. Some conclusions are summarized as follows: 
Firstly, arbitrary pressure distribution, translational, bending and twisting compliance of the carcass, 
effective carcass camber, dynamic friction coefficient anisotropic stiffness properties and tire width are 
the key factors for developing the analytical tire model. 
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Secondly, the considerable and interesting effects on tire force and moment due to camber can be 
reflected well by the analytical model. It will be very helpful for researchers to understand the 
mechanism of tire force generation. For variety of cases with camber, the severe asymmetry and 
dramatic variations of lateral force and aligning moment are mainly due to the carcass compliance and 
tire width. 
Finally, considering all key factors, the analytical tire model is capable of describing all kinds of tire 
properties reasonably and accurately. The model parameters can also be identified from tire 
measurements and the computational results using the analytical model show good agreement with test 
data. 
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ABSTRACT: An analytical model for transient cornering properties is proposed for a
small slip angle. The model, which is based upon the previous steady-cornering model,
the Neo-FIALA model, approximates the entire deformation of a cornering tire by a
combination of the shear deformation of tread rubber, the in-plane belt deflection and
the out-of-plane sidewall torsion. It leads to a 2nd-order transfer function for side force.
The steady-state gain and time constant of transfer function are expressed with some
equivalent tyre-part stiffnesses, the concrete values of which can be determined from the
measured load-dependence of steady cornering for a test tyre.

1 INTRODUCTION

The side force of a cornering tyre generally shows some delayed responses to steering inputs,
and its transient properties are considered to directly affect vehicle dynamics and ride qual-
ity. Numerous theoretical and experimental studies [1] [2] have been devoted to investigating
the transient responses of the side force Fy and the self-aligning torque Mz. However many
formulations of these theoretical works are too complicated to apply to industrial tyre designs.

As to the steady cornering property, some years ago, the author and a co-worker proposed
an analytical model, the Neo-FIALA model [3]. This model described the tyre structure with
a simplest form, the spring-bedded model, in analogy with the classical approach by Fiala [4].
But it incorporates the effect of out-of-plane sidewall torsion, which is not taken into account in
the Fiala’s formulation, into the tyre deformation under cornering, and successfully represents
with high accuracy the load dependence of both Fy and Mz for a small slip angle by a consistent
form with the identical deformation stiffnesses.

The purpose of this article is to formulate the transitional cornering behaviour by considering
the same deformation modes as the steady model. The dynamic model, which has been derived
under some simplifying assumptions, can predict the transitional cornering response from the
equivalent tyre-part stiffnesses (tread, belt and sidewall) common to both steady and dynamic
cornering. And the obtained 2nd-order transfer function of the side force Fy shows a fairly good
agreement with the measured frequency responses.

2 THE STEADY CORNERING MODEL

Let us start with reviewing the previous steady cornering model [3]. Figure 1(a) shows a
typical structure of a pneumatic radial tyre. Roughly speaking, a fiber-reinforced rubber layer
balloon (carcass), whose outer shape is arranged by a steel-cord hoop (belt), is further covered
with a thick rubber layer (tread) which comes in direct contact with the pavement. Thus a
tyre can be flexibly deformable, compared with other vehicle components. The tread-rubber
block entering the contact patch is elastically deformed or frictionally sliding upon the road,
which basically causes the tyre forces and moments under cornering or braking. But the defor-
mation volume of tread dose not proportionally reflect the amount of handling work. For the
deformations of tyre casings (deflection and torsion), shown in Figure 1(b), inhibit the tread
deformation, and bring about some nonlinear trends in cornering behaviours.

The Neo-FIALA model approximately expresses the entire deformation of a cornering tyre
with a combination of the following only three modes, and formulates the steady cornering

1



(a) Radial tyre (b) Tyre-casing deformations during cornering

[Deflection] [Torsion]

Figure 1: (a) Schematic structure of a pneumatic radial tyre; (b) Tyre-casing deformations during cor-
nering, which suppress the side-force increase. The tire illustrations show some extremely-stretched views
to help understanding.

property at a small slip angle a, where the sliding frictional part appeared at the tailing edge of
the contact patch can be negligible.

( i ) the shear deformation of tread rubber block
(ii) the in-plane belt deflection
(iii) the out-of-plane sidewall torsion

Figure 2 schematically illustrates three fundamental deformations (i)∼ (iii) in the bottom view
of a cornering tyre, which has a rectangular contact patch with circumferential length l and
lateral width w. In order to demonstrate the contribution of (ii) deflection and (iii) torsion, we
first consider the cornering behaviour of a further simplest model, that is, the rigid ring model
(see figure 4(a)), where deflection and torsion stiffness are infinitely large and a wheel handling
is completely transmitted into tread blocks in the contact patch. In such a case, the side force
Fy and the self-aligning torque Mz can be concisely expressed as follows:

Fy = Ky0 tan a, Ky0 =
Cywl2

2
(1)

Mz = As0 tan a, As0 =
Cywl3

12
(2)

where Cy is the lateral spring constant of tread element. Ky0 and As0 correspond to the cornering
stiffness and the self-aligning torque stiffness of the rigid ring model, respectively.

Equation (1) and (2) suggest that Fy and Mz may endlessly increase with the contact length
l, and also with the vertical load Fz, since l is increasing with Fz. Nevertheless, in the case of a
real pneumatic tyre, the load dependence of Fy shows a quite moderate increase or a negative
slope at higher load. Because, as mentioned above, tyre casings (belt/carcass/sidewall complex)
become deflected or distorted by the force and torque generated at a tread/road interface, and
inhibit the transmission of wheel steering angle to the ground-contacting tread. Taking into
account this negative feedback of (ii) deflection and (iii) torsion, the expression of Fy and Mz

can be modified as:

Fy = Ky0

(
tan ae − εlFy

3
(deflection)

)
(3)

Mz = As0 tan ae (4)

ae = a − Mz

Gmz
(torsion) (5)

2
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Figure 2: Analytical modeling of three fundamental deformations (bottom view) of the tread rubber block,
belt, sidewall during cornering at a small slip angle a, where the sliding frictional part appeared at the
tailing edge of a contact patch can be negligible.

These are the steady cornering expressions in the Neo-FIALA model. Here ε is the deflection
compliance of belt, the smaller value of which corresponds to the larger deflection stiffness, and
Gmz is the torsional stiffness of sidewall. According to Mz/Gmz the input slip angle a is converted
into the effective slip angle ae = a−Mz/Gmz, which determines the actual deformation volume
of tread blocks. And equation (3)∼(5) can be rewritten in similar forms to (1) and (2) as:

Fy = Ky tan a, Ky =
(

1
Ky0

+
εl

3

)−1(
1 +

As0

Gmz

)−1

(6)

Mz = As tan a, As =
(

1
As0

+
1

Gmz

)−1

(7)

where Ky and As are the cornering stiffness and the self-aligning torque stiffness of a real
pneumatic tyre, respectively.

Figure 3(a) and (b) show the load dependence of Fy and Mz for a 195/65R15 tyre, along with
the results of least-squares fittings to this steady cornering model and others. The Fiala model,
which considers only (i) shear and (ii) deflection, approximates the measured Fy change to some
extent, but remarkably deviates from the Mz data at higher load. That suggests that the Fiala
model does not fully describe the cornering mechanics related to the contact patch. The Neo-
FIALA model (3)∼ (5) describes both Fy and Mz behaviour with high accuracy over a wide range
of load. It is one of the significant feature of the Neo-FIALA model that the precise representa-
tion of the measured Fy and Mz can be done with the common deformation stiffnesses Cy, ε and
Gmz. And figure 3(c) represents the contribution ratio of (i) the shear deformation of tread rubber
block, (ii) the in-plane belt deflection and (iii) the out-plane sidewall torsion, which are evaluated

3
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Figure 3: Model analysis of steady cornering properties: (a), (b) Measured load-dependences of (a) the
side force Fy and (b) the self-aligning torque Mz at a = 1 deg for a 195/65R15 tyre (©) with 200 kPa
and 10 km/h. The dashed and solid curves show the results of least-squares fits to the Fiala model and
the Neo-FIALA model, respectively; (c) The deformation ratio for shear, deflection and torsion, which
are simultaneously estimated by fitting to the Neo-FIALA model.

from the data fitting to equations (3)∼ (5). With increasing load, the ratio of the shear defor-
mation is gradually reduced from 100%, or the transmission loss becomes larger. At a load of 4
kN, for example, the 50∼ 60% of wheel handling angle contirbutes the shear deformation, that
is, the direct generation of force and torque. As to the residual part, the 10∼ 20% is the loss by
belt deflection and the 20∼ 35% is that by sidewall torsion. But it must be noted that that the
deformation ratio depends on size, structure, inflation pressure, etc., as well as vertical load.

3 THE TRANSITIONAL CORNERING MODEL

Taking into account the fundamental deformation (i)∼ (iii), we shall try to formulate the
transitional cornering property for instantaneous input of a small slip angle. Firstly, equations
(3)∼ (5) can be simplified as follows by converting each deformation into equivalent slip-angle
variation.

Fy = Ky0

(
a − εlFy

3
− Mz

Gmz

)
(8)

Mz = As0

(
a − Mz

Gmz

)
(9)

While the steady model considers only the contact-length part in circumferential direction,
the transitional model must regard the more longer region η, as shown in Figure 4(a), which
contains the asymptotic part just before and after the contact patch. This asymptotic length η is
considered to correspond to about two times the so-called relaxation length σ [1]. The running
tyre at the velocity v requires the time interval δt = η/v for a travel η. Assuming that the
variation of the side force Fy and the self-aligning torque Mz within δt characteristically cause
the time development of Fy and Mz, equation (8) and (9) can be rewritten into the following
differential equations.

Fy(t) = Ky0

(
a(t) − εlFy(t)

3
− εl

3
· dFy(t)

dt
· η

v
− Mz(t)

Gmz
− 1

Gmz
· dMz(t)

dt
· η

v

)
(10)

Mz(t) = As0

(
a(t) − Mz

Gmz
− 1

Gmz
· dMz(t)

dt
· η

v

)
(11)
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(a) Asymptotic length ” (b) Block diagram

Figure 4: (a) Schematic illustration of the relationship between the contact length l, the relaxation length
σ and the asymptotic length η; (b) Block diagram of the simplified transient cornering model, equations
(14)∼(19), for a small slip-angle input. The contribution of torsional torque to self-aligning torque Mz(s)
is neglected.

And their Laplace transforms become as:

Fy(s) = Ky0

(
a(s) − εlFy(s)

3
− sεκl2Fy(s)

3v
− Mz(s)

Gmz
− sκlMz(s)

Gmzv

)
(12)

Mz(s) = As0

(
a(s) − Mz(s)

Gmz
− sκlMz(s)

Gmzv

)
(13)

where s = jω is the Laplace operator, ω is the angular frequency and η is approximately
expressed by be the proportional of contact length as η = κl (κ is assumed to be constant under
small slip angles). Solving these equations, we have the transfer function of Fy(s) and Mz(s)
for a small slip angle input a(s).

Fy(s)
a(s)

=
Ky

(1 + T1s)(1 + T2s)
(14)

Mz(s)
a(s)

=
As

1 + T2s
(15)

T1 =
Ky0εκl2

v (3 + Ky0εl)
=

Ky

Kdrv
(16)

T2 =
As0κl

(As0 + Gmz)v
=

As

Krrv
(17)

Kdr =
3

εκl2 (1 + As0/Gmz)
(18)

Krr =
Gmz

κl
(19)

While the Fy transfer function (14) becomes a 2nd-order lag form, the Mz transfer func-
tion (15) results in a 1st-order lag form. Here the expressions of the steady-state gain Ky

and As are already given by equation (6) and (7). T1 and T2 are the time constant for (ii)
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Figure 5: Estimation of transient cornering properties based on the steady-state cornering analysis in
Fig.3; (a), (b) Transient responses of (a) the side force Fy and (b) the self-aligning torque Mz to a step
steering input of a = 1deg, calculated with equations (14)∼(19); (c) Time development of the deformation
ratio for tread shear, belt deflection and sidewall torsion.

belt deflection and (iii) sidewall torsion, respectively. Kdr is the deflection stiffness, and Krr

is the torsional stiffness for a running tyre. Though it is pointed out that another transitional
moment, generated directly from (iii) sidewall torsion, contributes to M(s) [1], such a torsional
moment has not been incorporated here for simplicity. Figure 4(b) represents the block diagram
of equations (14)∼(19).

The transitional cornering model is described by common parameters used in the steady
cornering, so that the model analysis for steady cornering measurements permits the prediction
of transient cornering responses for various inputs. Figure 5(a) and (b) demonstrate the step
response of Fy and Mz for the tyre shown in figure 3, which is calculated by using the fitted value
of Cy, ε and Gmz indicated in figure 3(a), and conveniently assuming that κ = 12. Because of
the estimation at the slow velocity v = 10km/h, the time constant T1 and T2 become somewhat
larger. As suggested by equation (14) and (15), Mz(t) exhibits a steeper response than Fy(t).
Figure 5(c) demonstrates the time development of the deformation ratio against a unite step
input of slip angle, which exactly reflects the model structure and some simplifying assumptions.
Starting from the initial state composed of (iii) sidewall torsion 100%, the content of (i) tread
shear and (ii) belt deflection increase with time. After a sufficiently long time, the ratio of three
deformations reaches a steady one, which corresponds to the value at a given load in figure 3(c).

4 NUMERICAL SIMULATIONS

The model fitting of steady cornering property in figure 3 and the step-response prediction
in figure 5 have been done using the common deformation stiffnesses Cy, ε and Gmz, which can
be related to some part stiffnesses of the spring bedded ring model (figure 6(b)). When the
influence of belt tension is neglected, their relationship become as follows [5]:

Cy =
Ctr

dg
(20)

ε =
λ3

2ky
= 4−

5
4 (EIz)−

3
4 k

− 1
4

y

[
λ =

(
ky

4EIz

)1
4

]
(21)

Gmz = kyπr3 (22)

where Ctr is the lateral shear modulus of tread rubber, EIz is the bending rigidity of equivalent
belt, and ky is the lateral elastic modulus of equivalent sidewall. dg is the depth of main tread
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(a) Rigid ring (b) Spring bedded ring model

Tread (Ctr)

Belt (EIz)

Sidewall (ky)
[Deformation Stiffness] [Part Stiffness]

(i) Shear of tread rubber Cy Ctr (Tread)

(ii) Belt deflection
1

ε
EIz (Belt)

(iii) Sidewall torsion Gmz ky (Sidewall)

(The relationship depicted by a dashed line becomes

effective by considering belt tension.)

Figure 6: (a) Rigid ring model, where the part stiffness of belt and sidewall are infinitely large; (b) Spring-
bedded ring model, where the belt and sidewall are elastically deformable, so that they could be deflected
or distorted.

groove and r is the tyre radius. The basic concept of the spring-bedded ring model, that a lot of
tyre parts are substituted by equivalent tread, belt and sidewall, can be applicable to the design
of transitional cornering property, as well as that of steady cornering.

Figure 7(a)∼(c) show the step-response change of the side force Fy(t) and the self-aligning
torque Mz(t) for the variation of tread stiffness Ctr, belt stiffness EIz and sidewall stiffness
ky. In the figure the stiffness values are indicated by the ratios to those in figure 3 and 5.
However, in a real pneumatic tyre, these part stiffnesses would affect the contact-patch size,
so that they are thought to contribute to the cornering property not only by directly but also
through the contact-length change. Although the numerical calculations in figure 7(a)∼(c) do
not consider the latter influence, figure 7(d) shows the step-response change for the variation of
circumferential contact length l, which is here tentatively regarded as a design factor.

The calculation results in figure 7, and also probably dynamic dynamic steering response
or agility in vehicle control, are the complex of two change types, that is, the steady-output
change (vertically in the figure) and the time-constant change (horizontally). In order to display
separately the latter change, the inset plots in the figure represent the following normalized
responses for Fy(t) and Mz(t):

F ∗
y (t) =

Fy(t)
Fy(∞)

(23)

M∗
z (t) =

Mz(t)
Mz(∞)

(24)

where Fy(∞) and Mz(∞) are the steady-state outputs given by equation (6) and (7). As shown
in figure 7, the contribution for Fy(t) response of each design factor can be classified into two
categories, the following A and B.

A) The factor that increases both the steady-state output and the response time
· · · Ctr, l

B) The factor that increases the steady-state output and decreases the response time
· · · EIz, ky

The A factors decrease the transient Fy output in the earlier time region, but increases it in
the later time region. By contrast, the B factor increases the Fy output at all times. There are
some cases, for improving vehicle dynamics, where the related timescale range of tyre dynamic
responses cannot be unambiguously specified. In such situations, the design change to the
higher B factor, that is, the higher rigidity of tyre casing parts, is recommended rather than the
modification of the A factor, tread rubber. But, as mentioned above, it must be noted that the
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probable contact-patch change by the factor B may cause the dynamic-response modification
like the A factor. And the qualitative trend for Mz-response variation is almost same as that
for Fy-response variation, except that the belt stiffness EIz hardly influences the Mz response.
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Figure 7: Numerical calculations of transient cornering properties: Transient responses of the side force
Fy(t) and the self-aligning torque Mz(t) to a step steering input of a = 1deg, for the variations of (a) the
lateral shear modulus Ctr of tread rubber, (b) the bending rigidity EIz of belt, (c) the elastic modulus ky

of sidewall and (d) the contact length l. Whereas Ctr, EIz and ky would affect l in a real radial tire, their
influences are separately calculated. The inset plots indicate the normalized response F ∗

y (t) and M∗
z (t).
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5 THE PREDICTION OF FREQUENCY RESPONSE

The transfer function method is a powerful and convenient mathematical tool for dynamic
response analysis. It enables us to model the delayed response and approach its physical origin.
And the transfer function description obtained from a certain dynamic response measurement,
such as a step-response measurement, can be applied to predict other-input responses. In order
to test the validity of the constructed model, the model-predicted frequency response for the
side force Fy(ω) has been compared with the measurements. The plotted data in figure 9
demonstrates the frequency change of the dynamic amplitude and phase shift for side force, which
have been measured for a radial tyre of size 205/55ZR16 with a Flat-Trac tyre testing system
(Flat-Trac III, MTS system corporation), under the testing conditions of slip-angle amplitude
±1deg, inflation pressure 200kPa, load 4.22kN and velocity v = 5 ∼ 120km/h. In the figure, the
angular frequency ω on the abscissa is represented by the path frequency fp = ω/v, as usually
done in tyre dynamics studies. Equation (14) suggests that Fy(ω) measured at various velocities
shows a almost universal behaviour against fp, although, in practice, the contact-length change
with velocity and minor changes of other parameters may slightly disturb the universality. On
the other hand, the solid line in the figure exhibits the frequency response predicted by using
the dynamic response analysis of another step-like measurement at v = 40km/h (Ky = 90.9 kN,
T1 = 0.009 sec and T2 = 0.043 sec are evaluated).

The measured data for Fy amplitude in figure 9(a) agree with the model estimate by equation
(14), the 2nd-order lag model. But the usual 1st-order lag model [1], depicted by the dashed line
in the figure, also gives a fairly good approximation. As to the Fy-phase behaviour in figure 9(b),
there is a significant difference between equation (14) and the 1st-order lag model. While the
phase shift of the 1st-order lag model approaches the minimum value −90deg at higher frequen-
cies, the measured data show the lower phase shift than −90deg. The 2nd-order lag model, such
as equation (14), can reproduce the phase shift of < −90 deg, but shows a more rapid phase-
decreasing trend than the measurement. One of reasons for this discrepancy is considered to be
come from that the viscoelasticity of rubber tyre parts has not been regarded in constructing the
present dynamic model (14)∼(19). Rubber materials, such as a tread rubber, usually become
more rigid at higher deformation frequency, and their stress shows some phase lead. Hence, if the
tread viscoelasticity is roughly approximated as a 1st-order lead element with a time constant T0,
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Figure 8: Frequency responses of the side force Fy at a = 1 deg for a 205/55ZR16 tire with 230 kPa and
4.22kN: (a) dynamic amplitude and (b) phase shift. The measured values at various velocities are plotted
on the horizontal path-frequency axis fp = ω/v. The solid curves represent the estimated values by the
Neo-FIALA model, equation (14). The 1st-order lag approximations are also shown for reference by the
dashed curves.
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Ky can be also converted into the following form:

Ky ⇒ Ky(1 + T0s) (25)

By rewriting the numerator as above, equation (14) may show a phase-shift trend closer to the
measured data. And, in tyre design, the use of tread rubbers with high loss tangent can probably
compensate for some Fy-phase delay at higher frequency.

6 CONCLUSION

The dynamic cornering model, the transient Neo-FIALA model, is constructed by approxi-
mately describing the entire deformation of a cornering tire with a combination of three funda-
mental ones, that is, (i) the shear deformation of tread rubber, (ii) the in-plane belt deflection
and (iii) the out-of-plane sidewall torsion. Most of the model parameters are written by the
deformation stiffnesses common to the previous steady cornering model, the steady Neo-FIALA
model. And it can relate the equivalent part stiffnesses in the spring-bedded ring model to both
the steady-state gain and the response time constant.
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A number of simplified models of rotating tires have been suggested in the past. The belt 
had been modelled as a cylindrical shell, almost exclusively having simply supported 
boundary conditions. Such models are unable to represent certain groups of mode shapes 
due to the assumed zero radial displacements at the ends of the tire belt. In this paper, a 
model using free boundary conditions is reported. The developed model is able to 
approximate mode shapes that are similar to Rayleigh and Love symmetric and anti-
symmetric mode shapes. Mode shapes, natural frequencies and their veering with rotation 
speed are calculated exactly. 

1 INTRODUCTION  
The effects of rotation significantly alter the dynamic behaviour of automotive tires [1]. In non-
rotating tires, vibrations are characterized by pairs of traveling modes that rotate in opposite directions 
but have the same speed of rotation. The travelling modes thus superimpose, which results in 
formation of a stationary (non-rotating) vibration mode. On the contrary, if the tire rotates, the two 
modes rotate with different speeds [2]. This is due to the Coriolis effects which alter the propagation 
speed of the two otherwise superimposing modes in the co-rotating reference frame. Also the Doppler 
Effect plays a role when observing the vibrations from a fixed reference frame.  

A great number of studies have been concerned with analysis of the effects of rotation onto vibrations 
of rotating tires. For example, in order to capture detailed dynamics of a rotating tire, complex 
numerical models have been developed accounting for non-homogenous structural properties of the 
tire belt and sidewall, structural-acoustic coupling and complex geometry description (including that 
of the wheel rim), under varying rotation speeds [3]. However, although a remarkable amount of 
details can be successfully modelled using such an approach, it can be rather difficult to parameterize 
the model, i.e. to establish clear-cut relationships between geometrical or material properties of the tire 
and the corresponding influence onto the tire dynamics.  

An alternative way of studying vibration of rotating tires is to utilise simplified, analytical models 
using the theory of cylindrical shells [2], [4-6]. The principal assumption used in such tire models is 
that the geometry of the tire belt can be simplified through a cylindrical shell approximation with 
homogeneous, smeared material properties. Additionally, the air and sidewall stiffness are roughly 
approximated using an elastic foundation beneath the shell surface, which has distributed radial and 
circumferential stiffnesses. Also, the pressurisation and the centrifugal force can be approximately 
taken into account via an initial circumferential tension (hoop stress) in the belt. 

However, closed form solutions for resonance frequencies and mode shapes of shell-like structures are 
possible only for certain geometries and in combinations with mathematically convenient boundary 
conditions. If the effects of rotation are to be studied as well, then it becomes even more difficult to 
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derive the closed form expressions. For example, Huang and Soedel [4] used the strain-displacement 
relationships of Herrmann and Armenakas [6], and solved the free and forced vibration problem 
assuming simply supported boundary conditions. The natural frequencies were calculated as roots of a 
characteristic polynomial, which was shown to be bi-cubic if the shell does not rotate, or of full order 
of six if the shell rotates around the axis of symmetry.  

A drawback of such models assuming the simply supported boundary conditions is that they are 
unable to represent certain groups of mode shapes that occur with real tires. This is due to the assumed 
zero radial displacements at the ends of the tire belt. This would be an unnecessary constraint of the 
infinite radial stiffness of the sidewall. 

In this study, a model for rotating cylindrical shells with free boundary conditions is developed. This is 
thought to be a more useful set of boundary conditions if the shell is to be used for modelling a tire 
belt. This is because the present model is able to approximate also mode shapes that are similar to the 
so-called Rayleigh and Love symmetric and anti-symmetric mode shapes.  

The drawback of the present model, however, is that the calculation of the mode shapes and resonance 
frequencies is rather complex because it is done in a fully analytical manner (the free vibration 
problem is solved exactly). Nevertheless, once developed, the model allows for calculating the 
resonance frequencies and the mode shapes of the rotating shell as a function of some basic 
geometrical and material properties as well as the rotation speed. The paper is structured as follows. 
The mathematical model is briefly presented in the first section, and an example shell is considered in 
the second section, which is followed by a conclusions section. 

2 MATHEMATICAL MODEL 
The rotating cylindrical shell is shown schematically in Figure 1 (a). 
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Figure 1: (a) The scheme of a rotating cylindrical shell, and (b) the shell boundary force resultants 

The equations of motions, assuming the free vibration problem, are [4]: 
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The linear operators ,x uL , ,x vL , ,x wL , ,uL , ,vL , ,wL  and ,z uL , ,z vL , ,z wL are:  
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where: 
a =  shell radius, 
h =  shell thickness, 
L =  shell length, 
p0 =  inflation pressure, 

( , , )u u x t  =  axial displacement, 
( , , )v v x t  =  tangential displacement, 
( , , )w w x t   = radial displacement, 

x =  axial coordinate, 
  =  tangential coordinate, 

z =  radial coordinate, 
  = Poisson’s ratio, 

E = Young’s modulus, 
 = mass density, 

k = elastic foundation stiffness in the tangential direction, 

zk =   elastic foundation stiffness in the radial direction, 

,x iN = initial tension in the axial direction, 

,iN = initial tension in the tangential direction, 
 = rotation speed, 

3 212 1D Eh  = bending stiffness, and 
21K Eh  = membrane stiffness. 

The initial tension in the tangential direction is given by [4]: 
2 2

, 0iN ha ap ,  (11) 
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where the first term is due to centrifugal forces and the second term is due to the initial inflation 
pressure of the shell. Substituting: 

0e cos
x

au U n t ,  (12) 

0e sin
x

av V n t ,  (13) 

0e cos
x

aw W n t ,  (14) 
into the equations of motion (1), yields: 

2
1,1, 1,1, 1,2, 1,3, 0

2 2
2,2, 2,2, 2,3, 2,3, 0

2 4
3,3, 3,3, 3,3, 0

.

. .

A B B B

A B A B

A B C

k k k k U
symm k k k k V
symm symm k k k W

0 ,  (15) 

where , ,~i jk can be found in [7]. The determinant of the matrix in Eq. (15) must vanish in order for the 
equations of motion to be satisfied. Setting the determinant to zero yields the biquartic polynomial in 

: 
8 6 4 2

8 6 4 2 0 0A A A A A ,  (16) 
where the coefficients rA  in function of , ,~i jk  are given in [7]. So there are eight roots of the 
polynomial and so the radial component of the displacement can be expressed as: 

( )cosw W x n t ,  (17) 
with: 

8

1

( )
r x
a

r
rW x B e ,  (18) 

where rB , with r=1…8, are eight generally complex constants. The roots of the polynomial (16) may 
be calculated at this stage by assuming the frequency . 

The roots can take eight types of forms as listed in Table 1 below. 
Table 1 The eight types or roots of the characteristic bi-quartic polynomial 
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The complete set of solutions for all roots can be found in [7]. Here only the first type of roots (Case 1 
in Table 1) is covered for brevity. Note that 1 2, , ,p q  are real and positive numbers. In such a case 
the radial component of the displacement is given by: 

1 1 2 2
1 2 3 4

5 6 7 8

( ) sin sin

cos co

cosh h cos

sin sins
px px
a a

x x x x
C C C C

a a a a

qx qx qx qx
e C C e C C

a a a

W x

a

,  (19) 

where rC  are now real constants.  

From Eq. (15): 

4



1,2 2,3 1,3 2,2
2

1,1 2,2 1,2r

k k k
k k

U
W

k
k

,  (20) 
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where 2
1,1, 1 ,1 1, ,1A Bk k k , 1,2 1,2,Bk k , 1 3,3 , ,1 Bk k , 2

2,2 2,2, 2,2,A Bk k k , 2
2,3 2,3, 2,3,A Bk k k . 

Substituting for each root r  into Eqs. (20) and (21), the expressions for ( )U x  and ( )V x can be 
represented as: 
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The constants dr can now be calculated using Eqs. (20) and (21) as [8]: 1 /
r

d V W  with 

1r , 2 /
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ir p q , 8 /
r

d U W  with ir p q .At each end of the shell marked with x=const. there 
are five resultant forces as shown in Figure 1 (b). The equations of motion are however of maximum 
fourth order and can only accommodate for four boundary conditions [9-10]. Thus the Kirchhoff 
effective shear stress resultant of the first kind, xzV , and the Kirchhoff effective shear stress resultant 
of the second kind, xT , must be used that relate ,x zQ  to ,xM , and ,xN  to ,xM , respectively [9-10]. 
The relations are [10]: 

1 x
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Thus, the four boundary conditions for a shell with both ends free are: 
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2 2 22 10; 0 2 1 2x

w v u
h a h aT

x x
.  (29) 

Since the boundary conditions are the same at the two ends, the modes can be either symmetric or 
anti-symmetric, or in other words, they cannot be asymmetric. Consequently the boundary conditions 
can be separately satisfied for symmetric and anti-symmetric modes by assuming the origin in the 
middle section of the cylinder and the boundaries at / 2x L . Here the radial and the 
circumferential displacement components share the symmetry or anti-symmetry properties. The axial 
displacement component mathematical symmetry or anti-symmetry is opposite to that of the radial and 
circumferential displacement components but the physical symmetry is also the same. In case the 
modes are symmetric, the radial component of the displacement can be shortened by using 

/ cosh( / ) sinh( / )px ae px a px a and ensuring that the anti-symmetric terms in Eq. (19) vanish. Then 
it must be 2 4 5 7 6 80,  , and C C C C C C , so that Eqs. (19), (22) and (23) reduce to: 

1 2
1 3 1 2( ) cosh cos cosh cos sinh sin

x x px qx px qx
W x C C F F

a a a a a a
,  (30) 

1 2
1 1 3 3 5 1 6 2

5 2 6 1

( ) cosh cos cosh cos

sinh sin

x x px qx
V x d C d C d F d F

a a a a
px qx

d F d F
a a

,  (31) 

1 2
2 1 4 3 7 1 8 2

7 2 8 1

( ) sinh sin sinh cos

cosh sin

x x px qx
U x d C d C d F d F

a a a a
px qx

d F d F
a a

. (32) 

Substituting Eq. (30) into (17) for the radial displacement component, and also Eqs. (31) and (32) into 
analogue expressions for tangential and axial displacement components gives a set of displacement 
components u, v and w. These can be substituted into Eqs. (26)-(29), which after assuming / 2x L
and putting into a matrix form gives: 

1

1

1,3,A 4 3 1,4,A 4 3

1,1 1,2 2
1,3,B 4 3 1,4,B 4 3

2,3,A 4 3 2,4,A 4 3

2,1 2,2 2
2,3,B 4 3 2,4,B 4 3

3,1 3,21

cos cosh cos cosh
cosh cos

sin sinh sin sinh

cos cosh cos cosh
cosh cos

sin sinh sin sinh

sinh sin

t t
t t

t t

t t
t t

t t

t t 3,3,A 4 3 3,4,A 4 3

2
3,3,B 4 3 3,4,B 4 3

4,3,A 4 3 4,4,A

1

3

4 3

4,1 4,2 2
4,3,B 4 3 4,4,B 4

1

2

1
3

sin cosh sin cosh

cos sinh cos sinh

sin cosh sin cosh
sinh sin

cos sinh cos sinh

C
C
Ft t
Ft t

t t
t t

t t

0 ,  (33) 

where 1
1 2

L
a

, 2
2 2

L
a

, 3 2
pL
a

 and 4 2
qL

a
.The coefficients , ,~r st  depend on the roots 

1 2, , ,p q , the constants rd , n and , and are listed in [7]. In order to satisfy the boundary 
conditions, the determinant of the matrix in Eq. (33) must vanish. The determinant, after being divided 

by 1sinh sinh cosh
2 2 2
pL p
a a

L L
a

 for better numerical behaviour, is given by: 
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2
3 1 2 2 2 3 1 4 2 2 3 5 6 4

7 2 2 9 3 3 8 2 1

4 4

11 3 10 3 2 2 5 12

3 13 2 2 14 2 1 15 2

tanh cos sin coth cos sin coth cos

cos coth tanh sin coth
sin cos

coth tanh cos sin

coth cos sin coth cos si

b b b b b b

b b b b

b b b b

b b b b 2
2 3 5 16 4n ta n 0nh sib b

, (34) 

where coefficients br depending on , ,~r st are given in [7]. The zeroes of the left hand side of Eq. (34)  in 

fact represent the length of the shell whose m,n  mode resonates at the assumed frequency ,m n , where 
the lowest zero (the smallest length) is for m=1 symmetric mode, the next one is for m=3 symmetric 
mode etc. According to this notation there are m+1 axial nodes (the cross-sections where w=0) for a 
mode number m. In case of a non-rotating shell ( 0 ), assuming frequencies ,m n  yields the 

same length for either the positive or the negative frequency ,m n . However for 0  this is not the 
case, since the forward and backward rotating modes are now characterised by different rotation 
speeds. Thus for rotating shells negative frequencies must be assumed in order to account for the 
forward rotating modes. 

In case of anti-symmetric modes it must be 51 7 83 60,  , and C C C C C C  so that: 

2 4
1

3 4
2sin sin( ) h sinh cos cosh sin

x x px qx px qx
W x C C F F

a a a a a a
,  (35) 

with similar expressions for ( )V x  and ( )U x . After recalculating the determinant for the anti-
symmetric modes an expression analogue to Eq. (34) results, which can be obtained by substituting 

1 1tanh( ) coth( )coth( , 3 3tanh( ) coth( )coth( , 2 2cos( ) sin( ) , and 2 2sin( ) cos( )  into Eq. 
(34). Then the zeroes represent the length of the shell whose m,n mode resonates at the assumed 
frequency ,m n , where the lowest zero is for m=0 anti-symmetric mode (Love-type mode with one 
nodal cross section), the next one is for m=2 anti-symmetric mode etc. In order to calculate resonance 
frequencies for a shell of given length it is necessary to iterate until the length resulting from finding a 
zero of the determinant (34) matches the desired length of the shell to an acceptable precision. An 
alternative approach is also possible which utilises a detection of two frequencies between which the 
determinant (34) changes sign for the shell of a given length. In the following section an example 
rotating shell is considered and a number of mode shapes and resonance frequencies are calculated. 

3 RESULTS 
The example shell material and geometrical properties are listed in Table 2. 

Table 2 The geometrical and material properties of the example shell 

a (m) h (m) L (m)  (-)  kgm-3 E (GPa) zk (Nm-3) k  (Nm-3) p0 (Pa) ,x iN (Nm-1) 

0.1 0.002 0.2 0.45 1452 0.45 0 0 0 0 

Figure 2 shows the resonance frequencies calculated using the methodology described above for the 
example shell as a function of the circumferential mode number up to 1 kHz (left plot) and from 1 kHz 
to 3kHz (right plot). The method for calculation of the resonance frequencies is as follows. The 
frequency range of interest (0-3 kHz) was divided into 30000 frequencies with an equidistant spacing 
of 0.1 Hz. Then a “scan” was performed through all frequencies in the range and a change in the sign 
of any of the sixteen determinants was detected between two adjacent frequencies assuming the shell 
length as in Table 2. The change of sign in fact indicates the existence of a mode with its resonance 
frequency between the two adjacent frequencies. Thus the accuracy of the calculated resonance 
frequencies is 0.1 Hz or better. As shown by the black continuous lines, it is in principle possible to 
calculate fictive resonance frequencies also for circumferential mode numbers which are not integers. 
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This has no physical meaning in the present study; however it enables to visually identify the so-called 
branches. 

Figure 2: The natural frequencies of a stationary shell as a function of the circumferential mode number n; 0-
1000 Hz (left) and 1000-3000 Hz (right). The root type is indicated by using different marker types: blue × mark 
– type 1, red circle – type 2, black diamond – type 3, blue hexagon – type 4, magenta pentagon – type 5, cyan
triangle -  type 6, black square – type 7, and finally, green asterisk – type 8, according to the notation given in 
Table 1. 

Each branch contains resonance frequencies of modes having a constant axial mode number m. For 
example, the two branches with lowest resonance frequencies per a circumferential mode number 
contain the Rayleigh type (m=-1) and Love type modes (m=0), [8]. As can be seen in the plot these 
two groups of modes are characterised by very similar resonance frequencies, since the two branches 
nearly overlap. A depiction of a Love and a Rayleigh mode shape is given in Figure 3. 

(a) (b) 

Figure 3: (a) A Rayleigh bending mode, m=-1, n=16, f=1437.5 Hz. (b)a Love mode,  m=0, n=9, 
f=455.1Hz. Root type is 3; 1 2, , ( i )p q . 

In Figure 2 the modes (at integer circumferential numbers n) are highlighted using markers of 
different types corresponding to different types of the roots (Table 1) governing the mode shapes. For 
which marker type corresponds to which root type see the caption to Figure 2. It can be seen that 
indeed a large group of mode shapes are determined by the roots of type 1 (two real, two imaginary, 
four complex) as shown by the blue × symbols. However, the Rayleigh and Love modes are never 
governed by that root type. Instead, they appear to be determined by the roots of type 2, 3 and 4. Also 
the modes with low circumferential mode numbers (those with n=0 and n=1) are governed by roots of 
type 6, 7 and 8. Then also a large group of modes is determined by the roots of type 5 at higher axial 
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mode numbers m (see the right hand side of Figure 2). Thus it is certainly necessary to consider all 
eight root types in order to get all possible modes and resonance frequencies. In the right hand side of 
Figure 2 it is possible to note that additional branches occur, having a steeper slope with respect to the 
horizontal axis, which in fact cross the branches containing the resonance frequencies of bending 
modes. These contain additional resonance frequencies that correspond to the longitudinal mode 
shapes having a pronounced axial, “in plane” deformations of the shell [7].  

A comparison with an FE model of a stationary shell is given next. Two different FE meshes were 
used for this purpose. The first, “coarse” mesh is constituted by x =40×101=5040 S4R ABACUS 
rectangular thin or thick doubly curved shell elements with 4-nodes, with reduced integration and 
finite membrane strains. The second, “fine” mesh is constituted by x =40×180=7200 elements so 
that the number of elements along the circumference is increased by 80%. Figure 4 shows the 
resonance frequencies using the same layout as in Figure 2, where the continuous lines are the 
solutions using the present exact method, and the blue circle symbols represent the resonance 
frequencies obtained using the FE method. It can be seen that in general the finite element analysis 
results fall very close to the analytical continuous lines indicating a very good agreement between the 
numerical and the analytical method. Some discrepancies, however, can be seen with high 
circumferential mode numbers of n=12 and n=13 in case the “coarse” mesh is used (left hand side of 
Figure 4). This is because such modes have 12 or 13 lobes in the circumferential direction or about 8 
finite elements per wavelength so that the resonance frequencies can become overestimated by the FE 
method. However with the “fine” mesh having the increased number of elements in the 
circumferential direction the ratio goes up to 15 elements per wavelength so the resonance frequencies 
become more accurately calculated by the FE method. Thus the blue circles in the right hand side plot 
of Figure 4 fall onto the black continuous lines almost perfectly. 

Figure 4: The comparison of natural frequencies of a stationary shell with a FE model in the range 0-1000 Hz; 
“rough” FE mesh (left) and a “fine” mesh (right) 

Thus the present method can be considered to agree very well with the FE method and its validity is 
confirmed for the stationary (non-rotating) case. The validation of the present method for the rotating 
case is considered next. Figure 5 follows the same layout as Figure 4, where the blue circles are the 
FE results and the black continuous lines are the exact results. The “fine” mesh is used in both plots, 
however the left hand side plot is for the constant rotation speed of 100 rad/s, whereas the right hand 
side is for the constant rotation speed of 200 rad/s around the x- axis. An excellent agreement between 
the FEM results and the analytical results can be seen so the present method is valid also for the 
rotating case. Note that the branches are no longer symmetric. In other words, the natural frequencies 
of the forward rotating modes (in the direction of rotation of the shell) are now different from their 
backward rotating counterparts. Thus they now rotate in opposite directions at different speeds (see 
Eqs. (12)-(14)). 

4 CONCLUSIONS 
A simplified model of a rotating tire is developed. Effects of the flexible support in the radial and 
circumferential direction, the initial hoop stresses due to a possible pressurisation and/or centrifugal 
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forces are considered in the model. The model is based on the rotating cylindrical shell having free 
boundary conditions. Exact expressions are given to calculate its resonance frequencies and mode 
shapes. An excellent agreement between the resonance frequencies obtained using the FE method and 
the present method is demonstrated for both stationary and rotating shells. It should be noted that the 
model presented relies heavily on the assumption that the air and sidewall stiffness can be 
approximated using an elastic foundation beneath the shell surface, which has distributed radial and 
circumferential stiffnesses. Also the expressions for mode shapes and the resonance frequency 
determinants are rather complicated. As a future work an approximate Rayleigh-Ritz methodology 
will be used to derive simpler expressions for natural frequencies via approximate mode shapes. 

Figure 5: The comparison of natural frequencies of  shell rotating with a constant speed of 100 rad/s (left and 
200 rad/s (right) with a FE model in the range 0-1000 Hz using the “fine” FE mesh. 
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The International Tyre Colloquium has a successful history in discussing the latest 
progress in the understanding and simulation of tyre-road-vehicle interactions. The first 
Tyre Colloquium was organised by Prof Pacejka in 1991 (Delft), the second one was in 
Berlin in 1997, organised by Prof Böhm and Prof Willumeit, and the third one was in 
Vienna in 2004, organised by Prof Lugner and Prof Plöchl.

In line with the tradition, the 4th Tyre Colloquium was focused on topics related to 
modelling of tyres for vehicle dynamics analysis including:

  • Tyre measurements and measurement techniques
  • Tyre models
  • Application of tyre models to vehicle dynamics
  • Determination of tyre model parameters
  • Measurement and modelling of rubber friction
  • Tyre-road contact
  • Evaluation and verification of tyre models
  • Tyre design features and their consequences for the tyre behaviour
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